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Outline
•  Cartesian Coordinates

•  Cylindrical Axial Flows

• Cylindrical Rotating Flows

ME 527 G. Ahmadi

)
z
w

y
w

x
w(

z
pg)

z
ww

y
wv

x
wu

t
w(

)
z
v

y
v

x
v(

y
pg)

z
vw

y
vv

x
vu

t
v(

)
z
u

y
u

x
u(

x
pg)

z
uw

y
uv

x
uu

t
u(

2

2

2

2

2

2

z

2

2

2

2

2

2

y

2

2

2

2

2

2

x




































































































)
z
w

y
w

x
w(

z
pg)

z
ww

y
wv

x
wu

t
w(

)
z
v

y
v

x
v(

y
pg)

z
vw

y
vv

x
vu

t
v(

)
z
u

y
u

x
u(

x
pg)

z
uw

y
uv

x
uu

t
u(

2

2

2

2

2

2

z

2

2

2

2

2

2

y

2

2

2

2

2

2

x




































































































0
z
w

y
v

x
u











 0

z
w

y
v

x
u













Incompressible Fluid

4 Equations for 4 
unknowns u,v,w and p
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Steady Parallel Flows
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Fully 
DevelopedSteady

v=0
w=0 Steady Parallel Flows
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Steady Parallel Flows

General Solution
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A viscous fluid sticks to its boundary, ufluid=uwall

Shear Stress=0

Solid Walls

Free Surface

uwall

Fluid
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u1= u2

Between Two Fluids

1= 2

Velocity and shear stress are 
the same at the interface.

uwall

Fluid 1

Fluid 2
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Mass

Convective

Laplacian 
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Steady Parallel Axial Flows

0v,0v),r(v rz   0v,0v),r(v rz  

R r z

Vz
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Fully 
Developedvr=0 v=0

symmetry
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Steady Parallel Axial Flows

General Solution
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Steady Parallel Rotating Flows

)r(v,0v,0v rz  )r(v,0v,0v rz 

1

a
b

2 r


x

ME 527 G. Ahmadi

0
z
vv

r
1

r
)rv(

r
1 zr 











  0

z
vv

r
1

r
)rv(

r
1 zr 











 

0
z

vv
r
1

r
v zr 












 V 0
z

vv
r
1

r
v zr 












 V

)
r

r(
rr

1
zr

1)
r

r(
rr

1
2

2

2

2

2
2






















 )
r

r(
rr

1
zr

1)
r

r(
rr

1
2

2

2

2

2
2
























vz=0vr=0v (r) symmetry

Two-D Flow
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General Solution
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Steady Parallel Rotating Flows
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Euler’s 
Equation
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Cartesian
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Cylindrical Axial

r
BArv  r
BArv 0

r
v

dr
dv

r
1

dr
vd

22

2

  0
r
v

dr
dv

r
1

dr
vd

22

2

 

Rotating

r
v

dr
dp 2


r

v
dr
dp 2





8/23/2018

6

ME 527 G. Ahmadi

r22
r

r
22

r
r g)

v
r
2

r
vv(

r
p)v

r
1v

t
v( 












 
V r22

r
r

22
r

r g)
v

r
2

r
vv(

r
p)v

r
1v

t
v( 












 
V





 












 g)v
r
2

r
v

v(p
r
1)vv

r
1v

t
v

( r
22

2
rV 




 












 g)v
r
2

r
v

v(p
r
1)vv

r
1v

t
v

( r
22

2
rV

zz
2

z
z gv

z
p)v

t
v( 








 V zz
2

z
z gv

z
p)v

t
v( 








 V

Steady vz=0v =0 vr (r)symmetry

ME 527 G. Ahmadi

)
r
v

dr
dv

r
1

dr
vdμ(

r
p

dr
dvρv 2

rr
2

r
2

r
r 




 )
r
v

dr
dv

r
1

dr
vdμ(

r
p

dr
dvρv 2

rr
2

r
2

r
r 






vr (r)

0
r

)(rv
r
1 r 


 0

r
)(rv

r
1 r 




Mass

r - Momentum

r
Avr  r
Avr 

3

2

r
Aρ

dr
dp

 3

2

r
Aρ

dr
dp

 2

2

o 2r
ρA-pp  2

2

o 2r
ρA-pp 

ME 527 G. Ahmadi

)
r
v

dr
dv

r
1

dr
vdμ(

r
p)v

r
1

dr
dvρ(v 2

rr
2

r
2

2
θ

r
r 




 )
r
v

dr
dv

r
1

dr
vdμ(

r
p)v

r
1

dr
dvρ(v 2

rr
2

r
2

2
θ

r
r 






vr (r)

)
r
v

dr
dv

r
1

dr
vdμ(

θ
p

r
1)vv

r
1

dr
dvρ(v 2

θθ
2
θ

2

θr
θ

r 



 )
r
v

dr
dv

r
1

dr
vdμ(

θ
p

r
1)vv

r
1

dr
dvρ(v 2

θθ
2
θ

2

θr
θ

r 





v (r)

r
Cvr  r
Cvr  r

Kv  r
Kv 

Solution

ME 527 G. Ahmadi

0
dy

ud
x
p

2

2





 0
dy

ud
x
p

2

2







BAyy
x
p

2
1u 2 




 BAyy

x
p

2
1u 2 






0
x
u  ,l/h   ,1/ho 



   0
x
u  ,l/h   ,1/ho 



  

h
Uy)yhy(

x
p

2
1u 2 






h
Uy)yhy(

x
p

2
1u 2 








8/23/2018

7

ME 527 G. Ahmadi

Concluding Remarks
•  Cartesian Coordinates

•  Cylindrical Axial Flows

• Cylindrical Rotating Flows
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