On Compressed Sensing and on to Sparsity
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Figure 3.4 Schematic of measur¢ients in the compressed sensing framewa
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Random measurements can be used for signals sparse in any
basis. S
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Ve =< ¢, x >; k=1,..,M; with M <N

@ Need to solve an under determined system of equations y = Px.
@ Infinitely solutions for the system since M << N.

@ A sparse solution x 1s recovered from y by solving the following
inverse problem

(PO) : min ||x||,, s.t. y= dx




mv&B@_m of the recovery of an under determined system of equations:
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@ Sparsity 1s what makes 1t possible to recover a signal from
undersampled data.

@ The number of measurements we need for successful
reconstruction depends on the nature of the waveforms ¢, and S

1. Incoherent Orthobasis e

Ordered Hadamard Scrambled Block
Ensemble Hadamard Ensemble

'+
T

.
2. Random waveforms ¢y -l

Gaussian Random
Ensemble




Incoherent Orthobasis Example

Example of incoherent basis: the ”spike” basis (1dentity) and the
Fourier basis.

Consider the case where the dictionary 1s the union of two orthobasis:
@ [: the ”spike” basis (1dentity).
@ F': the Fourier basis (sinusoids).
¢ = [I; F]
where I 1sa N X N matrix and F' 1s a N X N matrix with

Fop= 1 2T (m=1)(¢=1)/N

(N)
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CVX examples f\ﬁw\ KU 2 UL 6ot (K

CS and linprog To solve ‘n
- min M t;
m:y\ Con =7 EE __&:H o =1 L
z < w hat
Az =b ﬂ u < @ 2
—& L2
N Pl WA, = KFR -

e <
_.rm@ L
Use m<x code - , / \

%N. N%?...{QNM
QNH — K

cvx_begin , /

variable x(n); Con Q@X

variable t(n); \\

minimize (sum(t)) ; / \

subject to

X <= t;

-Xx <= t;
RS ~ b= Ay

)

V4
cvx_end - N -Os




CVX does some standard transformations.
K,
To solve [/
min ||z
Use CVX code —
)
cvx_begin L
variable x(n): DY = | x;%&_ »%:M
minimize (norm(x,1)); — w
subject to
Axx == D; AL

cvx_end \,/V & = :?%.Qhﬁoﬁgf
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clear all, close all, clc

% Solve y = Theta *x s for "s"

n = 1000; % dimension of s

p = 200; % number of measurements, dim(y)
Theta = randn(p,n);

y = randn(p,1);

% L1 minimum norm solution s_L1
cvx_begin;
variable s_L1(n);
minimize( norm(s_L1,1) );
subject to
Thetaxs_L1 == y;
cvx_end;

s_L2 = pinv(Theta)*y; % L2 minimum norm solution s_L2

of
o°

figure

subplot(3,2,1)
plot(s_L1,'b','LineWidth"',1.5)
ylim([-.2 .2]1), grid on
subplot(3,2,2)
plot(s_L2,'r','LineWidth"',1.5)
ylim([-.2 .2]), grid on
subplot(3,2,[3 51)

[hc,h] = hist(s_L1,[-.1:.01:.1])
bar(h,hc,'b")

axis([-.1 .1 -50 1000])
subplot(3,2,[4 61)

[hc,h] = hist(s_L2,[-.1:.01:.1])
bar(h,hc,'r")

axis([-.1 .1 -20 400])

set(gcf, 'Position', [100 100 600 350])
set(gcf, 'PaperPositionMode', 'auto')
%print('-depsc2', '-loose', '../figures/f_chCS_ex@3_underdetermined');
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Figure 3.14 Schematic overview of sparse representation for classification.




o @® /Users/erikbollt/Desktop/Erik/Work/Classes/Clarkson02-/Fall20-Spring21/EE520/CodesAndData/Codes/cvx/CScode.m
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FILE | NAVIGATE | EDIT | BREAKPOINTS | RUN | #M
1 %Emmanuel Candes, California Institute of Technology, June 6 2007, IMA Summerschool.
2 %Convex Iteration implementation by Jon Dattorro.
3] %Failure modes repaired. \
4 - clear all, close all .
5= n = 512; % Size of signal
6 - m = 64; % Number of samples (undersample by a factor 8)
7
8 - k = 0:n-1; t = 0:n-1;
9 - F = exp(—ix2xpixk'xt/n)/sqrt(n); % Fourier matrix .
10 - freq = randsample(n,m);
11 - A = [real(F(freq,:));
12 imag(F(freq,:))]1; % Incomplete Fourier matrix
13
14 = S = 28;
15& support = randsample(n,S);
16 - x0 = zeros(n,1); x@(support) = randn(S,1);
17/ |= b = Axx0;
18
19 - cvx_quiet(true);
20 %scvx_solver('sedumi');
21
22 %sconvex iteration
23 - y = ones(n,1);
24 - [Hwhile 1
25 % Solve 10 using CVX and Convex Iteration
6] = cvx_begin N
27 - variable x(n);
28 - minimize(norm(y.*x,1));
29 - Axx == b;
30 - cvx_end
31
32 % update search direction y
33 - [x_sorted, indices] = sort(abs(x), 'descend'); N
34 - y = ones(n,1);
35 - y(indices(1:S)) = 0;
36 -
37| cardx = sum(abs(x) > 1le-6)
= if cardx <= S, break, end
Bas - end
40 - norm(x - x@)/norm(x0)

?Q_E f.: 6 Col 9
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FILE | NAVIGATE | EDIT | BREAKPOINTS | RUN |
1 % get the vectors
2= n = 10;
3 - x = rand(n,1);
4 - y = rand(n,1);
5 % formulate the LP problem in MATLAB
6 - [opt_sol, fvall = linprog([@0,ones(1,n)], [x,-eye(n,n); -x, —eye(n,n)], [y;-yl);
7- c_mat_1lp = opt_sol(1);
8 for comparison with CVX e —————
9 % using CVX builtin expression
10 - cvx_begin quiet
11 - variable c(1)
12 - minimize(norm(c.*x-y,1))
115} |= cvx_end
14 % LP formulation in CVX
151 cvx_begin quiet
1(5]= variable clp
17 - variable t(n)
18 - minimize sum(t)
19 - subject to
20 - clp .x x —y<=t
il |= y—clp.*kx <=t
22 - cvx_end
23 - disp (['LP MATLAB solver: obj-val ' num2str(fval) ' c-val ' num2str(c_mat_1lp)]1)
24 - disp (['CVX Ll-norm solver: obj-val ' num2str(norm(c.*x-y,1)) ' c-val ' num2str(c)])
251 disp (['CVX LP formulation: obj-val ' num2str(norm(clp.*x-y,1)) ' c-val ' num2str(clp)])

%end
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