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Markov Processes 
 
Definition: A stochastic process ( )tX  is called a Markov process if for every n  and for 
any nttt <<< ...21 , its conditional probability satisfies 
 
 ( ) ( ) ( ) ( ){ } ( ) ( ){ }1121 |,...,,| −−− ≤=≤ nnnnnnn tXxtXPtXtXtXxtXP . 
 
In other words 
 
 ( ) ( ){ } ( ) ( ){ }11 || −− ≤=≤≤ nnnnnn tXxtXPttallfortXxtXP . 
 
Properties: 
 

i) If ( )tX  is a Markov process, then it is also Markov in reverse. That is, 
( ) ( ){ } ( ) ( ){ }211211 || tXxtXPttallfortXxtXP ≤=≥≤ . 

ii) For a Markov process, the future is independent of the past under the given 
condition of present. 

iii) If for any 21 tt < , ( ) ( )12 tXtX −  be independent of ( )tX  for 1tt ≤ , then ( )tX  is a 
Markov process.  Thus, independent increment processes (such as Poisson and 
Wiener-Levy processes) are Markov processes. 

iv) If ( )tX  is a Markov process, then ( ) ( ) ( ){ } ( ) ( ){ }111 |,...,| −− = nnnn tXtXEtXtXtXE . 
v) A Markov process ( )tX  is always associated with a first-order equation 
 

   ( ) ( )tjtX
dt
dX

=− ,β , with ( )
dt

dWtj =  or ( ) dWdttj = ,  

 
where ( )tW  is an independent increment process (i.e. ( )1tj , ( )2tj , …, ( )ntj  are 
independent random variables for any 1t , 2t ,…, nt  and any n ).  

The solution to the first-order equation is formally given as 
 

 ( ) ( ) ( )( ) ( )∫∫ ++=
t

t

t

t
djdXtXtX

00

,0 τττττβ .  

 
Thus ( )1tX  is uniquely determined from ( )0tX  and ( )tj  with 10 ttt ≤< . ( )0tX  
depends on ( )tj  for 0tt ≤  and hence is independent of ( )tj  for 0tt > . Thus, given 
( )0tX  the past of the process ( )tX  (i.e. ( )tX  for 0tt < ) has no effect on the future of 
( )tX  (i.e. for 0tt > ). That is, ( )tX  is a Markov process. 

vi) A continuous random process ( )tX  is said to Markovian if its conditional 
probability density satisfies the relation 

 
 ( ) ( )11112211 ,|,,;,;...;,|, −−−− = nnnnXnnnn txtxftxtxtxtxfX  for any nttt <<< ...21 . 
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vii) The following relationships hold for a Markov process: 
 

a. ( ) ( ) ( ) ( )1111222233332211 ,,|,,|,,;,;, txftxtxftxtxftxtxtxf XXX=X , 
 
b. ( ) ( ) ( ) ( )1111221111 ,,|,...,|,,;...;, txftxtxftxtxftxtxf XXnnnnXnn −−=X ,  

 
where ( )11,|, −− nnnnX txtxf  is called the transition probability density. 
 

c. If ( ) oxX =0 , then ( ) ( )01111 ,x|t,xft,xf oXX = . 
 
Thus, a Markov process ( )tX  is fully specified in any of the following three 
equivalent ways: 
 

i) Given the first-order density and the transition probability density. 
ii) Given the second-order density ( )2211 ,;, txtxfX . 
iii) Given the transition probability density and ( )0X . 

 
The Chapman-Kolmogorov-Smoluchowski Equation 
 

For any continuous random process 
 

( ) ( )

( ) ( )∫
∫

∞+

∞−

+∞

∞−

=

=

100110011

1001100

dxt,x|t,xft,x;t,x|t,xf

dxt,x|t,x;t,xft,x|t,xf
. 

 
For a Markov process 

 
 ( ) ( )110011 ,|,,;,|, txtxftxtxtxf = . 
 

Thus, 
 

 ( ) ( ) ( )∫
+∞

∞−
= 100111100 ,|,,|,,|, dxtxtxftxtxftxtxf . 

 
This integral equation for the transition probability density of a Markov process is called 
the Chapman-Kolmogorov-Smoluchowski equation. 
 
