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A complex system is a system composed of many components which may interact with each
other. The prediction of the behavior of complex systems is important in many fields, such
as weather forecasting, the motion of the planets, and temporal transitions. Philosophers
and scientists have tried to formulate observational models and infer future states of such
systems. Complex systems are systems whose behavior is intrinsically difficult to model
due to the dependencies, competitions, relationships, or other types of interactions between
their parts or between a given system and its environment. Systems that are "complex"
have distinct properties that arise from these relationships, such as nonlinearity, emergence,
spontaneous order, adaptation, and feedback loops, among others. Our work focuses on
the prediction of future states of complex systems. Our work can be divided in to two
major parts: First, an information theoretic system identification method called “Entropic
Regression” that overcomes many obstacles of complex systems modeling. Second, developing
a model-free method for coherent structures detection in dynamical systems called “Directed
Affinity Partitioning”, where coherent structures can play a significant role in analyzing and
understanding complex system dynamics.
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To My Brother... Khalid
and from both of us ...
To the memory of the greatest man...
My Father
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Chapter 1

Introduction
I do not know what I may appear to the world, but to myself, I seem to have
been only like a boy playing on the sea-shore, and diverting myself in now and
then finding a smoother pebble or a prettier shell than ordinary, while the great
ocean of truth lay all undiscovered before me.
Sir Isaac Newton
(January 4, 1643 – March 31 1727)

S

cience can be defined as [201], a systematic effort that builds and organizes knowledge
in the form of testable explanations and predictions about the universe, and producing

more accurate natural explanations of how the natural world works, what its components are,
how it comes to be what it is now, and what it could be in the future. Classically, science’s
primary goal has been building knowledge and understanding, regardless of its potential applications, however, scientific research is pledged with the explicit goal of solving problems,
making predictions, and enabling effective technology. This goal practically the “purpose of
science” according to Instrumentalism philosophical school, which is the view of scientific theories as useful tools for predicting phenomena instead of accurate or approximately accurate
descriptions. Rising of Machine Learning, Deep Learning, Internet of Things, and Big Data
enforced and gave the dominance for this pragmatic philosophy of John Dewey among all
other philosophical views of science.
Most physical and natural systems change from a specific state to another state through
time. In these systems a hidden set of rules define a relationship of these states, and a
dynamical system represents these rules. When the underlying dynamics of the system are not
known, it becomes compelling to use techniques that can discover these underlying dynamics

Chapter 1. Introduction

2

or connecting structure. This discovery process is the field of system identification, whose
primary motive is prediction.
Prediction can be about the past (i.e., Evolutionary Biology), or present (i.e., Economic data).
However, we focus here on the classical view: A prediction or forecast is a statement about
a future event [172]. It is usually based upon experience or knowledge. And although guaranteeing accurate information about the future is in many cases not possible under the laws
of uncertainty, prediction remains to be a dream for humanity throughout history. Starting
from the necessary predictions to survive different kinds of catastrophes, and ending with
predicting a sports game result to achieve profit.
In a non-statistical sense, the term “prediction” is usually used to refer to an informed guess or
opinion [84], where such kind of prediction is based on experienced abductive reasoning, inductive reasoning, or deductive reasoning. This type of prediction can also be seen as a statistical
prediction since the “data” being used—the predicting expert’s cognitive experiences—forms
some probability measure, which phrases the problem as a statistical prediction.
Prediction is the most significant part of statistical inference. One particular approach to
such inference is known as predictive inference. Prediction can be undertaken within any of
the several approaches to statistical inference.
The prediction of the behavior of complex systems is essential in many fields, such as weather
forecasting, the motion of the planets, and modeling chaotic systems. Philosophers and scientists have tried to formulate observational models and infer future states of such systems.
An old and straightforward example of attempts to predict the behavior of complex systems
was Old Farmer’s Almanac, which is a reference book from 1792 containing weather forecasts, planting charts, astronomical data, recipes, and articles. The book starts with making
not necessarily correct predictions about the weather based on experience and accumulated
personal observations through the years.
In science [201], a prediction is a rigorous, often quantitative, statement, forecasting what
would happen under specific conditions, and scientific method built on testing statements
that are logical consequences of scientific theories.
Constructing an underlying mathematical model which can be applied as the predictor is the
basis of scientific prediction. For example, the existence of the planet Neptune was predicted
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through mathematical modeling, not by observation, wherein 1821, Alexis Bouvard published
astronomical tables of the orbit of Uranus, and following observations revealed deviations
from the tables, which led Bouvard to a hypothesis that an unknown body was perturbing
the orbit through gravitational interaction. In 1846, Urbain Le Verrier published his estimate
of the planet’s longitude, and in the same year, Neptune was discovered within 1◦ of where
Le Verrier had predicted it to be.
Similar calculations on observed perturbations of the orbits of Uranus and Neptune led to a
conclusion of the presence of another planet beyond the orbit of Neptune. In 1930, a new
planet Pluto was discovered. Thus, the discovery of Pluto was a kind of accident.
Using statistical methods to build mathematical models of dynamical systems from measured
data is known as the field of System Identification [120], where the mathematical model
represents the description of the dynamic behavior of a system in either the time or frequency
domain.
From the Instrumentalism point of view, the “goodness” of a mathematical model is determined by its prediction power, not the accuracy of the model itself. Identification for control
can be considered as an example of a good model from this view. Control systems is one many
possible applications of system identification, where it is the basis of modern data-driven control systems that the concepts of system identification are integrated into the controller design,
and shape the foundation of controller optimality analysis.
The application to which the identified model will be applied to can play a role in examining
the quality and robustness of the model. For example, in control system identification, our
main purpose is to find a model that provides “enough” control for the closed-loop performance, whether or not this model is identical to the true system. This principle is know as
Identification for Control (I4C). One commonly used example that describes this principle is
to consider a system evolving according to the function:

Gtrue (s) =

1
s+1

(1.1)

while the identified model is:
1
G(s) = ,
s

(1.2)

Chapter 1. Introduction

4

Figure 1.1: Standard transfer function diagram with Feedback.
where G(s) is the Laplace transform of the function g(t) from the frequency domain to the
complex domain, and is given by:
∞

Z
G(s) = L(g(t)) =

g(t)e−st dt.

