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Fokker-Planck Equation 
 

Given Ito’s equation 
 

 ( ) nGxgX
⋅+= t

dt
d , ,               (1) 

 
or 
 
 ( ) ( ) WxGxgX dtdttd ⋅+= ,, ,              (2) 
 
with 
 
 ( ) ( ){ } ( )τδτ ijji DtntnE 2=+ ,              (3) 
 
or 
 
 { } dtDdWdWE ijji 2= .               (4) 
 
We now prove the following important theorem. 
 
Theorem 
 

The joint density function ( )tf ,xX , with ( )tX  being solution to Equations (1) or 
(2), satisfies the Fokker-Planck (Smoluchowski) equation given as, 
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Proof: Recall 
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Noting that kdW  is independent of ( )tX , and using (4) we find 
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Moments of Fokker-Planck Equation 
 

Given Ito’s equation 
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with ( )
dt

dW
tn i

i =  being white noise processes with the statistics 

 
( ){ } 0=tnE i , ( ) ( ){ } ( )2121 2 ttDtntnE ijji −= δ                 (2) 

 
The corresponding Fokker-Planck equation is given by 
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The expected value of an arbitrary function ( )Xh  is given by 
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Time rate of change of (4) is given as 
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Eliminating 
t
f
∂
∂  between Equations (4) and (5), we find 
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Integrating by part, we obtain 
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Equation (7) is a general moment equation. 
 
 
Example 
 

Find the moment equation corresponding to the first order non-linear system 
given by 

 
 ( ) ( )[ ] ( )tntaXtXX ++−= 3& , ( ) ( )τδτ DRnn 2= .          (8) 
 

In this case 
 
 ( )3aXXg +−= , 1=G . 
 
For a general first order system 
 
 ( ) ( ) ( )tntXGtXgX ,, +=& ,             (9) 
 

the moment equation (7) reduces to 
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For ( ) kXXh = , we find, 1−=
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 { } { } ( )1221 −+= −− kkXGDEgXkEm kk
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For Equation (8), the result is 
 
 ( ) ( ) 22 1 −+ −++−= kkkk mkDkammkm& .         (12) 
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For ,...2,1=k , equation (12) generates the hierarchy of the moment equations. These are 

 
 1=k  ( ) ( )( )tamtmm 311 +−=& ,           (13) 
 
 2=k  ( ) ( )( ) Dtamtmm 22 422 ++−=& ,         (14) 
 
 3=k  ( ) ( )( ) 1533 63 Dmtamtmm ++−=& .         (15) 
 

Clearly equations (13) through (15) are coupled and a closure assumption is needed. 
 
One possible assumption is 
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where a ’s and b ’s are constant coefficients. These coefficients may be estimated by 
minimizing the following mean-square errors: 
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That is, by setting 
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Alternative closure scheme is to assume ( )tX  is quasi-Gaussian. i.e., 
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where µ ’s are central moments. 
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Examples of Stochastic Response Analyses
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