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Random Variables 
 
 Given a random experiment, ( )PFS ,,:ℑ , a real valued function ( )ξX  defined on 
the probability space is called a random variable. That is, to every outcome, ξ  , a number 
( )ξX  is assigned by a certain rule. A random variable (RA) ( )ξX  is subject to the 

following two conditions: 
 

i) For every real number x , the set ( ){ }xX ≤ξξ :  is an event in F . 
ii) ( ) 0=∞=xP , ( ) 0=−∞=xP . 

 
 
Probability Distribution Function 
 

Definition: The distribution function of a random variable ( )ξX  is a function 
( )xFX  defined by 

 
  ( ) ( ){ }xXPxFX ≤= ξ ,  +∞≤≤∞− x . 
 
Properties of ( )xFX  
 
 Important properties of the probability distribution function are: 
  

i) ( ) 0=∞−F , ( ) 1=∞+F . 
ii) ( )xF  is a nondecreasing function of x , i.e. ( ) ( )21 xFxF ≤  if 21 xx ≤ . 
iii) ( )xF  is continuous from the right. i.e., ( ) ( )xFxF =+ , where 

( ) ( )ε
ε

+=
→

+ xFlimxF
0

, 0>ε . 

iv) If ( ) 00 =xF , then ( ) 0=xF  for every 0xx ≤ . 
v) ( ){ } ( )xFxXP −=> 1ξ  
vi) { } ( ) ( )1221 xFxFxXxP −=≤<  
vii) { } ( ) ( )−−== xFxFxXP , where ( ) ( )ε

ε
−=

→

− xFxF
0

lim  

viii) { } ( ) ( )−−=≤≤ 1221 xFxFxXxP . 
 
 
Density Function 
 
 The probability density function of a random variable ( )ξX  is defined as 
 

 ( ) ( )
dx

xdFxf X
X = . 
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Continuous and Discrete Random Variable 
 

A random variable ( )ξX  is called a continuous random variable if its associated 
distribution function is continuous and differentiable almost everywhere.  For a discrete 
random variable, the distribution function takes the shape of a staircase with a finite or 
countably infinite number of jumps. The corresponding density function then is given as 
 
 ( ) ( )∑ −=

i
ii xxPxf δ ,  { }ii xxPP == . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. A typical probability density function of a discrete random variable. 
 
 
Properties of ( )xf X  
 

Important properties of the probability density function are: 
  

i) ( ) 0≥xf . 

ii) ( ) 1=∫
+∞

∞−
dxxf . 

iii) ( ) ( )∫ ∞−
=

x
dfxF ξξ . 

iv) { } ( ) ( ) ( )∫=−=≤< 2

1
1221

x

xXX dxxfxFxFxXxP  

v) For a continuous random variable, { } ( ) xxfxxXxP ∆≈∆+≤<  and 

( ) ( )
x

xxXxPxf
x ∆

∆+≤<
=

→∆ 0
lim  
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x 
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Common Probability Density Functions 
 
 
 
 

Normal 
 

( )
( )

2

2

2

2
1 σ

η

σπ

−
−

=
x

x exf ,  

( )
σ
η−

+=
xerfxFx 2

1    

 
 
Laplace 
 

( ) xexf αα −=
2

       

 
 
 
 
Rayleigh 
 

( ) ( )xUexxf
x

2

2

2
2

α

α

−
=   

 

( )
⎭
⎬
⎫

⎩
⎨
⎧

<
≥

=
00
01

x
x

xU    

 
Maxwell 
 

( ) 2

2

22
3

2 α

απ

x

exxf
−

=    

    
 
Cauchy 
 

( ) 22 x
xf

+
=
α

π
α

   

    
 
 

f 

x

f

xη 



   

ME529  G. Ahmadi 4

 
Weibull 
 

 

 ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ >=

−−

otherwise
xekxxf

x

x 0
01 βαβ

 

 
 
 
 
Beta 
 

( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ ≤≤−

=
elsewhere

xxAxxf
cb

0
101  

  
( )

( ) ( )11
2
+Γ+Γ

++Γ
=

cb
cbA   

 
Poisson 
 

( ){ }
!k

aekxP
k

a−==ξ        

 

( ) ( )∑
∞

=

− −=
0 !k

k
a kx

k
aexf δ       

 
 
 
 

f(x)

x 
42 86 

F(x)

x 
42 86 
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Binomial 
 

 { } knk qp
k
n

kxP −
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==       

 

 ( ) ( )∑
=

− −⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

n

k

knk kxqp
k
n

xf
0

δ       

 
 1=+ qp  
 
 
 
 
 
 
 
Erlang 
 

 ( ) ( ) ( )xUex
n
cxf cxn

n
−−

−
= 1

!1
 

 
Gamma 
 

 ( ) ( ) ( )xUex
b
cxf cxb

b
−

+

+Γ
=

1

1

, ( ) ∫
∞ −−=Γ
0

1 dyeyb yb  

 
Exponential 
 
 ( ) ( )xUcexf cx−= . 

f(x)

x 
4 2 86 

F(x)

x 
4 2 86 