Fokker-Planck Equation 
 

It may be shown that the transition probability density must satisfy the following 
(forward) Fokker-Planck equation 
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Here 1α  and 11α  are the incremental moments defined as 

 

 ( ) ( ) ( ){ }xtXtdXE
dt

tx
dt

==
→

|1lim,
01α , 

 

 ( ) ( )[ ] ( ){ }xtXtdXE
dt

tx
dt

==
→

|1lim, 2

011α . 

 
The Kolmogorov (Backward) equation is given as 
 

 ( ) ( )
0

2
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, 2
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Note that 

 
 ( )00 ,|, txtxff = . 
 

Example: Determine the Fokker-Planck equation for the Wiener-Levy process and find 
the transition probability density function. 

 
Recalling that 
 

 ( ){ } 0=tWE ,  ( ){ } DttWE 22 = ,  ( )
⎭
⎬
⎫

⎩
⎨
⎧

≥
≥

=
212

121
21 2

2
,

ttDt
ttDt

ttRWW , 

 
and 

 
( ) ( ){ } 012 =− tWtWE ,  ( ) ( )[ ]{ } ( )12

2
12 2 ttDtWtWE −=−  for 12 tt > . 

 
Let 

 
 dttt +=2 , tt =1 , ( ) ( )tWdttWdW −+=  
 

Thus 
 
 { } 0=dWE , ( ){ } DdtdWE 22 =  
 

Now 
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 { } 0|1lim
01 ==

→
WdWE

dtdt
α , 

 

 ( ){ } DWdWE
dtdt

2|1lim 2

011 ==
→

α . 

 
The corresponding Fokker-Planck equation then becomes 
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Using w for Wiener process  instead of x, it follows that 
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For ( ) ( )oooo wwt,w|t,wf −= δ ,  the solution becomes 
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Fokker-Planck Equation for a Vector Markov Process 
 

The transition probability density function of a vector Markov process ( )tX  
satisfies the following Fokker-Planck equation: 

 

 ( )[ ] ( )[ ]∑ ∑∑
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The incremental moments jα  and ijα  are given as 
 

 ( ) ( ){ }xX ==
→

ttdXE
dt jdtj |1lim

0
α , 

 

 ( ) ( ) ( ){ }xX ==
→

ttdXtdXE
dt jidtij |1lim

0
α . 
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Fokker-Planck Equation for Ito’s Equation 
 

Consider Ito’s equation 
 

 ( ) ( ) ( )tttd nxGXg
dt
X

⋅+= ,,  

 
or 

 

 ( ) ( ) ( )tntGtg
dt

dX
j

j
iji

i ∑+= ,, XX  

 
or 

 
 ( ) ( ) dWXGXgX ⋅+= tdttd ,, . 
 

Here, n  and W  are vector white noise and Wiener process with 
 
 { } { } 0== ii dWEnE  
 
 ( ) ( ){ } ( )τδτ ijji DtntnE 2=+ , { } dtDdWdWE ijji 2= . 
 
The incremental moments are then given as 
 

 { } ( )txgdXE
dt

a jjdtj ,|1lim
0

===
→

xX , 

 

 { }xX ==
→

|1lim
0 jidtij dXdXE
dt

a , 
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∑
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Then 
 
 ( )ijT

k
kjikij DGG GDG ⋅⋅== ∑∑ 22

l
llα  

 
The Fokker-Planck equation then becomes 
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∂∂
∂

+
∂
∂

−=
∂
∂

i j
ij

T

jij
j

j

f
xx

ftg
xt

f GDGx
2

, . 



 6

Example 
 

Consider a first order system 
 

 ( ) ( )
dt

dWtxGtxg
dt
dx ,, += .  ( ){ } DdtdWE 22 = . 

 
The Fokker-Planck equation is given by 

 

 ( ) ( )fG
x

Dgf
xt

f 2
2

2

∂
∂

+
∂
∂

−=
∂
∂ . 

 
For stationary solution we find, 

 

( ) 02 =⎥⎦
⎤

⎢⎣
⎡ +− fG

dx
dDgf

dx
d , 

 

 ( ) 01
2 ==+− cfG

dx
dDgf , 

 
Let 

 
 FfG =2 ,  
 

F
G
g

dx
dFD 2= ,  

 

dx
DG

g
F
dF

2= ,  

 
( )
( ) ⎭

⎬
⎫

⎩
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⎧
+= ∫

x
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xDG
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CF
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1exp ,  

and finally 
 

( )
( ) ⎭

⎬
⎫

⎩
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⎧

= ∫
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