
Data-Driven Dynamical Systems.    

about x’=f(x,t)

On Koopman Operator – On DMD

For a spatiotemporal process -

POD is the best basis 
– best measured in most energy successively per mode, in time average
=fastest decaying time average power spectrum
=usually the best approximation when truncating that finite series approximation to a few terms

DMD is the best description of the process
-best in that it looks most like a simple process
-looks like the linear process
-describes even a nonlinear system as having connections to a linear one
-so Fourier applies in the interpretation and the modes are “interesting”



Cassini in Paris in  the 1660’s. Cassini ”today”, Dec 2000

Intermission of Fun Glitz Things Slides - Lots of Great Information to 
exploit in eigenfunctions and values 

Coherence for Example

Spectral partitioning of transfer operators by directed graph Laplacian following work of F. Chung 
– leaning on Raleigh-Ritz quotient concept
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Eigenfunctions
in the South

Deep Water Horizon, Gulf
Oil disaster 2010  

Larcen C ice shelf, Antarctica, ‘17

Epidemic bursting in 
childhood a disease.



!x = F (x ), F : R d → R d -or-

St :M →M(semi-) flow each t ∈M ⊂ R d

-

-

- Let       be set of “observation” functions (measurable).  E.g.

- Then let,

So measure/observe g not at x but downstream at   

ℑ

ℑ = L2 (M ) ={g : | g |2
M
∫ d µ <∞}

Κ St
[g ](x ) = g ! St (x )

St (x )

K :ℑ→ℑ
operator

Koopman Operator as Composition Operator

Koopman is adjoint of Frobenius-Perron

-

- 𝑃 𝑓 𝑥 = ∫ 𝛿 𝑥 − 𝑆! 𝑦 𝑓 𝑦 𝑑𝑦

Vs.  𝐾 𝑔 𝑥 = ∫ 𝛿 𝑥 − 𝑆! 𝑦 𝑔 𝑥 𝑑𝑥

< 𝑔, 𝑃 𝑓 >ℱ∗#ℱ=< 𝐾 𝑔 , f >ℱ∗#ℱ



An Eigenfunction of K satisfies

eigenvalue      eigenfunction

Kt [g ](x ) = g ! St (x ) =

= bt g (x ) = e λt g (x )

λ g



Why?  Given, demand,

Or generally,   

Solve ∇g ⋅ f = λ f
How to find eigenfunctions of Koopman operator of flow of !x = f (x )





BUT CAREFUL!  Inverse usually dne – use penrose pseudo inverse



On DMD (and the many variants) – (which these turn out to be some kind of estimator of Koopman).





But what does it mean?  What do you get?











But what does it mean?  What do you get?



Think Vandermond Matrix.  - “the movie player”e

Van der Monde



















How to connect DMD modes to 
POD modes
W are eigs of A_DMD





Its sort of a forecasting method.
Its mostly a descriptive metod.



What’s moving?  Thought experiment - The stadium wave.





DMD for Strait of Gibraltar Data
Authors: Kanaththa Priyankara, 
Sathsara Dias, Sudam 
Surasinghe, with E. Bollt and M. 
Budišić (all at Clarkson 
University)Previous slides link

Larry’s ppt

https://docs.google.com/presentation/d/1lLBiok6x_Rcn3p-3TiGNwTtbsnvMcVlGYSJxDsaBBJ4/edit?usp=sharing
https://drive.google.com/file/d/1KuZWq4Yw0P0fKpXQMaaKSIULgSmTTbsO/view?usp=sharing


Eigenvalue Spectrum



Modes

Index HLT Period
MeanL2N

orm |b|
1 668.10 Inf 144.84 155.63
3 19.91 -73.47 82.44 259.25
5 35116.86 -12.31 71.23 71.33
7 18.90 -57.93 70.85 228.63
9 32.88 228.92 70.24 172.08
11 4.33 19.87 68.73 463.55
13 36.37 -11.74 43.56 101.58
15 172.44 -24.65 36.32 47.04
17 29.34 26.61 25.94 67.23
19 22.42 21.34 22.97 68.08
21 43.32 -13.04 18.94 40.59
23 9.99 -7.48 16.99 75.44
25 1.34 3.55 16.71 202.43
27 25.96 37.70 14.85 40.91
29 12.87 4.02 11.52 45.04
31 29.35 -10.86 11.32 29.33
33 124.52 8.17 11.07 15.61
35 296.88 -6.24 10.78 12.60
37 64.91 8.37 9.81 17.51
39 59.96 4.06 8.45 15.61
41 28.69 -7.57 8.02 21.03
43 10.38 4.54 7.99 34.78
45 5.29 3.21 7.74 47.21
47 273.20 6.06 7.65 9.07
49 29.82 -17.42 7.42 19.08

Slow decay

Fast decay

Sem
idiu

r

nal

Diurn
al

Full 
table

https://docs.google.com/spreadsheets/d/1M_pt6GSgMU_xBAfPeuF366oJWugQY5Df7IJhCwfvzbM/edit?usp=sharing


Time Dynamics: 



Tidal modes: low decay rate, concentrated, isolating tidal frequencies



MODE 1: (Western Alboran Gyre+)    HLT: 668.10 h      PERIOD: inf

DMD mode 1 reveals the Western Alboran Gyre(WAG) and secondary gyre that sits between the Ceuta and 
the WAG.                                      -

|b| : 155.63

Mean L2 : 144.84 
(order by L2)

L2 of vertical velocity : 
order by L2 vv



Mode 4: (semidiurnal)    HLT: 35116.86 h      PERIOD: 12.31 h

DMD mode 4(Previous Mode 2&4) reveals the semidiurnal Tidal mode with many qualitative features, 
including disorganized patches or swirls of high surface speed in the western  Alboran Sea.



Mode 14: (diurnal)    HLT: 172.44h      PERIOD: 24.65h

DMD mode 14(Previously Known as mode 6 ) reveals the diurnal Tidal mode. One of the most striking features of this mode is 
the set of well defined bands of alternating surface velocity in the vicinity of the Atlantic Jet(AJ).