(1.3)

0

We see that if we apply purely proportional negative feedback (H(s) = 1) control on the
system as shown in Fig. (1.1), where X(s) is the input and Y (s) is the output, we can express
the transfer function, T (s), as:

Y (s)

= (X(s) − Y (s)) G(s)K
= X(s)G(s)K − Y (s)G(s)K
=

T (s)

=

X(s)G(s)K
G(s)K+1

Y (s)
X(s)

=

G(s)K
G(s)K+1 .

(1.4)

So, we see that for the true system and model we have:



T

true (s)

=

K
s+K+1



Tmodel (s) =

(1.5)

K
s+K

and with large gain K such that K ≈ K + 1, we have Ttrue (s) ≈ Tmodel (s), such that we can
achieve robust real time control on the system even if the identified model is erroneous.
In other instances, estimating a model to play the role of a predictor, can be more sensitive, and
any incorrect detection of features can profoundly reduce the prediction robustness, especially
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Figure 1.2: Time line and development of Artificial Intelligence.
for dynamical systems with chaotic behavior. Moreover, for dynamical systems with chaotic
behavior, we mostly are interested in predicting the long term behavior of the system, and
exploring the change in this behavior and bifurcation analysis under different assumptions,
and only an accurate or nearly accurate model will be able to be the base for such long term
behavior analysis.
In this work, we focus on discovering the governing dynamics of the system and concentrate
our interest in constructing the optimal model that accurately simulates the actual system,
which can be used as a predictor, as well as a model for control purposes.

1.1

Regression, Prediction, and Machine Learning

Deep Learning (DL), Machine Learning (ML), and Artificial Intelligence (AI) are very hot
buzzwords right now, and often seem to be used interchangeably. Practically they all can
be seen as Matryoshka (Russian dolls nested within each other), Deep learning is a subset of
Machine Learning, and Machine Learning is a subset of AI, which is the largest space that
refers to any computer program that does something smart, see Fig.1.2. People in different
disciplines are trying to apply AI to make their tasks a lot easier: economists predict future
market prices and crises, meteorologists use AI to predict the weather, and advertising engines
try to predict buying behavior to achieve the best utilization of advertisements. The reason
behind such ubiquitous use of AI is machine learning algorithms. The simplest form of machine
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Figure 1.3: Regression and Machine Learning.
learning algorithms is linear regression, regardless of the time gap between them. Regression
has been used for more than 200 years, while Machine learning is a very recent development.
It appeared in the 1990s as steady advances in digitization, and cheap computing power
enabled scientists to train computers to build finished models. The uncontrollable volume and
complexity of the big data that the world is now swimming in have increased the potential of
machine learning and the need for it.
The boundaries between statistical regression and machine learning are fuzzy, and finding the
differences between them is controversial. However, we can say that machine learning and
statistical modeling are two different fields of predictive modeling, and the difference between
these two have diminished significantly over the past decade, see Fig.1.3.
Linear regression is a linear approach to modeling the relationship between a scalar response
(or dependent variable, or observation, or output) and one or more explanatory variables (or
independent variables, or measurements, or input, or regressors). See Fig.1.4.
Then, given the data set {yi }ni=1 and {x1i , x2i , . . . , xdi }ni=1 of n statistical units, a linear regression model assumes that the relationship between the dependent variable y and the ddimensional vector of regressors x is linear, which means that linear regression is the algorithm
that tries to find the linear function f (x) that satisfies yi = f (xi ) for all i = 1, ..., n.
Assume that d = 1, that we have only one independent variable, the function f will take the
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Figure 1.4: Random deviations (green) of the observations (red) from
an governing relationship (blue) between a dependent variable y and an
independent variable x.

Figure 1.5: Noise in different sampling approaches. The green dot
indicates the sampling terminal.
form f (x) = β0 + β1 x, where β0 , β1 ∈ R are the function parameters, and then, the linear
regression is the process of “parameters estimation”.
In the ideal case that the measurements are exact, the problem takes its simplest closed form
of solving system of linear equations, and then, it is only required n = d measurements to
solve the system. However, in most cases, the measurements are subject to different kind of
deviations from the true underlying function, such as measurements error due to measuring
tools, computations error, noise from other environment components. In the light of the
physical meaning of noise, writing the function f : X → Y to include the noise effect depends
on the nature of the problem, see Fig.1.5. However, for the sake of simplicity in this section,
we consider a simple standard form of representation, and we discuss this issue in more details
in Appendix B.
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Then, considering system inputs or the independent variable {xi }ni=1 , the actual physical
observations {yi }ni=1 will have a random deviation from the true underlying governing function
f (xi ) = β0 + β1 xi , see Fig.1.4, and we can write this relation as:

yi = f (xi ) + ηi

(1.6)

where η is random variable. (In this work we consider η to be Gaussian noise with mean µ = 0,
and a standard deviation σ, that η ∼ N (0, σ), unless otherwise stated). Linear regression is
the process of finding the best estimate for the function parameters, fˆ(x) = β̂0 + β̂1 x, that
is as close as possible to the true underlying function.
The word “best” above, implies the need for a loss function that measures how good the
estimation is. This function can be seen as an objective (cost) function and the regression
process as an optimization process. One of the oldest cost functions ever known is the sum
of squares given by:
C(y, fˆ(x)) =

n
X

(yi − fˆ(xi ))2 .

(1.7)

