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Special Functions

Unit step function

u(t—to):{l tzto} A UL

0 t<t,

Delta Function

Dirac delta function is defined as

du(t—t,) P

dt

6(t_to):

Note that
[t —to)dt=[""8(t—t,)dt =1

—00 0~

Also

[ f(s(t—to)dt= [ (8t —t, )t = £ (t,)

[ #(t)8(t, ~to)dt, = F(t, Ju(t—t,)



Sfalt—t,)=5(t-t,)  for  a=0

al
Error Function
erf(x Ie’t dt, erfc(x)=1-erf(x

erf(0)=0=erfc(w), erf(—x)=—erf(x)

Exponential Integrals

Differential Equations

Linear First-Order Differential Equations

Example

dy . —
dX+by Q(x), with  y(0) =0

y=[ e Q(x,)dx,

Second-Order Differential Equations with Constant Coefficients

dy L9

by=0
dx? der y=

Form characteristic equation

je dt
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m’+am+b=0 Solvefor—> m,m,
Different cases:

. m;, m,arerealand m, = m , then
y =c,e™ +c,e™"
ii. m,=m,=m ~ real, then

y= e™ (C1 + sz)

2
iii. m =p+qi, m,=p-qi,where pz—g, q=1/b—a7,then

y =e™(c, cosgx + C,singx)

Nonhomogeneous Second-Order Differential Equations (Particular Solutions)

dy dy o _
dx2+adx+by_R(X)

i Y= mle—lmz Ie‘mlxR(x)dx + ——

iy, = xemxje’mXR(x)dx - emxjxe’me(x)dx

e™ cosqx
q

gmaX

Ie‘msz(x)dx

PX i
ii. ypzwfe*pxR(x)cosqxdx—

; _[e’pXR(x)sin gx dx

Bernoulli’s Differential Equation

Let
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Euler Differential Equation

2
x2%+axg—i+ by =s(x)

Change variable x =e'. After some algebra we find
d’y

Y oYy o
dt2+(a 1)dt+by_s(e)

which is a constant coefficient equation.

An alternative method that is more convenient is to assume a power law solution.
That is

y =Ax"

which leads to a characteristic equation given as
m(m-1)+am+b=0

Solving for m=m,, m,. Then

m m
y=AX"+AX"

Homogeneous Differential Equations

d_yzF(zJ
dx X
Setv:l,then
X
dv
Inx=|———+c¢
X J‘F(v)—vJr
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Exact Differential Equations

M(x,y)dx + N(x,y)dy = 0

with
M _oN_2glxy)
oy oX oxoy
i.e.
M :a—(P, N = a—(P
OX oy

The solution then is given by

o(x,y)= const

Riccati Differential Equation

Y _ Al +Blx)y+Clx)

Let

___ 1 v
A(x)v dx

Then

d>v [ 1 dA dv

w—[K&Jr B(x)}&+ A(x)C(x)v =0,
which is a linear equation.

If a solution y, of the Riccati Equation is known, then the transformation

y= yo(x)+ u

leads to a Bernoulli’s Equation. i.e.,



du_ (B+2Ay, Ju+Au®

dt
Bessel’s Differential Equation
2

x2%+xg—y+([32x2 —n?ly=0
X X

y = Cl‘]n(BX)+ C2Yn (BX)
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whereJ, (Bx), Y, (Bx) are the Bessel functions of the first and second kinds, respectively.

Generalized Bessel’s Equation

dx? X dx NG

2 2 2.2
ﬂ+—1_2aﬂ+{(bcx°‘l)z+—a —me }y:o

y= xa(clJm(bx°)+ C, Y, (bx°))

Modified Bessel’s Differential Equation

d? d
de_><)2/+xd_i_(ﬁzxz +n’ly=0

y = Clln(BX)+ CZKn(BX)

where |, and K, are the modified Bessel functions.

Legendre’s Differential Equation

%[(1— xz)g—ﬂ +n(n+1)y =0
y=¢P, (X)"' ¢,Q, (X)
where P, and Q, are the Legendre functions and

1 1

P,=1, P, =x, P, =§(3x2—1), P, :§(5x3—3x)
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Associated Legendre’s Differential Equation

d

dy m?
—| L=x*)= [+[n(n+1)- =0
dx{( )dx} [n(n+1) (1_7)])/
y =P (x)+¢,Qn(x)
where P" and Q' are the associated Legendre functions where

Pl =(1-x*)"?, P, =3x(1-x*)"?,  PZ=3(1-x%).
Also

The solutions are the Hermite polynomials, H,(x). These are

H,(x)=1, H,(x)=2x H,(x)=4x*-2, H,(x) =8x® —12x.
Laguerre’s Differential Equation

d’y

dy
Wﬂl_x)d_er ny=0

The solutions are the Laguerre polynomials, L (x). These are

L,(x)=1, L,(X)=1-x L,(X)=x*-4x+2.

