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Perturbation- Algebraic Garksos Perturbation- Algebraic Clarkson
Original Equation Y =X*+eX-25 Perturbed equation X2+£X-25=0
X?-25=0 “o . .
e 5040 Perturbation solution

—+—e=0.5

Perturbed e ::’: X=X, +eX, +&°...
equation 200 | (Xo+eX, +2. )2 +e(X,+& X, +£2.)—25=0
X*+eX-25=07F \ 100 | Xo =25+ £(2X X, + Xo) +&2...=0

& Small paramefer fo s - .z.w'o’ 2 6 8 1
0.0 - X,2-25=0, X,=5-5

-30.0 2X X +X,=0 X, =05

X-Axis

X =5-0.5¢, X =-5-0.5¢
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Perturbation- Algebraic

Clarkson

University

Perturbed Equation X% +eX-25=0

Perturbation Solution

X =5-05¢s X =-5-0.5¢
For ¢=2, X=4, X=-6

Exact Solution

_ —g++e?+100

2

X

For ¢=2, X=41 X=-6.1

ME 527

G. Ahmadi

Singular Perturbation- Algebraic Clarkson

Original Equation

X-5=0 EERH
30.0
Perturbed et
. ——e=05 25.0
equatlon - 200
eXP+X-5=0 150 |
ﬁ 10.0

ME 527 x-Axis G. Ahmadi

Singular Perturbation- Algebraic

Clarkson

University

Perturbed Equation eX?+X-5=0
Exact Solution
_ —1+41+20¢

X
2

For ¢=2, X=135 X =-1.85

ME 527

G. Ahmadi

Perturbation-Difierential Equations Glarkson

Perturbation solution of differential equations with a
small parameter, ¢

Y ox=s

dx
Perturbation Solution

Example BC y=1 atx=0

Y=Y, +&y,+...

Yo, o yys

dx dx
2 2
& - %+x=0, y0=—X—+C=1—X—
dx 2 2
ay,
g - d_xl: ' Y =X

2
X
y=1-—+e¢xX
ME 527 2

Perturbation Solution, which
is also exact solution
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Perturbation-Dilferential Equations Clarkson
Example %_gy -1 € = a small parameter
BC y=0, at x=0
Solution Y=Y, +&Y,+...

ME 527

dy, d
Serehoa(y, vey)=1
&, =1 y,=x+C=x
ax
dy1 x?
—2 = =X, =—
dX yo yl 2
y= X+£x_2 Perturbation
2 Solution G. Ahmadi

Perturbation-Dilierential Equations Clarkson

d
For Y ey-1

= t X=
i BC y=0, atx=0

. 1
Exact Solution | y= ;(efx -1)

2,2
y:l({1+3x+gzx +..1—1] for small &
&

1 X [ £Xx j
y=—| X+ +o =X 1+—+...
€ 2 2

2

Perturbation-Dilierential Equations Glarkson

For
25.0

ME 527

ﬂ—sy:l

=0, at x=0
dx y

]

X G. Ahmadi

—x+ 2
y= 5t
ME 527 G. Ahmadi
[ [
Singular Perturbation Clarkson
Matched Asymptotic Expansion
=0, at x=0
Given gd2y+ﬂ=o BC y ax
dx*  dx y=1 atx=1
Exact Solution
l1-e*
y=—=
l-ec
ME 527 G. Ahmadi
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Singular Perturbation Clarkson

- d?y d _ _
Outer Solution s—Z+—y=0 BC Y=l atx=1
dx” - dx Yo =1 atx=1
Let Y=Y, +t&Y +... y, =0, at x=1
2 2
gd—%’+32d—¥1+...+%+g%+...=0
dx dx dx dx
dy,
& d); =0, y,=C BC C=1 y, =1
d g2 1= y, =0
80—) d_{(l-’__dx};o =0, y1=Cl
Outer Solution y=y,=1
ME 527 G. Ahmadi

Singular Perturbation Clarkson

Inner Solution | 9°Y_ Y _, y=0, atx=0
o dx EE y=1 at x=1
Let  X=——" yxe&)=Y(X,é)
o(®) Y =0, at X =0
d (o4 g BC v_1 atx-uo