i=0

The use of a quadratic loss function is common, it is often more mathematically tractable
than other loss functions because of the properties of variances, as well as being symmetric.
In Ch.2, we discuss in more details the effect of the cost function and the details of regression
methods. Finally, the goal of the regression process is find (in the ideal case) a good estimation
that satisfy C(y, fˆ(x)) ≈ 0. In reality, C(y, fˆ(x)) ≈ 0 is a challenging problem due to a high
levels of noise.
In the field of signal processing, noise is a general term for unwanted (and, in general, unknown) modifications that a signal may suffer during capture, storage, transmission, processing, or conversion. The nature of the noise depends on the nature of the data itself and the
field of study. For example, audio noise sources can include background noise due to spurious
sounds during signal capture, or audible noise due to electromagnetic vibrations in systems
involving electromagnetic fields.
Noise can vary in magnitude from low values (σ ≈ 0), to a significant value that may exceed
the signal magnitude. Such significant noise results with measurements that largely deviate
from other measurements, and these are commonly called outliers. While the noise affects the
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Figure 1.6: Normal distribution and fat tails.
accuracy of the estimated parameters proportionally, these outliers can produce a significant
and radical drop in accuracy.
Outliers are one of the central points in our study, and that is because of its importance in
studying and analyzing dynamical systems. Outliers can occur by chance in any distribution.
However, they often indicate either measurement error or that the population has a fat-tailed
distribution. In the former case, one wishes to discard them or use statistics that are robust
to outliers, while in the latter case they indicate that the distribution has high skewness, see
Fig.1.6, and that one should be very cautious in using tools or intuitions that assume a normal
distribution.
The outlier problem appears clearly in the field of black-box modeling, where there is no prior
information available, and even if the measurement “looks like” an outlier we cannot decide for
sure if it is. For example, outliers due to error in data measurements can simply be discarded
(i.e., when measuring temperature in Antarctica, a value of 750.5 degrees can be investigated
or discarded due to instruments failure or human error), while outliers in other types of study
can be the most interesting measurements, and this introduces different types of questions:
are they outliers? Are they deterministic results of unknown underlying dynamic? Does this
imply that the current model is incorrect? Are they the result of a the temporary external
condition? What is that cause? Are they predictable?
Outliers can have harmful effects on statistical analyses. First, they generally serve to increase
error variance and reduce the power of statistical tests. Second, they can increase the odds
of making errors of type-I and type-II. Third, they can seriously bias or influence estimates
that may be of substantive interest, [156]. Unfortunately, mathematical modeling literature
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focuses on assigning low weight (such as weighted least squares), which means low importance
for suspected outliers to reduce their effect on the final model.
From the other side of view, outliers can represent a significant risk. A very famous example is
the Fukushima nuclear disaster. The Japanese Nuclear Commission stated in 2003 that: “The
mean value of acute fatality risk by radiation exposure resultant from an accident of a nuclear
installation to individuals of the public, who live in the vicinity of the site boundary of the
nuclear installation, should not exceed the probability of about 10−6 per year (which means
1 per million years)”. Fukushima Nuclear Power Plant re-study their emergency systems and
the probability of natural disasters, and all calculations with considering safety margins led
to a probability less than “1 in a million years” such event may occur.
After just 8 years, this “1 in a million years” event happened. The disaster initiated primarily
by the “unexpected” tsunami following the “unexpected” earthquake on 11 March 2011. After
the earthquake, the active reactors automatically shut down their sustained fission reactions.
However, the ensuing tsunami flooded the emergency generators that were providing power
to the pumps that cooled the reactors. The coolant loss led to three nuclear meltdowns,
hydrogen-air explosions, and the release of radioactive material.
Interestingly, on 5 July 2012, the National Diet of Japan Fukushima Nuclear Accident Independent Investigation Commission (NAIIC) found that the causes of the accident had been
foreseeable, and that the plant operator, Tokyo Electric Power Company (TEPCO), had
failed to meet basic safety requirements such as risk assessment, preparing for containing
collateral damage, and developing evacuation plans.
Such a dilemma or apparent paradox happens again and again in our daily life and scientific
researches, that some event X, was unpredictable or unexpected before its occurrence, and
after it occurs, we see that the signs and the primary ingredient for that event were in front of
us, but we did not give attention to them. This could be true in some cases such as Fukushima
disaster, where human life depends on the outcomes of probability calculations, but in many
cases in scientific research, we fall in a logical fallacy when we pre-assume the conclusions
starting from the given initial point, in philosophy it is called “Begging the question.”
In classical rhetoric and logic, begging the question (appeared firstly in Aristotle’s “Prior
Analytics”) is an informal fallacy that occurs when an argument’s premises assume the truth
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Figure 1.7: Atypical Jet Stream [47].
of the conclusion, instead of supporting it. It is a type of circular reasoning: an argument
that requires the desired conclusion be true. This often occurs in an indirect way such that
the fallacy’s presence is hidden, or at least not easily apparent. The phrase begging the
question originated in the 16th century as a mistranslation of the Latin petitio principii,
which translates to “assuming the initial point.”
Rare events and their dynamics are another problem that is interpreted in terms of outliers.
Rare events may have an unexpected impact on the underlying dynamic and initiate a dynamic
change. One example of these phenomena on earth science is Jet Stream Break. Fig.1.7 [47],
shows the change in the northern hemisphere jet stream that occurred in July 2018. As
a result, the record-breaking high temperature recorded in many regions (i.e., 90 degrees
in Sodankyla, Finland, which is 59 miles from the Arctic Circle. 106 degrees in Japan,
highest record in history) [47], wildfires, floods, and different kind of catastrophes. Geert Jan
Van Oldenborgh, a climate researcher at the Royal Netherlands Meteorological Institute, an
interview with the Washington Post state that: “This kind of event was a 1-in-100-year event
in 1900, now It becomes 20 times more likely” [47]. We can not state direct connections to
the broken jet stream, but it is interesting to have different changes, and other rare events
come after this rare event such as the fractured polar vortex in December 2018, where it split
into two vortex [47].
One may consider the solution to be to make more predictions and to give more importance
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to very low probability events, but this approach has many problems such as microscale
probabilities that are practically immeasurable1 , and unreliable factor of safety can lead to
unfeasible design or greatly increase the cost (over-engineering). The American winner of the
Nobel prize in economics Paul Samuelson once said: “The stock market has predicted 9 of the
past 5 recessions”. Over-predicting can also lead to different kinds of crises and catastrophe,
and it is a sign of poor modeling.
In the light of the previous discussion, the importance of solid modeling becomes clear, and
the risk of different types of ignorance of the outliers. Fig.1.8 shows the schematic diagram
of commonly used system identification methods, where different approaches try to detect
bad data and reduce their effect on the model. A data pre-processing stage usually leads the
modeling process, and such processing can be useful (as discussed before) in the case that we
have prior information or a logical sense that allows us to ignore some measurements due to
the corruption. However, If we don’t have such deterministic reasons, and our only quality
measure is based on the traditional statistics, then such ignorance can be harmful and can
lead to a model that precisely ignore and miss-predict the most interesting events.
This importance of outliers motivates us to focus, in parallel with our main objectives, on
development of regression method that takes each outliers point of measurements on the account, to construct our mathematical model without discarding, weighting, or pre-processing
of any kind for our measured data.

