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The Karhunen-Loeve Orthogonal Expansion 
 
 Suppose ( )tnϕ  are a set of orthonormal basis in the interval (0,T). A function X(t) 
(deterministic or random) may be expanded as 
 
 ( ) ( )∑= tctX nnϕ , Tt <<0 ,                        (1) 
 
where the coefficient nc  are given by 
 

 ( ) ( )∫=
T

nn dtttXc
0

ϕ .               (2) 

 
Note that the property 
 

 ( ) ( ) nm

T *
mn dttt δϕϕ =∫0                (3) 

 
was used in the derivation of (2). 
 
 When X(t) is a random function, the coefficients nc  become random  coefficients) 
variables. In the following, assume { } 0XE = . 
 
Theorem: In the expansion (1), the coefficients nc  become uncorrelated (orthogonal) 
random variables if and only if ( )tnϕ  are the eigenfunction of the following Fredholm’s 
integral equation: 
 

 ( ) ( ) ( )10 221 ttt,tR nn

T

nxx ϕλϕ =∫ .              (4) 

 
In this case, 
 
 { } nncE λ=2 .                (5) 
 
Proof: From (1) and (2), it follows that 
 

 ( ){ } { } ( ) ( )∫==
T

nxxnnn
* dttt,tRcEctxE

0 2221
2

1 ϕϕ ,           (6) 

 
where 
 
 { } { } nmn

*
mn cEccE δ2=                (7) 
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is used.  Thus { }2
nn cE=λ  in Equation (4). 

 
 It may be also shown that the Karhunen-Loeve ( LK − ) expansion converges in 
mean-square sense, i.e. 
 

 ( ) ( ) 0
2

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−∑

n
nn tctXE ϕ .              (8) 

 
(See Papoulis page 304 for details.)   It may also be easily shown that 
 
 ( ) ∑=

n
nnxx t,tR 2

21 ϕλ .              (9) 

 
 
Stationary and Periodic Processes 
 
 If ( )tX  is stationary, then ( )21 ttRR xxxx −= .  If in addition, ( )tX  is also periodic 
in the mean-square sense, then 
 

 ( ) tin
n e

T
t 0

1 ωϕ = , 
T
πω 2

0 = .           (10) 

 
The LK −  expansion for ( )tx  and xxR  are given as 
 

 ( ) ∑
+∞

∞−

= tinn oe
T

c
tx ω , { } nncE λ=2            (11) 

 

 ( ) ( )∑
+∞

∞−

−= 210
1

21
ttin

nxx e
T

t,tR ωλ             (12) 

 
The power spectrum of ( )tX  is then given by 
 

 ( ) ( )∑
+∞

∞−

−= 0
1 ωωδλω n
T

S nxx .            (13) 

 
Furthermore, 
 

 ( ){ } ∑
+∞

∞−

= nT
tXE λ12 .             (14) 
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Stationary Nonperiodic Processes 
 
 These may be considered to have infinite period.  One may write 
 

 ( ) ( ) ( )∫
+∞

∞−
= ωωωω dSnetX ti ,            (15) 

 
where ( )ωn  is a white noise in frequency space with 
 
 ( ) ( ){ } ( )2121 ωωδωω −=nnE             (16) 
 
Autocorrelation of ( )tX  then is given as 
 

 ( ) ( ) ( ) ( )∫ ∫
+∞

∞−

+∞

∞−

− −= 21212121
2211 ωωωωωωδωω ddsset,tR titi

xx  

 
Hence, 
 

 ( ) ( ) ( )∫
+∞

∞−

−−=− ωωω dsettR tti
xx

12
21 ,           (17) 

 
as is expected. 
 
 
Responses of a Linear System to White Excitations 
 
Consider a linear system 
 
 ( ) ( )tntXLt = , ( ) ( ) 000 ==′= ...XX ,         (18) 

 
with 
 
 ( ) ( )21021 2 ttSt,tRnn −= δπ .            (19) 
 
Solution to (18) is given by 
 
 ( ) ( ) ( )∫ −=

t
dnthtX

0
τττ ,            (20) 

 
where ( )th  is the impulse response. i.e., 
 
 ( ) ( )tthLt δ= .              (21) 
 

Multiplying (20) by ( )2tX  and apply tL , after averaging one finds 
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 ( ) ( ) ( ) ( ){ }∫ −=
t

txxt dtXnEthLt,tRL
0 22 τττ  

 
or 
 
 ( ) ( ) ( ){ } ( )tthStXtnEt,tRL xxt −′== 2022 2π .                     (22) 
 
Restating equation (4) as 
 

 ( ) ( ) ( )tdttt,tR
T

o xx λϕϕ =∫ 222             (23) 

 
and applying tL  and using (22), it follows that 
 

 ( ) ( ) ( )tLdtttthS t

T
φλϕπ =−∫0 22202                       (24) 

 
Operating on (24) with tL−  (same as tL  with t  being replaced by t− ) and using (21), it 
follows that 
 

 ( ) ( ) ( ) ( )tSdttttStLL
T

tt ϕπφδπφλ 00 2220 22 =−= ∫−          (25) 

 
Equation (25) is a differential equation for evaluating the eigenfunction ( )tnϕ  and 
eigenvalues nλ .  It may be shown that if tL  involves derivations of the order N , then the 
following boundary conditions may be used: 
 
 ( ) ( ) 00 =iϕ     for 110 −= N,...,,i           (26) 

( ) ( ) 0==Tt
i

t |tLϕ   for 110 −= N,...,,i           (27) 
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