_— =
dx? & dX

Choose o such that the singularity is minimum
let o=¢
dy |, dv _
dX?  dX

ME 527 G. Ahmadi

Singular Perturbation Clarkson

Let Y=Y, +&Y, +..
2
Then 4. %%_g BC Y=0 atXx=0
dx* " ax V=1 at X =oo
Y,=C,e* +C,

The inner solution must satisfy the inner boundary
condition and match the inner limit of the outer solution, so

Inner Solution Y,=C,(1-e7¥)

ME 527 G. Ahmadi

Matched Asymiptotic Expansion Glarkson

Matching

1. Inner limit of outer solution.

Write the outer solution in term of inner variable and then
take limit as € goes to zero

Outer Solution y=1
As g0 y=1

y= 1 Inner limit of outer solution

ME 527 G. Ahmadi
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Matched Asymptotic Expansion Clarkson

2. Outer limit of inner solution.

Werite the inner solution in term of outer variable and then
take limit as € goes to zero

Inner Solution Y, =C,(1-e*)=C,(1-e™) Outer limit of
As 0 Y,=C, inner solution
3. Outer limit of inner solution = Inner limit of outer solution

Hence

ME 527 G. Ahmadi

Matched Asymptotic Expansion Clarkson

4. Composite solution.
Composite solution = Inner Solution +Outer Solution —
Inner Limit of Outer Solution

Yo =(1-e7")+1-(1)

yc _ 1_ e—X/8

ME 527 G. Ahmadi

Matched Asymptotic Expansion Glarkson

I;’ Composite Solution
y =01 /
- y, =1-e7*

04

o e Exact Solution
X

10 —— ;X

" = 1-e°

; ~ y="—"5

0.6 &= 03 -

> s 1_ e &
ol Bt
0.0
(] 02 0. 0. 0.
X
ME 527 G. Ahmadi

Matched Asymptotic Expansion Glarkson

Given gd—22y+(l+gz)d_y+(1_82)y:0 ae /7 at x=0
o dx y=p, atx=1
Exact Solution
y=e™ — em’+L+&)m+(1-£°)=0
o0t £2) 1+ £2) —4e(1-£7)
2

_ 2Y 4 (1— 22 —
. (1+&%)(1-&°-2¢) S m=(+e), m=_(i_1)
2 2
Gy _ (-1
[,B—O(e ¢ ]e (I+&)x +[ae (I+¢e) —ﬂ]e &
y= 1
-(=-1)
—(L+e) _
ME 527 e e’ G. Ahmadi
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Matched Asymptofic Expansion Glarkson

; d’y dy
Outer Solution &=+ (1+&%)-2+(1-&*)y=0
dx dx y=p, atx=1
Let Y=Yotéy+.. BC Yo=48 atx=1
y, =0, at x=1

Ik &Y ,p 0 Lt Qe )(dy°+gdy1+ )+ (L-ed)(y, +eY, +..)=0
d dx? dx

£ ety =0 > y,=Ce*=pge""

dx

& — %+y1: d* y°: -pe*, > y, =Ce*—pxet*

ME 527 G. Ahmadi

Matched Asymptofic Expansion Glarkson

Using vy, =0, at x=1 — C,=pe
y, = BL-x)e"™

Then the Outer Solution is given as

y= yo =Yotey :ﬂel_x +gﬂ(1_x)el_x
- Y=g [l+e(l-x)+&%.]

ME 527 G. Ahmadi

Matched Asymptotic Expansion Glarkson

For ¢—0, 1l/e>»
Then the exact solution becomes

y = IBe(1+g)(1—x) +...= ﬁe(l—x)eg(l—x) + ..
y = Be" 1+ (1-x) +%52(1— X)% +...]

y = e +g8(1-x)e"™ +...
Which is consistent with the outer solution

ME 527 G. Ahmadi

Matched Asymptotic Expansion Glarkson

Original Equation BC
2 =a, at x=0
e e )Y amy-0 7
dx dx y=p4, at x=1
Inner Solution
Let  X=—x =X Lyxe)=Y(X,e)=Y(X,e)

o(e) ¢
Typically o is selected such that the singularity is minimum
a2y’ BC
+(1+8) +g(1 gHY' =0 .
dX Y'=a, at X =0
Yi=p at X =1/¢