Associated Laguerre’s Differential Equation

d? d
xd%+(m+1—x)d—)):+(n—m)y:0.

Solutions are the associated Laguerre polynomials L7 (x):

L =-1, L, =2x-4, L2=2, L, = -3x* +18x -18,
L% = —6x +18, L% =-6.
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Chebyshev’s Differential Equation

d’y _dy
1-x* )2 —x-2L+n?y=0.
( X)dXZ de-i-l’ly

Solutions are the Chebyshev polynomials given as

T, (x) = cos(ncos*x), T,=1, T,=x, T, =2x’ -1, T, = 4x” - 3x
y= ¢,T,(x)+Bv1-x’U, ,(x) n=0
A+Bsin™x n=0

Here U, (x) is the Chebyshev polynomials of the second kind.

Hypergeometric Differential Equations

2

)3 e Y by =
x(1 X)dx2+[c (a+b+1)x]dx aby =0

Solution is the hypergeometric function F(a, b;c;x).



Fourier Series

= nmx
Z(a cos—+ b, sin T]

1

NmX 1.
:—J' cosidx b, :ELf( X )sin ——dx

Fourier Cosine Series
When f(x)=f(-x)

nnx nmx
° + Za COS—— :—I cos—dx

Fourier Sine Series

When f(x)=—f(-x))

- . NnX nmX
=>b,sin—=, b :—J‘ n—dx
=} L
Fourier Exponential Series
- i nm
= che'“’“x ., Where o, =—,
L

C, = 2_1L f(x)e "*dx

Summary of Properties of Fourier Transforms

Consider the Fourier Exponential Series in the region —L <x <L

innx

ZceL —L<x<L,
c, =2_1L ) _Tf(x')dx

Replacing the expression for the coefficient ¢, in the series, we find
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_ 1 &t io, (x=x"). '
f(X)—Z _EOO J_Le f(X )dX .

In the last step we have defined

As L - o, ZgnAm:J‘gdm. Thus,
f(x)=2i +OOJ%ei“J(X‘X')f(x’)dx'doa Fourier Integral Representation
TC ¥—0d—®
Define Fourier Transform (Exponential)
f(w)= fooe“‘”x'f (x")dx’
The inverse transform is
1 e ioX §
f(x)=—| e“*f(o)do
2m -

The above two equations are a Fourier Exponential Transform Pair.

Fourier Integral Representation (FIR) may be restated as

f(x)= 2i [ cosw(x — x ) (X Jdx'de,
T Y- d-o
or
f(x)= irmj'm(cos ®X COS X' +sin wxsin ox’Jf (x')dx'do.
2m oo
For even functions (i.e. f(x)=f(-x)), and FIR becomes
f(x)= %J': J': cos ox cos ox'f(x’)dx'de
Definition: Fourier-Cos Transform Pair:

f.(0)= '[:O cos ox'f(x")dx’

10



f(x)= 2 j “cos wxf, (o)do
TC ¥0
For odd functions (i.e. f(x)=—f(-x)), and FIR becomes
2 (o[ . . ve (o P\t
f(x):;jo _[0 sin oxsin ox'f(x')dx

Definition: Fourier-Sin Transform Pair:

f(o)= _[:sin ox'f (X" )dx’
2 (o . =
f(x)==]"sinwxf,(w)do

TC 90

Applications to Differential Equations

Fourier Exponential Transform of derivatives

S{ﬂ} = f:e’i“’x d];(x) dx = iof (o)

X

dx
2 _ n _
S{%} - —0*f(), S{ jxf } ~ (i0)F(0)
Example: Find f that satisfies the following differential equation:
2
d—f2+a£+bf=8(x—xo) —00 < X < 400
X dx

Take Fourier Exponential Transform

— 0*f(0)+aiof (o) + bf (o) = e

_ e—imxo
flo)= —~
(co) b-o® +iam
oo io(x—xg)
)= " " do

21 b— w? +iaw

11
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Laplace Transform
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Consider the class of functions, which are zero for negative x, and are defined

according to

o= {087 20 v>0)

0 x<0

FIR of f(x) for x>0 becomes

)eVX:—I dcoj et F(x e ™ dx’

or
_ 1 e (y+io)x [ 4=(v+io)x’ ' '
F(X)_Z_TE ~ dae" '[0 e T E(x )dx
Let
y+io=S, do= $
y+|m —sx
F( 27[' y- Im j €

