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 Algebraic Equations
- Regular Perturbation
- Singular Perturbation

 Differential Equations
- Regular Perturbation
- Singular Perturbation
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Perturbation solution
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Perturbation Solution

Perturbed Equation 2 25 0X X  

Exact  Solution
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5 0X  
Original Equation

Perturbed 
equation

2 5 0X X   
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Perturbed Equation 2 5 0X X   

Exact  Solution
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Perturbation solution of differential equations with a 
small parameter, 

Perturbation Solution

1, 0y at x 
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Perturbation Solution, which 
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Example BC
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 = a small parameter

Solution

0, 0y at x 

1 ...oy y y  

1dy y
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Perturbation 
Solution

Example

BC
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 
2 2

1 1
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      
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1dy y
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  0, 0y at x 

Exact Solution
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1dy y
dx

  0, 0y at x For
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Exact Solution

Given
2

2 0d y dy
dx dx

  
0, 0y at x 

1, 1y at x 

1
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
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Matched Asymptotic Expansion

BC
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1 ...oy y y  

Outer Solution
2

2 0d y dy
dx dx

  

2 2
2 1 1

2 2
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1 12

... ... 0
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o o

o
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o

d y dyd y dy
dx dx dx dx
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d ydy y C
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
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     
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   

0
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y at x
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 
 
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0 0

oC y
C y
 

 

Outer Solution 1oy y 

BC

BC

Let
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Inner Solution

2

2 0d Y dY
dX dX




 

( , ) ( , )
( )
xX y x Y X 

 
 Let

2

2 0d y dy
dx dx

   0, 0y at x 

1, 1y at x 

0, 0Y at X 

1, 1/Y at X  

BC

BC

Choose  such that the singularity is minimum

2

2 0

let
d Y dY
dX dX

 

 
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1 ...oY Y Y  Let
2

2 0o od Y dY
dX dX

 Then

2 3
X

oY C e C 

0, 0Y at X BC
1,Y at X  

The inner solution must satisfy the inner boundary 
condition and match the inner limit of the outer solution, so

3(1 )X
oY C e Inner Solution
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1. Inner limit of outer solution.
Write the outer solution in term of inner variable and then 
take limit as  goes to zero

Matching

Outer Solution 1y 

1
1

y
y



As 0

Inner limit of outer solution
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2. Outer limit of inner solution.
Write the inner solution in term of outer variable and then 
take limit as  goes to zero

Inner Solution
As 0

Outer limit of 
inner solution

/
3 3

3

(1 ) (1 )X x
o

o

Y C e C e
Y C

    


3. Outer limit of inner solution = Inner limit of outer solution
Hence

3 1

1 X
o

C

Y e



 
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4. Composite solution.
Composite solution = Inner Solution +Outer Solution –
Inner Limit of Outer Solution

/(1 ) 1 (1)x
cy e    

/1 x
cy e  
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Exact Solution

Composite Solution

0.3 
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Exact Solution
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1 ...oy y y  

Outer Solution
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, 1
, 1

0, 1
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y at x
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
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 
 
 

2
2 2
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BCLet
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Then the Outer Solution is given as

Using 1 1
1

1

0, 1

(1 ) x

y at x C e

y x e


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For 

(1 )(1 ) (1 ) (1 )

(1 ) 2 2

(1 ) (1 )

... ...
1[1 (1 ) (1 ) ...]
2!

(1 ) ...

x x x

x

x x

y e e e

y e x x

y e x e

  
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
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   

Then the exact solution becomes

0, 1/  

Which is consistent with the outer solution
G. AhmadiME 527

Original Equation

( , ) ( , ) ( , )
( )

ix xX y x Y X Y X  
  

    Let

, 0iY at X 

, 1/iY at X  

BC

BC

Typically  is selected such that the singularity is minimum

2
2 2

2 (1 ) (1 ) 0d y dy y
dx dx

      
, 0y at x 

, 1y at x 
Inner Solution

2
2 2

2 (1 ) (1 ) 0
i i

id Y dY Y
dX dX

      
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Perturbation  Solution

1 ...i
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dX dX dX dX

d Y dY Y A B e
dX dX

d Y dY Y
dX dX

     







          

     

   

1

, 0
0, 0

oY at X
Y at X

 
 

BC

o o
X

o o o

A B

Y B B e



 

 

  
Using BC
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Then
2

1 1
2 ( ) X

o o
d Y dY B B e
dX dX

      1 0, 0Y at X 
BC

The constants B0 and B1 must be found by matching.    