1.2

Objectives

The field of system identification uses statistical methods to build mathematical models of
dynamical systems from measured data. Our first objective in this work is:
1 Developing a robust and reliable information-theoretic based method for system identification of complex systems.

1

Examples: 1-The probability of selecting a member from a countably infinite set of equally weighted
discrete elements is immeasurable. 2- Some side effects that are written on drugs never occurred or happened
to the test sample or the patients, but they are expected, without precise probability assigned to them. See
also “The Howland trial”.
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Figure 1.8: Schematic diagram of commonly used approaches for system identification.
Our method aims to achieve robust and reliable results on system identification and to overcome the common limitation for most of system identification methods, which is the outliers
problem.
Moreover, the number of measurements required for system identification is proportional to
the problem’s dimension, and as the dimension increases, more measurements are needed for
system identification purposes, Which makes it a challenging problem to identify the complex
systems of high dimensionality. Also, the limited scalability of system identification methods
makes it unreliable to cast the complex networks structure recovery as a system identification
problem. This present the following objectives for our work:
2 Robust System Identification of high dimensional complex systems: Our goal is to
develop a SID method that adopt the black box modeling approach for modeling high
dimensional systems under high expansion orders, with robustness to noise, outliers,
and ill-conditioning problems.
3 Introduce System-Identification approach for recovering network structures in complex
networks: Under the consideration of the high dimensional complex systems, such as
large coupled networks of high dimensional dynamical oscillators, our goal is to develop
a SID method that is robust to noise and outliers for recovering coupling structures.
Prediction of complex systems behavior is commonly made based on a model, and the mathematical modeling of the image observed complex systems is a challenging problem according
to the availability of observations and the difficulty of extracting the vector fields of observed
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dynamic. Our final objective in this work is to introduce a system identification and prediction
analysis in image observed complex systems, and then:
4 Introduce a new principle for equation-free, parameters-free, vector-field free predictions
in image-observed complex systems: Our goal is to adopt the principle of coherent
structures in spatiotemporal systems to introduce a method for detecting early warning
signs of critical transitions.

1.3

Document Scope

This dissertation divided into six chapters and two appendices.
In Chapter 2, we review the basic principles of Mathematical modeling and system identification in complex systems as a leading source of analysis and prediction in complex systems.
We also discuss the theoretical and applied foundations for linearizing nonlinear dynamics,
and basis functions library construction. We also, review the method of least squares and
related topics that are connected to the core of our research such as the law of large number,
random numbers generators, L0 minimization, and regularization techniques.
In Chapter 3, we review the basis of the information theory, the principle of causation entropy,
the asymptotic equipartition property, and its implications, which is a central idea to our
Entropic Regression approach.
In Chapter 4, we introduce our Entropic Regression (ER) method for sparse system identification. Our approach overcomes the competing challenges of potential overfitting, limited
data, noise, and in particular outliers in observations. We demonstrate the robustness of our
method in several examples varying from low dimensional systems, large dimensional systems,
complex PDE, and coupled complex networks of chaotic oscillators. The work presented in
this chapter primarily follows our submitted manuscript: Abd AlRahman R. AlMomani, Jie
Sun, Erik Bollt, “How Entropic Regression Beats the Outliers Problem in Nonlinear System
Identification”.
In Chapter 5, we introduce our Directed Partitioning method, for detecting coherent structure and predicting critical transitions in complex fluid flows. We demonstrate the efficiency
of our approach on the problem of detecting coherent structures in clouds of Jupiter, and
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for predicting the critical transitions in Antarctica ice shelves. The work presented in this
chapter primarily follows our published paper: Abd AlRahman R. AlMomani and Erik Bollt.
“Go With the Flow, on Jupiter and Snow. Coherence from Model-Free Video Data Without
Trajectories”. In: Journal of Nonlinear Science (2018). ISSN: 14321467.
In Chapter 6, we discuss some of the extensions and future directions of our work, such
as introducing an efficient approach for recovering the coupling structure of large complex
networks.
In Appendix A, we provide a brief review for the K-means and spectral clustering methods,
and in Appendix B we provide a summary and comments on fundamental misconceptions in
sparse system identification.

1.4

Contributions

This thesis has made a number of significant contributions to the fields of systems identification, complex networks, and computer vision. We summarize the main contributions of this
thesis by the following:
1. The Entropic Regression Method: The entropic regression method is sparse system
identification method that has numerous advantages, compared to the current state of
the art methods. The main advantages of this method:
• Robustness to noise and outliers under small data regime, which was the first
objective of this thesis.
• Reliable SID under the black-box modeling, with no prior information about the
order of the system, and without excluding and filtering the data based statistical
inference or weighting functions. This was our second objective in this thesis.
• Reliable sparse SID for high dimensional, and high order systems, which made it
possible to tackle the causal inference in complex networks problem in terms of
sparse regression. This was our third objective in this thesis.
• Robust and reliable prediction of the long time behavior of chaotic systems, under
noise, outliers, low measurements, and black box modeling.
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2. The Directed Partitioning Method: The directed partitioning method is a spatiotemporal segmentation method that has numerous advantages.The main advantages
of this method:
• Model-free, equation-free, and vector field free detection of coherent structures in
movie frames, which provides unsupervised object detection and tracking ability.
• As a result of the previous point, our method detect the spatiotemporal changes
which make it able to indicate early warning sign for spatiotemporal changes such
as fractures, and merging coherent structures with different properties.
• This was our forth and last objective in this thesis, and we applied the method for
predicting critical transitions on Antarctica ice shelves.
Our work result with the following publications:
1. Abd AlRahman R. AlMomani and Erik Bollt. “Go With the Flow, on Jupiter and Snow.
Coherence from Model-Free Video Data Without Trajectories”. In: Journal of Nonlinear
Science (2018). ISSN: 14321467.
2. Abd AlRahman R. AlMomani, Jie Sun, Erik Bollt, “How Entropic Regression Beats the
Outliers Problem in Nonlinear System Identification”. Submitted.
In addition to the direct contributions mentioned above, we achieved significant results in
different topics, some of them are discussed in the extensions part in Chapter 6, and some
them represent a straight forward applications to our methods. In Fig.1.9, we present a
schematic diagram for our main contributions, and some of their applications.
Based on significant results and findings, and as extension of our work presented in this thesis,
we list the following ongoing research papers in the writing stage:
1. Early Warning Sign Tool For Critical Transition in Antarctic Ice Sheet.
2. Causality inference on large complex networks of non-identical oscillators.
3. Dynamic Dictionary Learning: Unsupervised and Efficient basis construction.
4. Leadership structures in complex networks, and information accelerated synchronization.
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Figure 1.9: Thesis Direct and indirect contributions. In green we see
our contributions on this thesis, and in yellow, we see some of the direct
applications of our work in different fields.
5. Collective behavior modeling
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Chapter 2

