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Repeated Trials (Bernoulli Trials) 
 
 Consider a series of independent experiments. Suppose that the probability of 
event a  in each experiment is 
 
 ( ) paP = .         (1) 
 
Let also 
 
 ( ) qaP =          (2) 
 
with 
 
 1=+ qp .         (3) 
 
The probability that event a  occurs k  times in a specific order in n  trials is knk qp − .  

The number of ways that a  can occur k  times in n  trials is equal to  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
k
n

.  Therefore, 

the probability that a  occurs k  times in n  trials in any order is: 
 

 ( )kPn  = knk qp
k
n −
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
.         (4) 

 
Figure 1 shows the variation of the probability as given by Equation (4).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1.  Variation of repeated trial probability.  
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Most Likely Number of Success 
 

The value of k  for which ( )kPn  is maximum is referred to as the most likely 
number of success.  It may be shown that 
 

 
( )

( )
( )
( ) ⎭

⎬
⎫

⎩
⎨
⎧

=+
≠+

+=
+≤=

−
=

IntegerPnif
IntegerPnif

Pnk
PnIntegerGreatestk

,kandk
,k

kmax 1
1

1
1

1 1

1

11

1 . 

                (5) 
 
Probability that event a  occurs k  times with 21 kkk ≤≤  is given as 
 

 ( ) ∑
=

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=≤≤

2

1

21

k

kk

knk qp
k
n

kkkP .           (6) 

 
Asymptotic Theorems 
 
 When the number of trials is very large, approximate asymptotic expressions for 
the probability may be used. 
 
DeMoivre-Laplace Theorem 
 
 Let n  be a large number and 1>>npq . Then for values of k  in the npq  

neighborhood of its most likely value np  (i.e. npk −  of the order of npq ) it may be 
shown that 
 

 ( )
( )

npq
npk

knk
n e

npq
qp

k
n

kP 2

2

2
1

−
−

− ≈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

π
.            (7) 

 
This approximation is known as the DeMoivre-Laplace theorem. The proof is based on 
Stirling formula 
 
 nenn nn π2! −≈   as  ∞→n .                   (8) 
 
 
Approximate Evaluation of nP  ( 21 kkk ≤≤ ) 
 
 In a similar limiting case, it follows that 
 

 ( )
( )

∑∑
=

−
−

=

− ≈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=≤≤

2

1

2
2

1

2
21 2

1 k
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npq
npkk

kk

knk
n e

npq
qp

k
n

kkkP
π

,                 (9) 
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or 
 

 ( )
( )

∫
−

−

≈≤≤ 2

1

2

2
21 2

1 k

k

npq
npx

n dxe
npq

kkkP
π

.                        (10) 

 
Introducing the error function 
 

 ∫
−

=
x

y

dyeerfx
0

2

2

2
1
π

, ( )
2
1

=∞erf , ( ) ( )xerfxerf =−− ,            (11) 

 
we find 
 

 ( )
npq

npkerf
npq

npkerfkkkPn
−

−
−

≈≤≤ 12
21 .                           (12) 

 
Gaussian Functions 
 
 

The Gaussian or normal function is defined as 
 

 ( ) 2

2

2
1 x

exg
−

=
π

, ( ) ( )xgxg =− .                              (13) 

 
Integral of ( )yg  is given as 
 

 ( ) ( ) ∫∫ ∞−

−

∞−
==

x
y

x
dyedyygxG 2

2

2
1
π

,  ( ) 1=∞G ,                      (14) 

and 

 ( ) ( )
2
1

−= xGxerf , ( ) ( )xGxG −=− 1 .                        (15) 

 
Using g  and G , it follows that 
 

 ( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
≈⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= −

npq
npkg

npq
qp

k
n

kP knk
n

1 ,                             (16) 

 

 ( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
=≤≤

npq
npkG

npq
npkGkkkPn

12
21  .                            (17) 

 
 



   

ME529  G. Ahmadi 4

Generalized Bernoulli Trials 
 
 Assume that in the probability experiment ℑ  the events 1a , 2a , … ra  are 
mutually exclusive (i.e. 0=∩ ji aa  for ji ≠ ) and Saaa r =∪∪∪ ...21 .  Let 
( ) 11 PaP = , ( ) 22 PaP = , …, ( ) rr PaP =  with 1...21 =+++ rPPP .  The probability that 

event 1a  occurs 1k  times, 2a  occurs 2k  times, …, ra  occurs rk  times in n  independent 
trials with nkkk r =+++ ...21  is given as 
 

 ( ) rk
r

kk

r
rn PPP

kkk
nkkkP ...

!!...!
!,...,, 21

21
21

21 = .                             (18) 

 
For large n , if ik  is in the n  vicinity of inP , the Demoivre-Laplace theorem implies 
that 
 

 ( )

( ) ( )

( ) r
r

r

rr

rn
PPn

nP
nPk

nP
nPk

kkkP
...2

...
2
1exp

,...,,
1

1

2

1

2
11

21 −

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡ −
++

−
−

≈
π

.       (19) 

 
 
 
Poisson Theorem 
 
 For a Bernoulli trial, suppose that n  is very large but P  is very small and such 
that anP =  of the order of one.  It then follows that as ∞→n , anP → , 
 

 ( ) ( )
!! k

ae
k

nPeqP
k
n

kP
k

a
k

nPknk
n

−−− =≈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= .                    (20) 

 
Furthermore, 
 

 ( ) ( )∑
=

−≈≤≤
2

1
!21

k

kk

k
nP

n k
nPekkkP .                         (21) 

 
Random Poisson Points 
 
 We place at random n  points in the interval ( )T,0 .  Let attt =− 12 . The 
probability of finding k  points in at  is given as 
 

 ( ) knk
a qP

k
n

tINPOINTSkP −
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= , 

T
t

P a= .                   (22) 
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Suppose 1>>n  and Tta <<  such that 
T
nt

n a
P =  is finite.  From the Poisson Theorem we 

find 
 

 ( )
!k

T
nt

etinsintPokP

k
a

T
nt

a

A
⎟
⎠
⎞

⎜
⎝
⎛

≈
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 as ∞→n , ∞→T .                 (23) 

 

Let 
T
n

=λ . Then, 

 

 ( ) ( )
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t
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k
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a
a
λλ−≈ .                       (24) 

 
Useful Formula 
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