The solution becomes

1 1 1

1 1 1

1 1 1

( )
0, 0

( )

X X
o o

X X
o o

Y A B e B X B Xe
At X Y A B

Y B B e B X B Xe





 

 

    
    

     
Inner Solution

1 1[ ( ) ]i X X X
o o o oY B B e B B e B X B Xe            
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Matching
The outer limit of (inner expansion) =  

The inner limit of (outer expansion)

( ) ( )o i i oy Y

G. AhmadiME 527

1. Inner limit of outer solution.
Write the outer solution in term of inner variable and then 
take limit as  goes to zero

Matching

Outer Solution

As 0

Inner limit of outer solution

1 2[1 (1 ) ...]o xy e x     
Outer Solution in term 
of inner variable

1 [1 (1 )]o Xy e X    

( ) [1 (1 )]o iy e X   
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2. Outer limit of inner solution.
Write the inner solution in term of outer variable and then 
take limit as  goes to zero

Inner Solution

As 0 Outer limit of 
inner solution

1 1[ ( ) ]i X X X
o o o oY B B e B B e B X B Xe            

Inner Solution in term 
of outer variable

/ / /
1 1[ ( ) ]i x x x

o o o o
x xY B B e B B e B B e    
 

          

1

1

( ) [ ( ) ]

( ) ( )(1 )

i o
o o

i o
o

Y B B B x

Y B x B

  

 

     

   
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3. Matching
Inner limit of outer solution = Outer limit of inner solution

Hence

1

1

( ) [1 (1 )] ( )(1 ) ( )
[1 ] ( )(1 )

o i i o
o

o

y e X B x B Y
e x B x B

   
   

       

     

1

( )oB e
B e

 


 
 

Inner Solution

( ) [ (1 ) ( ) ]i X X XY e e e e e eX e Xe                
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4. Composite solution.
Composite solution = Inner Solution +Outer Solution –
Inner Limit of Outer Solution

1 2

( ) [ (1 ) ( ) ]

[1 (1 ) ...] [1 (1 )]

X X X
c

x

y e e e e e eX e Xe

e x e X

       

    

  



       

      

( )o i o i
cy y y y  

/ 1 /( ) (1 ) [ (1 )]x x x x
cy e e x e e e e x              

Composite solution

G. AhmadiME 527

1 / 1 1 / 1(1 ) [ (1 )]x x x x
cy e x e e e x           

For 0, 1  

/ /[1 (1 ) ] (1 )i x xY e x x e e e       

1 [1 (1 )]o xy e x  

Composite Solution

Inner Solution
Outer Solution

1( 1)(1 )

1( 1)(1 )

xxe ey
e e

 

 

  

  






Exact Solution
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0, 1, 0.1    

G. AhmadiME 527

0, 1, 0.05    

G. AhmadiME 527

0, 1, 0.01    

G. AhmadiME 527

Given
2

2 2 2 0d y dyx xy
dx dx

   
0, 0y at x 

1, 1y at x 

Matched Asymptotic Expansion

1 ...o
oy y y  

Outer Solution

0

1

1, 1
1, 1
0, 1

y at x
y at x
y at x

 
 
 
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Outer Solution

2 2
2 1 1

12 2

2
1

1 2

... 2 ( ... ...) 0

0,

1
2

o o
o

xo
o o

o

d y dyd y dyx y y
dx dx dx dx

dy y y C e
dx

d ydy y
dx x dx

           

  

  

1x
oC e y e  

Outer Solution 1o x
oy y e  
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Inner Solution

2

2 2

2 2 3

2

2 2 0

2 2 0

d Y dYX XY
dX dX

d Y X dY XY
dX dX

 


 
 

  

  

, ( , ) ( , )
( )
xX y x Y X 

 
 Let

0, 0y at x 

1, 1y at x 

0, 0Y at X 

1, 1/Y at X  

BC

BC

Choose  such that the singularity is minimum
1/2

1/2

2
1/2

2

,

2 2 0

xlet X

d Y dYX XY
dX dX

 




 

  

2

2 2 2 0d y dyx xy
dx dx

   
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1/2
1 ...oY Y Y  Let

2

2 2 0o od Y dYX
dX dX

 Then

2

2
1

2 2

1 1
0

/ 2 ,
/

( ), (0) 0

Xo o

o

X
X

o o

d Y dX dYX Ce
dY dX dX

Y C e dX C erf X where Y





  

  

0, 0Y at X 
BC 1,Y at X  

The inner solution must satisfy the inner boundary 
condition and match the inner limit of the outer solution, so

1 ( )i
oy Y C erf X Inner Solution

G. AhmadiME 527

1. Inner limit of outer solution.
Write the outer solution in term of inner variable and then 
take limit as  goes to zero

Matching

Outer Solution

As 0

Inner limit of outer solution

1 1 1
0, ( ) limo x o i Xy e y e e


  

  
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2. Outer limit of inner solution.
Write the inner solution in term of outer variable and then 
take limit as  goes to zero

Inner Solution
Outer limit of 
inner solution

3. Outer limit of inner solution = Inner limit of outer solution

Hence 1
1

1 ( )i
o

C e

y Y e erf X







 

1 0 1 11/2( ), ( ) lim ( )i i o
o

xy Y C erf X y C erf C    
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4. Composite solution.
Composite solution = Inner Solution +Outer Solution –
Inner Limit of Outer Solution

1 1 1/2 1( / )x
cy e e erf x e    

1 1/2

1 1/2

[ ( / ) 1]

[ ( / )]

x
c

x
c

y e e erf x

y e e erfc x









  

 

1 ( )i
oy Y e erf X 1o x

oy y e  

( )o i o i
cy y y y  
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0.01 

1 1/2[ ( / ) 1]x
cy e e erf x   
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0.1 

1 1/2[ ( / ) 1]x
cy e e erf x   