Identification of Complex Systems
All the mathematical sciences are founded on relations between physical
laws and laws of numbers so that the aim of exact science is to reduce the
problems of nature to the determination of quantities by operations with
numbers.
James Clerk Maxwell
(13 June 1831 – 5 November 1879)

A

n open system is a system that has external interactions, that can take the form of
exchange of energy, matter, or information between the system and the surroundings,

see Fig.2.1, depending on the discipline which defines the concept [145, 146]. A mathematical
model is a description of a system using mathematical expressions, and the quality of scientific research depends on how well the mathematical models agree with results of repeatable
experiments.
One could build a model based on first principles, for example, a model for a physical process
from the Newton equations, but in many cases, such models are overly complicated and
possibly even impossible to obtain in reasonable time due to the complex nature of many
systems and processes.
A powerful alternative is, therefore, to start from measurements of the behavior of the system
and the external influences (inputs to the system) and try to determine a mathematical
relation between them without going into the details of what is happening inside the system.
This approach is called system identification. Two types of models are common in the field
of system identification:
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Figure 2.1: Open System illustration.
• Grey box model [145, 203]: Although the precise operations that are occurring inside
the system are not entirely known, some information based on theoretical assumptions,
experimental data, or mathematical sense could be available. However, this model still
has some unknown parameters which can be estimated using system identification. One
example [203], is the Monod saturation model for microbial growth. The model contains
a hyperbolic relationship between substrate concentration and growth rate, but this can
be justified by molecules binding to a substrate without going into detail on the types
of molecules or types of binding.
• Black box model [145]: No prior model is available. Most system identification algorithms are (or supposed to be) of this type. One must therefore assume a very general
model form with many parameters.
Parameter estimation in terms of gray box modeling is comparatively easy if the model form
is known, but this is seldom to be the case. In the field of dynamical systems, we are mostly
concerned with black box modeling, since the underlying dynamics of a highly complex system
is unknown.

2.1

Dynamical Systems

In mathematics, a dynamical system is a system in which a function provides an analytical
description of the evolution of a system for a long time. It is one of the primary tools employed
in science to model physical systems such as electrical, mechanical, financial systems.
Dynamical systems theory is an area of mathematics used to describe the behavior of the complex dynamical systems, usually by employing differential equations (continuous system) or
difference equations(discrete system). With the continuous system in mind, we can represent
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a dynamical system by a set of nonlinear differential equations:

ż = f (t, z, u),

(2.1)

where t ∈ R+ is the time, z ∈ Rd is a d-dimensional state variable, u ∈ Rn is a n-dimensional
input variables, and f : R+ × Rd × Rn 7→ Rd . The input variables u can be seen as external
control variables that can modify the evolution of the state variables z through time, which
then can be called a forced dynamical system. Without the external control variable u, we
have the unforced state equation:
ż = f (t, z),

(2.2)

which is the commonly used representation of non-autonomous dynamical system, we should
note that dropping the inputs term u in Eq.2.2 does not imply that u = 0 since u can be
defined as a function of the state variables and time, u = g(t, z), then the control variable
can be eliminated yielding the unforced state equation.
An autonomous (or time-invariant) dynamical system is a system whose stat evolution does
not depend on the time, and therefore the current state of the system is a function on the
previous state only:
ż = f (z),

(2.3)

and it takes the following form in the case of discrete dynamical systems:

zn+1 = f (zn ),

(2.4)

where zn represent the current state at iteration n, and zn+1 represent the next state of the
system. The concept of a dynamical system has its origins in Newtonian mechanics, where
the evolution rule of dynamical systems is a deterministic relation that gives the state of
the system for only a short time into the future, and determining all future states requires
iterating the relation many times, each advancing time a small step. We refer to the iteration
procedure as solving the system or integrating the system.
Given an initial point, if the system is solvable, it is possible to determine all its future states
which are a collection of points known as a trajectory or orbit. However, this is not always
the case. In Newtonian mechanics, the n-Body problem created a broad discussion about
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solvability and stability of dynamical systems.
As discussed in the introduction of this chapter, we start from measurements, observe the
state’s evolution of the dynamical system for a finite time, and then we try to build our
mathematical model, which means discovering the function f in Eqs.(2.1-2.4). This process is
known as the inverse problem, which has the goal of constructing a mathematical model with
an accurate estimation of the parameters, such that the model can reproduce the dynamic.

2.2

Modeling and Parameters Estimation

Estimation theory [153], is a branch of statistics that deals with estimating the values
of parameters based on measured empirical data, and an estimator aims to estimate the
unknown parameters that describe the underlying physical setting using the measurements.
When the data consists of multiple variables, and one is estimating the relationship between
them, estimation is known as regression analysis.
Regression analysis is a set of statistical processes that aims to construct an interaction
model view that describes the relationships among variables which play the rule of “Predictors”.
The Regression process usually includes dependent and independent predictors. Regression
analysis helps one understand how the typical value of the dependent predictors changes when
any one of the independent predictors is varied, while the other independent predictors are
held fixed.
To describe the basic framework for regression, let us consider some dependent variable y
whose governing dynamics we would like to understand through some independent variables
x1 , x2 , . . . , xK−1 which are sometimes called features, explanatory variables, or predictors.
We call the number of independent variables K − 1 the number of features or the dimension
of feature space. The main task for regression is predicting y using the features xi , i =
1, . . . , K − 1 by analyzing a set of training data that consists of experimental measurements,
or sampled values of the independent features together with the independent observations y.
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Figure 2.2: Linear Regression. (Left) For the observed data, in blue,
we assume the relation between x and y is linear, then we assume the
form y = β0 + β1 x, and apply some linear regression method to find
the parameters β0 , β1 to make Eq. (2.5) as accurate as possible. (Right)
For the observed data, we assume the relation between x and y is cubic,
then we assume the form y = β0 + β1 x + β2 x2 + β3 x3 , and apply some
“linear regression” method to find the parameters β0 , β1 , β2 , β3 . Note
that we still apply linear regression on nonlinear function, because Linear
regression assumes y as a linear combination from other functions, that
are not necessarily linear. The example shown here assumes the gray
box modeling.
The basic assumption of linear regression is that the dependent variable y is a linear combination, or linear function of the independent variables x, then y can be written as,