ME 527 G. Ahmadi
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0 0
Matched Asymptofic Expansion Glarkson
Pgrturbation Solution BC
Y'=Y, +eY, +.. Y, = at X =0
Y,=0, at X =0
d?, d%, o dY, o dY, i _
X +8dX2 +..+(1+e )(dx +ng +.)+el@-e)Y, +eY,+..)=0
0 d?, dy, B X
& dX2+dX =0, —-> Y,=A+Bge
& — d*, PCL
dx? dX °
Using BC A=a-B,
Y,=a-B,+B,e”*
ME 527 G. Ahmadi
Clarkson

University

Matched Asymptotic Expansion

Matching

The outer limit of (inner expansion) =
The inner limit of (outer expansion)

() = (v

G. Ahmadi

ME 527

10/6/2018

Matched Asymptofic Expansion Glarkson
Then BC
ﬂ+%:—(a—8)—8e'x Y,=0, at X=0
dx?  dX ? ?

The solution becomes
Y,=A+Be”* —(a—B,)X +B,Xe™*
At X=0,Y,=0-> A=-B,
Y,=-B,+Be* —(a-B,)X + B Xe™*

Inner Solution
Y' =a-B,+Be* +&[-B,+Be* —(a-B,)X +B,Xe *]

The constants B, and B, must be found by matching.
G. Ahmadi

Matched Asymiptotic Expansion Glarkson
Matching

1. Inner limit of outer solution.
Write the outer solution in term of inner variable and then

take limit as € goes to zero

Outer Solution Yo = pe L+el-x)+&°..]

y° = g [+ e(l-eX)]

Outer Solution in term
of inner variable

(v°)' = pell+e(1-X)]

As e—0
Inner limit of outer solution

ME 527

G. Ahmadi




Matched Asymptotic Expansion Clarkson

2. Outer limit of inner solution.

Write the inner solution in term of outer variable and then
take limit as &€ goes to zero

Inner Solution
Y' =a-B,+Be ™ +¢[-B,+Be* —(a-B,)X +B,Xe *]

Inner Solution in term
of outer variable

Yi—a-B,+Be™ +e[-B+Be™ —(a-B,)~+B, ~e ]
& &

Ase—>0  (Y')°=a-B, +[-£B,—(a-B,)X] outer limit of

(Yi)o —(¢—B,)1-x)-¢B inner solution
ME 527 ° ! G. Ahmadi

Matched Asymptotic Expansion Clarkson

3. Matching
Inner limit of outer solution = Outer limit of inner solution

(v°)' = fell+ (- X)] = (@ —B,)A-X) - B, = (Y')°
pe[l-x+¢]=(ax—-B,)(1-x)—-¢&B,
Hence B, = (a — pe)
B, =-pe

Inner Solution
Y' = fe+(a—pe)e™ +e[fe(l-e ) - peX + (a— fe)Xe™*]

ME 527 G. Ahmadi

Matched Asymptotic Expansion Glarkson

4. Composite solution.

Composite solution = Inner Solution +Outer Solution —
Inner Limit of r Solution —_\° i 0yi
e t of Outer Solutio yc_y +y_(y)

. = Pe+(a—pe)e +elpe(l-e*) - feK +(a— pe)Xe ]
+ e Lt (LX) + 6%.] - el + (1~ X)]

Composite solution
Y, = (a— Be)e™ (L+x)+ e +gpe[-e ¥ +e* (1-X)]

ME 527 G. Ahmadi

Matched Asymiptotic Expansion Glarkson

For a=0, pg=1

outer Solution  Y° =& *[1+&(1-X)]
Inner Solution
Y =e[l-x—(1+x)e ]+ ee(l-e )

Composite Solution
Y, = -7 L+ x) + e + e[ + e (1-X)]

Exact Solution

1
o a=(+o)x _e‘(;‘l)x
- 1
p-re) _ g G
ME 527 G. Ahmadi
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Matched Asymptotic Expansion

ME 527

35

3.0

2.5

2.0

1.5

1.0

0.5

0.0

Uni

Ckn*sog

vvvvvv

=0, =1 =01

—e— Outer Soluton
=—e—Inner Solution

—a— Composite Solution
- - Exact

0

0.2 0.4

0.6 0.8

G. Ahmadi

Matched Asymptotic Expansion Clarkson

3.0
a=0, B=1, £=005

25 —e— Outer Soluton

i —+—Inner Solution

—a— Composite Solution
2.0 1 - - Exact
=
15
1.0 ]
0.5 1
0.0
0 0.2 0.4 0.6 0.8 1
ME 527 X G. Ahmadi

