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Poisson Process 
 
Review of Poisson Random Variable 
 
 ( )ξX  is a Poisson random variable if 
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It then follows that 
 
 { } aXE = ,  { } aaXE += 22 ,  ax =2σ . 
 
Consider a probability experiment of placing points at random on a lie. Define ( )21 , ttn  as 
the number of points in an interval ( )21 , tt . Then ( ) ( )tntX ,0=  is  a Poisson random 
variable if 
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ii) If the intervals ( )21 , tt  and ( )43 , tt  are non-overlapping, then the random variables 
( )21 , ttn  and ( )43 , ttn  are independent. 

 
That is, ( )tX  is a Poisson process with parameter tλ . 
 
Thus, 
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 ( ){ } ttXE λ= , ( ){ } tttXE λλ += 222 . 
 

To obtain the autocorrelation of ( )tX , assume that 12 tt >  and consider 
 
 ( ) ( ) ( )[ ]{ } ( ) ( ){ } ( ){ }1

2
21121 tXEtXtXEtXtXtXE −=− . 

 
Noting that the intervals ( )1,0 t  and ( )21 , tt  are non-overlapping, it follows that 
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Thus, 
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Similarly, 
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Therefore, 
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Non-Uniform Case 
 

If the points placed on the line have non-uniform density ( )tλ , then tλ  must be 

replaced by ( )∫
t

d
0

ττλ . In this case, 
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Weiner Process (Brownian Motion) 
 

( )tW  is a Wiener Process if 
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ii) ( )tW  is an independent increment process, i.e. ( ) ( )12 tWtW −  is 
independent of ( ) ( )34 tWtW −  if the intervals ( )21 , tt  and ( )43 , tt  are non-
overlapping. 

iii) ( ) 00 =W . 
 

The statistics of the Wiener Process are given as 
 
  ( ){ } 0=tWE , 
 
  ( ){ } ttWE α=2 , 
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White Noise Process 
 

The process ( ) ( )
dt

tdWtn =  is referred to as the White Noise process. The statistics 

of ( )tn  are given by 
 
 ( ){ } 0=tnE , ( ) ( )2121 , ttttR −= αδ . 
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Numerical Simulation of White Noise Processes 
 
An approximately white noise process can be generated using the following step-

by-step procedure: 
 

i) For a duration of T  (about 20 s) select a small time step t∆  (about 0.01 to 

0.05 s).  The duration is then divided into 
t

Tm
∆

=  (about 400 to 2000) 

subintervals. 
ii) Generate 1+m  zero-mean unit-variance normally distributed random 

numbers 1G ,…, 1+mG .  Multiply these random numbers by 
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 where 

0S  is the constant power spectrum of the white noise.  Evaluate  
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iii) The white noise process then is given by ( ) igtitn =∆+0 , 1,...,2,1 += mi , and 
( ) 00 =tn , and n  varies linearly over each subinterval.  Here, 0t  is a random 

variable with uniform density over the subinterval ( )0,t∆− . 
 
 
 
 
 
 
 
 
 
 
 
 
 

ni 

t 
∆t t0 =U∆t 

  Numerical procedure for simulating a white nose Process. 

gi 
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Transformation Form Pair of Uniform Random Variable to Gaussian 
   
Transform pairs of uniform random numbers to pairs of unit variance zero mean 
Gaussian random numbers can be done using the following transformations: 
 

211 U2cosUln2G π−= ,        

212 U2sinUln2G π−= .  
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Normal Processes 
 

A stochastic process ( )tX  is said to be normal if ( )1tX , ( )2tX ,…, ( )ntX  are 
jointly normal for any n  and any 1t , 2t ,…, nt .  The statistics of a normal process are 
fully determined in terms of its mean ( )tη  and its autocorrelation ( )21 , ttR  (or 
autocovariance ( )21 , ttC . The first order density is given as 
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The n th order joint density is given by 
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where Λ  is the matrix of covariance function defined as 

 
 ( )[ ]ji ttC ,=Λ   and  Λ=Λ det . 
 

Note: Linear combinations of normal processes (or random variables) are also normal 
processes. 