y = β0 +

K−1
X

βi x i

(2.5)

i=1

where β0 , β1 , . . . , βK−1 are the constants, or the parameters that describe the interaction
process between the features and the observations. Linear regression methods aims to to find
the best choices of values for the parameters β0 , β1 , . . . , βK−1 to make Eq. (2.5) as accurate
as possible. See Fig.2.2.
Practically, the disparity between the definitions of the terms “best” and “accurate” in the
above sentence, is the core difference, or the main generator of the 10’s of regression methods
we see in literature today and we discuss this difference throughout this thesis.
Recall that the regression method aims to find the best parameters by analyzing the sampled
features, the number of the sampled features can play a main rule in regression feasibility
and accuracy. The number of sampled measurements N represents the number of available
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independent equations available, and from linear algebra, we know that it requires N =
K equations to solve the system of K parameters (K − 1 features). When the number of
measurements N , is larger than the number of unknown parameters K, then the excess of
information contained in N − K measurements is used to make statistical predictions about
the unknown parameters. We refer to this excess of information as the degrees of freedom in
the regression [192]. We can call the system:
• Underdetermined System: when it has a negative degree of freedom (N − K < 0), and
such a system has infinitely many solutions or no solution at all.
• Determined System: when it has no degree of freedom (N − K = 0), and such a system
has a unique solution.
• Overdetermined System: when it has a positive degree of freedom (N − K > 0). In
general, the overdetermined system has no solution, unless the excess information is
nearly dependent, and it refers to a description of the determined system.
The accurate estimation of the “best” (in some sense) parameters β0 , β1 , . . . , βK gives more
“accurate” prediction for the observations value y under new varying features through the
model given in (2.5).

2.3

Linearization of Non-Linear Dynamics

Given a time-series from a chaotic dynamical system, local methods to construct the model
of systems have been developed by many authors, including, [25, 28, 67, 68, 109]. These
methods are called local because a model is fitted for each neighborhood of the phase space,
making a grid of local models through the phase space. These local models are data-driven
or weak models.
Global methods, adopted by many researchers to model continuous time systems with ODEs
[27, 28, 75, 82] by treating each data point as an initial value problem for the ODE .
Then, the regression problem in Eq. (2.5) can be re-written as:

ż = F (z, β)

(2.6)
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where z is the observed measurements, ż is the vector field, and β is the set of parameters.
In more general form, The construction of the vector field aims to build mathematical models
from observed data. In analogy to Eq. (2.5), assume that we observe the dynamic f ∈ RN ×d ,
such that fij is the j th -dimension observation of the system at time ti , i = 1, . . . , N , and our
features here represent time series z:j ∈ RN , j = 1, . . . , d, and z ∈ RN ×d . Then, one can
consider the dynamical system modeled by a series expansion in some basis as:

f = [ż:1 , . . . , ż:d ] = [F1 (z, β), . . . , Fd (z, β)] ,

(2.7)

where j=1,. . . ,d, β ∈ Rd denotes a set of system parameters, and Fj : RN ×d → RN is
governing dynamics of the observed system generated from a nonlinear, high-dimensional
dynamical system. Note that given our “measured” time series z(t), one can estimate the
derivatives by any of the standard Newton-Cotes methods, explicit Euler’s method of course
being the simplest, giving żj (tk ) =

zj (tk+1 )−zj (tk )
τk

+ O(τk ) with τk = tk+1 − tk . The first step

is to recast the nonlinear SID problem into a computational inverse problem, by considering
an appropriate set of basis functions that span the space of functions including the system
of interest. There are few requirements on the set of basis functions {φk (z)}, and a common
choice is the polynomial basis, represented by

φ = [φ0 (z), φ1 (z), φ2 (z), . . . ] = [1, z1 , z2 , . . . , zd , z12 , z1 z2 , . . . , zd−1 zd , . . . ].

(2.8)

Then, the individual component functions of F in (2.7) can be generally written as:

fj = Fj (z, β) =

∞
X

ajk φk (z),

(2.9)

k=0

for a linear combination of basis functions {φk }∞
k=0 . Note here that the basis functions do not
need to be mutually orthogonal, which makes this approach simple with a lot of flexibility
for the mathematical intuition to play a significant role in choosing the basis functions or the
expansion order. However, the simplicity of this approach comes with the cost of risking the
numerical stability of the solution.
In order to judge how good the model is, some researchers, including Brown, Rissanen [28, 159]
consider the question, how much does truncating the model reduce accuracy? They assume
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that the vector field of the dynamical system can be modeled by a set of differential equations
with the functional basis of polynomials composed of all combination of state variables up to
a proper order.

2.4

Function Approximation and Basis Functions

In mathematics, approximation theory is concerned with how to represent a function in the
form of more simple functions with a reasonable degree of accuracy. The “more simple”
term can be defined differently according to the application, but in common sense, a “more
simple” function means it is more natural to be analyzed, or it requires fewer computations
complexity. The aim is to make the approximation as close as possible to the actual function.
In this section, we provide the very basic principles of the classical framework of function
approximation.
We have a metric space X , and we need to approximate a given element x ∈ X by an element
κ of some subset K ⊂ X . The distance between x and κ needs to be as small as possible
according to some metric d. A metric space X is a set X together with a metric d. The metric
d is defined as a function d : X 2 7→ R which satisfies the three properties:
1. Positive definite: d(x, y) ≥ 0 for all x, y ∈ X , with equality hold when x = y.
2. Symmetric: d(x, y) = d(y, x) for all x, y ∈ X .
3. Satisfies the triangle inequality: d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X .
We can then define the distance between x and y as d(x, y) = kx − ykα for any α ∈ (0, 1].
To any element x ∈ X and any subset K ⊂ X we associate the distance d(x, K ) from x to
K , which by definition is:
d(x, K ) = inf d(x, κ),
κ∈K

x ∈ X,K ⊂ X.