Jni

ME 527

llllll

3.0
=0, f=1 =001

25 | —e— Outer Soluton

. —+—Inner Solution

—a— Composite Solution

2.0 - - Exact

1.5

1.0 )
0.5
0.0 T T T T

0 0.2 0.4 0.6 0.8 1
X
G. Ahmadi

Matched Asymptotic Expansion

2 =0, at x=0
Given gd ¥+2xgx—2xy:0 y
dx dx y=1 atx=1
Outer Solution
y=1 at x=1
Y =Yty +o yo=1 atx=1
y, =0, at x=1
ME 527 G. Ahmadi
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Singular Perturbation Clarkson

Outer Solution

d?y, , .d%, dy, _dy

2oy FoA2X(E e 24—y —gy,—..)=0

e TP e (dx & i Yo =¥ =)
dy"—y(,:O, y,=Ce* C=e y, =e"

dx

dy 1%,

dx 7t 2x dx?
Outer Solution ye =y, =e"

ME 527 G. Ahmadi

Singular Perturbation Clarkson

- 2 =0, at x=0
Inner Solution gd_¥+2Xg_2Xy:0 = y
dx dx y=1 atx=1
Let X=——,  y(x&)=Y(X,s)
o(e)
2
£ Y oax W aexy =0 Y =0, at X =0
o dX dXx BC '

4 20°X dY _20° . o Y=1 atX=1/c

+
dx? ¢ dX ¢
Choose ¢ such that the singularity is minimum

X
let o=¢&"% X=—1
6_1/2
2
d YZ cox WY gy —o
ME 527 dXx dXx G. Ahmadi

Singular Perturbation Clarkson

Let Y =Y, +&Y +...
sz dY YZO, atX:O
Then e T 2X g =0 BC v=1 atX=0w
2 2
dy, 7dx” X, dY°=Ce‘X2
dy, /dX dXx

X
Y, =C[e™dX, =C,erf(X), whereY,(0)=0
0

The inner solution must satisfy the inner boundary
condition and match the inner limit of the outer solution, so

Inner Solution Y =Y, =C,erf(X)
ME 527 G. Ahmadi

Matched Asymiptotic Expansion Glarkson

Matching

1. Inner limit of outer solution.

Write the outer solution in term of inner variable and then
take limit as € goes to zero

Outer Solution

x-1 eX-1 _ -1

Ase0  y° =e*? (y°)i:|imHOe =@

Inner limit of outer solution

ME 527 G. Ahmadi
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Matched Asymptotic Expansion Clarkson

2. Outer limit of inner solution.

Werite the inner solution in term of outer variable and then
take limit as € goes to zero

Inner Solution

Outer limit of

i v _ iNo _ [ X
y _Yo_Clerf(X)7 (y) _Ilmg—mclerf (gyz)_cl inner Solution

3. Outer limit of inner solution = Inner limit of outer solution

Hence C =¢"
y' =Y, =e™erf (X)

ME 527 G. Ahmadi

Matched Asymptotic Expansion Clarkson

4. Composite solution.

Composite solution = Inner Solution +Outer Solution —
Inner Limit of Outer Solution _ O i 0yi
Y=Yy +y =(Y")

(¢} x—1

Y=y, =¢e y' =Y, =eerf (X)
y, ="t +eterf (x/&"*)—e™
y, =e '[e* +erf (x/&Y?) 1]

y, =e "[e* —erfc(x/ &"?)]

ME 527 G. Ahmadi

Matched Asymptotic Expansion Glarkson

1.0

0.9 { —e-Outer Soluton

0.8 | —o—InnerSo!ution ) E = 0_01
—=—Composite Solution

0.7 |
0.6 |
> 05 |
0.4
0.3 |
0.2 y, =e'[e* +erf (x/£"*)-1]
0.1
0.0

0 0.2 0.4 0.6 0.8 1
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Matched Asymiptotic Expansion Glarkson

1.0

0.9 1 —e-Outer Soluton

08 | ——Inner Solution &= 01
° —s—Composite Solution

0.7 1

0.6 1
05
04 |
03 |
0.2 y, =e '[e* +erf (x/&"*)-1]
0.1 |
0.0

0 0.2 0.4 0.6 0.8 1
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