Definition: Laplace Transform

F(s)=[ e F(x')dx

Inverse Transform

12



Clarkson

University

Table of Fourier Exponential Transform Pair

f(o)= [ e F(x)dx, £(x) = — [ F (w)do

fx) (o)

f,(x)e™"" fio+a,)
f(X +X,) e F(o)
£,00)*8,(¢) = [ H(E)F, (x - e f (o), ()
3(x —X,) g %o
el 218(o — )
e—a\x\ 200
o +a’
COS X n[S(oa -, ) + 8(0) + ®, )]
e " cosBx 20c(o>2 +a’ + B"-)
(0)2 —-B% - ocz)2 +40°0°

e‘“{COSBX + %sin B|X|} (032 B ;;xfa(jz}[ilang

e’ cos Bx ﬂl:exp{— ((’) + B)Z } " exp{— (03 - B)2 H
40° 40°

200 o
e—azxz \/; (1)2
el
d" (io)'
()
dx"
J,(x) 2
° o
0 elsewhere
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Table of Laplace Transform Pair

F(x)

e™F(x) F(s-a)
F(x-aJ(x-a) e F(s)
dF sF(s)—F(0)
dx
d"F F(s)-s"*F(0)...— ™
dx"
XF(x) dF(s)
ds
X"F(x) 1 d; ESS)
[ F(t F6)

Fl(X)* F?_(X): X Fl(X—t)Fz(t)dt
A [ s,
Lox, X’ 11w
s’ s* s
e™, sinax, cosax 1 a S
s—a s’+a’ s°+a’
sinhax, coshax a S
I
Xsinax, xcosax 2as a2
(?+a’f " (s +a?
‘]o(ax)’ Io(ax) 1 1
Vs’ +a? | st —a?
cos2vax  sin2+ax pdls  gals
Vx| wx Nk
3(x—a), U(x-a) L e
s
1 e,% e—a«/g
Jnx NS
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Probability and Random Processes
In this section, capital letters identifies a random variable and lower case letters
are used for coordinate systems.
Distribution Function
The distribution function
of a random variable Y is R Fy(y)

defined as the probability
that {Y <y}. Thatis

R(y)=PlY <y}

It then follows that
F,(y) is monotonically y
increasing function and

0<F(y)<1.

Density Function

The probability density 4 ()
function is defined as

Properties:

Fy (OO) =1= J.j:fv (Y)dy ' P{Y1 <Y< YZ}: Iyiz fy (y)dy =k (yz)_ K (yl)

Expected Value
E{Y}=Y=["yf,(y)y

El(Y)}=a(Y)= [ a(y), (v)dy

15



Variance

ot =E[Y-Yf|=Elv?}-¥°

Stochastic Process

Ensembles of random functions of time (or space) are referred to as stochastic
processes. For fixed time, a stochastic process becomes a random variable. Every
sample of a stochastic process is a time function.

X0

J\xvﬁ |
\V4 W/

Statistics of a stochastic process may be evaluated similar to those of a random variable.
For example, the mean value is given as

E{X(t)} = .[j:xfx (x,t)dx

Time Average

Time averaging over an interval (0,T) is defined as

Autocorrelation

The autocorrelation of a random process is defined as

R, (7)= E{X(t+r)x(t)}=% [ X(t+ X (ot

16



where t is the time difference, an it is assumed that X(t) is a stationary random process.
Note that

R..(0)=EX(}=X(t)

Energy Spectrum

= ‘E:e‘i“’t R, (t)dt

1
Rxx(r):E

" e""S,, (o)dw
It may be shown that

S X(w)%\i(@)r, X(o)=[ e X (bt

—o0

Linear Systems

Consider a linear system with impulse response h(t) and a system function H(w)
for X(0)=0 as shown schematically in the figure.

f(t) m— h(t) —_— X(1)
H(w)
The solution then is given as
X(t)= J.Oth(t —1)f(t)dt

where

More generally,

X(t)=[h(t=)f()dz = h(t)*f(t)
Taking Fourier Transform H(o)= _ff:e"‘”th(t)dt

17



For

For

X+ 2LmoX + 02x = F(t),

h(t):ie‘g‘”"tsin o,t
g

Wy = 030\11—5;2

18



Useful Integrals

[eP(x)dx = ﬁ{P(x)—%P’(x)Jr%P”(x)—%P’"(x)..}

a a a

e (asinbx —bcosbx)
a®+b’

.[eax sinbxdx =

™ (acosbx + bsinbx)
a’+b’

.[eax cosbxdx =

sinax — ax cosax

jxsin axdx = >
a

cosax +axsinax
'[xcosaxdx = >

a
'[Inaxdx =XxlIlnax — x

2 X2

.[xlnaxdx =X—Inax——
2 4

axcoshax —sinhax

jxsinhaxdx: 5
a
axsinhax — coshax
J'xcoshaxdx: "
[ de ; =1tan‘1[5j, [ de 5 =1tanh‘1(5j=i|n_x_a
a‘+X a a a‘—X a a 2a X+a

= (i)

-~ nfes i 2o
VX" ta

19
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Vector ldentities
V-Vxli=0 Vx(Vp)=0

VxVxli=V(V-0)-VZi

Stokes Theorem
fu-de=[(Vxu)-ds
Divergence Theorem

jvv-Udvzjsa-dg
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