(2.10)

A very good approximation is obtained when d(x, K ) = 0. d(x, K ) > 0 represents a certain
error, and it may happen that:
d(x, κ) > d(x, K ), ∀κ ∈ K .

(2.11)
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which is a deviation from the best approximation that satisfies d(x, κ) = d(x, K ). In the
case of Eq.2.11, we are interested in constructing a sequence (κj of elements of K such that
d(x, κj ) → d(x, K ) as j → ∞. Such sequence is called an approximating sequence.
So, the best approximation is the set:
{κ ∈ K ; d(x, κ) = d(x, K )},

(2.12)

and this set can be empty, have exactly one element, or may have more than one element. A
simple unique approximation can appear in the case of Hilbert space H, where if K ⊂ H is
a nonempty, closed, and convex set, then there exists a unique closest point π(x) ∈ K .
Regardless of the complexity of the function f and unavailability of a prior model (gray
box modeling), polynomials expansion of the state variables was from the earliest employed
techniques for function approximation and constructing mathematical model. In 1885, Karl
Weierstrass introduced his approximation theorem [198], which has both practical and theoretical relevance, because polynomials are among the most straightforward functions (simple
to analyze), and because (in a modern point of view) computers can efficiently evaluate polynomials.
Theorem 2.4.1. (Weierstrass approximation theorem)[152, 179]: Suppose f is a continuous real-valued function defined on the real interval [a, b]. For every  > 0, there exists a polynomial p such that for all x ∈ [a, b], we have |f (x) − p(x)| < , or equivalently,
kf − pk∞ < .
Weierstrass approximation theorem has its significant value, and it summarizes 100 years of
efforts starting from Fourier, Legendre, Chebyshev, and Gudermann. And while these efforts
focused mainly on the function approximation for simplifying forward models (i.e., simplifying
solving PDE), Weierstrass theorem forms the basis of the efforts toward solving the inverse
problem and employing different kinds of polynomials for this purpose.

2.5

Power Series and Carleman’s Linearization

For the importance of (Linearization of Non-Linear Dynamics), and for the considerable confusion and misconceptions in the literature regarding the topic, we discuss in Appendix B the

Chapter 2. Identification of Complex Systems

27

history of Carleman’s Linearization, which is our adopted approach in this work. The basic
idea (that we adopt in this work) of linearization of nonlinear dynamics starts with a remark
given by Poincare in 1908 in the International Congress of Mathematicians in Rome, “One
should be able to apply the theory of linear integral equations to the study ordinary non-linear
differential equations” [90]. Torsten Carleman worked on an approach to embed a system of
non-linear differential equations into an infinite set of linear equations, and in 1932, he introduced a theoretical technique to globally linearize systems of nonlinear polynomial equations,
[40]. And in the recent decades, it became a favorable technique for many researchers, [30,
38, 62, 195, 205].
The Carleman matrix of an infinitely differentiable function f (x) is defined as

Mjk



1 dk
j
=
(f (x))
k ! dxk

(2.13)

and it satisfy the Taylor series equation:

j

(f (x)) =

∞
X

Mjk xk .

(2.14)

k=0

This original technique considers the powers of the function, j, and the order of power polynomials, k, in the approximations process, and it combines the ODEs order, model order,
and the set of observation using a systematic Kronecker product technique, to model high
order ODEs. Extended forms and generalization of Carleman embedding technique have been
developed [110, 113, 176]. The form we adopt in our work have been discussed extensively by
Erdos and Jabotinsky [64], Kowalski and Steeb [110], which takes the form of approximating
the function by power polynomials in the form:

f (x) =

∞
X

βk x k

(2.15)

k=0

Additionally, when extended in the multivariate case it includes all interaction terms between
variables.
The problem of nonlinear system identification is to reconstruct the functional form as well
as parameters of the underlying system, that is, to infer the nonlinear function F . Under
the basis representation (2.9), the identification of F becomes equivalent as estimating all the
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Figure 2.3: (Left) Lorenz system with the standard graph representation of dynamical systems. See [165]. (Right) Linear combination of
nonlinear basis functions, with coupling coefficients βij can be described
by an influence matrix β, or equivalently a coupling graph (right-bottom)
which when sparse, there can be great savings in fitting just the nonzero
coefficients. Therefore here the edges describe the influence of the data
between observations through the basis functions as shown. Sparsity
structure of β corresponds to missing edges in the graph, which we discover by our proposed entropic regression as an information flow problem.
parameters {βjk }. In practice, the infinite series is truncated after a finite number of terms;
such truncation together with observational noise defines a forward model of the inverse
problem:
Fj (z(t), β) =

K−1
X

βjk φk (z(t)), .

(2.16)

k=0

Where t = t0 , . . . , tN , i = 1, . . . , d, and K is the number of chosen basis functions. The same
can be written using modern matrix methods for data analysis [30, 58, 188, 195, 205]:


|
|
|
|
|
|

 |




 ż . . . ż  ≈  φ (z) φ (z) . . . φ (z)
1
K
d 
 0
 1



|
|
|
|
|
|
|










β00
..
.

...
..
.

β0d
..
.

βK0 . . . βKd



.


(2.17)
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Then, our linear system can be written in a matrix form as:

f = Φβ,

(2.18)

where f ∈ RN ×d and Φ ∈ RN ×K are given, with the goal to estimate β ∈ RK×d . Figure 2.3
shows the structure of the Lorenz system under standard polynomial basis up to quadratic
terms.
This was the theme in [205], as well as some of the compressed sensing literature [12, 35, 36,
38, 39, 57, 187, 188, 194]. There are conflicting interests with regard to how many terms
to include in the truncated series representation. While a large set of basis functions allows
for a rich class of behaviors, too large a set causes problems with numerics, and convergence
of fitting accuracy and overfitting, which also requires ever more data to fit an exponential
explosion of terms. Recent breakthroughs in nonlinear SID has found a way to overcome this
apparent paradox, by allowing a large set of basis functions and meanwhile imposing sparsity
in the model, thus mitigating the issue of overfitting [55]. The success of such sparsity-based
SID has been demonstrated in several recent works and applications [44, 58, 93, 103, 189].

