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A stochastic process X(t) is called a Markov A stochastic process X(t) is called a Markov 
process if for every n and any tprocess if for every n and any t11 < t< t22 < … < < … < ttnn , , 
its conditional probability satisfies the its conditional probability satisfies the 
following conditionfollowing condition

.
oror

( ) ( ) ( ) ( ){ } ( ) ( ){ }1121 |,...,,| −−− ≤=≤ nnnnnnn tXxtXPtXtXtXxtXP

( ) ( ){ } ( ) ( ){ }11 || −− ≤=≤≤ nnnnnn tXxtXPttallfortXxtXP
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i)i) X(t) is also Markov in reverse:X(t) is also Markov in reverse:

ii)ii) The future is independent of the past under The future is independent of the past under 
the given condition of the present.the given condition of the present.

iii)iii) If for any tIf for any t11 < t< t22, X(t, X(t22) ) –– X(tX(t11) is independent of ) is independent of 
X(t) for t X(t) for t ≤≤ tt11,  the ,  the X(tX(t) is a Markov process. ) is a Markov process. 
Thus, independent increment processes Thus, independent increment processes 
(Poisson, Wiener(Poisson, Wiener--Levy) are Markov processes.Levy) are Markov processes.

.

( ) ( ){ } ( ) ( ){ }211211 || tXxtXPttallfortXxtXP ≤=≥≤
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.

iv)iv)

v)v) X(tX(t) is associated with a 1) is associated with a 1stst order equation,order equation,

with solutionwith solution

vi)vi) Conditional probability density satisfiesConditional probability density satisfies
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( ) ( )11112211 ,|,,;,;...;,|, −−−− = nnnnXnnnn txtxftxtxtxtxfX

( ) ( ) ( ){ } ( ) ( ){ }111 |,...,| −− = nnnn tXtXEtXtXtXE
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.

vi)vi) The following relation  holdsThe following relation  holds

If              thenIf              then
A Markov Process is fully specified if:A Markov Process is fully specified if:

a) Given 1a) Given 1stst order density and transition order density and transition 
probability density; probability density; 

b) 2b) 2ndnd order density; order density; 
c) Transition density and X(0)c) Transition density and X(0)

( ) ( ) ( ) ( )1111222233332211 ,,|,,|,,;,;, txftxtxftxtxftxtxtxf XXX=X

( ) ( ) ( ) ( )1111221111 ,,|,...,|,,;...;, txftxtxftxtxftxtxf XXnnnnXnn −−=X

( ) oxX =0 ( ) ( )01111 ,x|t,xft,xf oXX =
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For Continuous Random ProcessFor Continuous Random Process

For Markov ProcessesFor Markov Processes
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RecallRecall

LetLet
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Corresponding FokkerCorresponding Fokker--Planck EquationPlanck Equation
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Ito’s EquationIto’s Equation ( ) ( ) ( )tttd nxGXg
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Here n and W being vector white noise and Here n and W being vector white noise and 
Wiener processes withWiener processes with
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FokkerFokker--Planck Equation for Ito’s EquationPlanck Equation for Ito’s Equation
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ConsiderConsider

StationaryStationary

LetLet
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