2.6

Basis Expansion

In this section, we discuss different kinds of polynomials as basis functions. For each polynomial type, we show a numerical example for function approximation using polynomials. We
choose the following two functions for this purpose:

f (x) = x − x2 + cos(3.2x)
g(x) = sin(ex )

Note that g(x) is known as an example for chaotic functions.
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Fourier Series

Fourier series is a periodic function composed of harmonically related sinusoids, combined by
a weighted summation. The Fourier series in terms of sine-cosine can be written as:




N 
a0 X
2πnx
2πnx
sN (x) =
+ bn sin
+
an cos
2
T
T

(2.19)

n=1

A Fourier series is an expansion of a periodic function f (x) in terms of an infinite sum of sines
and cosines, and it utilizes the orthogonality of the sine and cosine functions. The study of
Fourier series is known as harmonic analysis and is it is useful to represent arbitrary periodic
function into a set of simple terms that can be solved individually, and then recombined to
obtain the solution of the original problem or an approximation to it to proper accuracy.
Fourier introduced the series to solve the heat equation in a metal plate, publishing his initial
results in 1807, and although the original urge was to solve the heat equation, it became
apparent that the same techniques could be applied to a wide array of mathematical and
physical problems. Fig.2.4 shows function approximation using Fourier series.

2.6.2

Chebyshev polynomials

Chebyshev polynomials, named after Pafnuty Chebyshev, are a sequence of orthogonal polynomials that can be defined recursively. There are two kinds: Chebyshev polynomials of the
first kind (Tn ), and Chebyshev polynomials of the second kind (Un ). The Chebyshev polynomials (the first and second kind), are polynomials of degree n and the sequence of Chebyshev
polynomials composes a polynomial sequence.
The Chebyshev polynomials of the first kind are given by:

T0 (x) = 1
T1 (x) = x
Tn+1 (x) = 2xTn (x) − Tn−1 (x)

(2.20)
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Figure 2.4: Function approximation with Fourier series. (Top) In red
we see the function f (x) = x − x2 + cos(3.2x) to be approximated, in
dashed-black we see the approximation of the function using Fourier
series. The spikes in magenta color represent the magnitude of Fourier
coefficients, and in the same plan of each coefficient, we see, in blue,
the first few terms of Fourier series multiplied by the coefficient value.
Sum of the blue signals is the dashed-black signal. (Bottom) With the
same colors as above, we see the fitting result of the chaotic function
g(x) = sin(ex ). We see that for the simple function above, Fourier
coefficients have only a few of them have significant magnitude, and all
others are minimal, and even when the complexity increase in g(x), some
of the coefficients are negligible in terms of magnitude.
and the second kind are given by:

U0 (x) = 1
U1 (x) = 2x
Un+1 (x) = 2xUn (x) − Un−1 (x)

(2.21)

Fig.2.5 shows the first few terms of Chebyshev polynomials, and Fig.2.6 shows different functions approximation using Chebyshev polynomials.

Chapter 2. Identification of Complex Systems

Figure 2.5: The first few terms of Chebyshev polynomials: (Left) First
Kind Chebyshev polynomials. (Right) Second Kind Chebyshev polynomials. (source: [148]).

Figure 2.6: Function approximation with Chebyshev polynomials with
different degree. In blue we see the underlying, or true function and
in red we see the approximation using Chebyshev polynomials. (Top)
Approximation of the function f (x) = x − x2 + cos(3, 2x). (Bottom)
Approximation of the function g(x) = sin(ex ).
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Figure 2.7: The first few terms of Legendre polynomial. (source:
[149]).

2.6.3

Legendre polynomials

Legendre polynomials, named after Adrien-Marie Legendre, is one of the oldest orthogonal
polynomials (1782), and they are a system of complete and orthogonal polynomials, and since
their discovery, they have been used in numerous applications in engineering and science.
They can be defined in many ways, and the various definitions highlight different aspects
as well as propose generalizations and connections to different mathematical structures and
physical and numerical applications.
One of the most straightforward representations for Legendre polynomials is by Bonnet’s
recursion formula, and it is given by:

P0 (x) = 1
P1 (x) = x
Pn+1 (x) =

1
((2n + 1)xPn (x) − nPn−1 (x))
n+1

(2.22)

Fig.2.7 shows the first few terms of Legendre polynomials, and Fig.2.8 shows different functions
approximated using Legendre polynomials.
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Figure 2.8: Function approximation with Legendre polynomials with
different degree. In blue we see the underlying, or true function and
in red we see the approximation using Legendre polynomials. (Top)
Approximation of the function f (x) = x − x2 + cos(3, 2x). (Bottom)
Approximation of the function g(x) = sin(ex ). We can see that the
approximation identical to the approximation shown in Fig.2.6

2.7

Limitations, Phenomena, and Pathological Functions

One may expect from Weierstrass’ theorem that the accuracy of approximation will increase
as the number of samples or the order of polynomial increase. However, polynomial functions
are not guaranteed to have the property of uniform convergence, and they may diverge away
from the target function as the order increases. This phenomenon is known as to Runge’s
phenomenon.
Runge’s phenomenon is a problem of oscillation at the edges of an interval that occurs when
using polynomial interpolation with polynomials of a high degree over a set of equispaced interpolation points, see Fig.2.10. It was discovered by Carl David Tolme Runge (1901) [52, 163],
when exploring the behavior of errors when using polynomial interpolation to approximate
certain functions. Divergence of approximation as polynomial degree increase, naturally, also
appears in our adopted approach of power series expansion. Moreover, because of nonorthogonality of the basis, more complications regarding the magnitude of parameters arise. We will
discuss this issue in the following sections since it is strongly connected with the properties
of the method of least squares itself.
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Figure 2.9:

Pathological Functions: (Left) Weierstrass function.
(Right) Wiener process.

Figure 2.10: Runge Phenomenon. In black we see Runge function
1
given by f (x) = 1+25x
, with equispaced sample of 401 point between
[-1,1]. In blue we see the function approximation with the 5th degree
Legendre polynomial. In red and green we see the function approximation with the 9th and 15th degree Legendre polynomial respectively. At
some degree of polynomial, we reach a point where the function at the
sampled points close to zero, while between the sampled points, especially close to the endpoints 1 and -1, the error between the function and
the approximation gets higher.
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Similarly, Wilbraham-Gibbs phenomenon, discovered by Henry Wilbraham (1848) and rediscovered by J. Willard Gibbs (1899) [91, 199], is the strange manner in which the Fourier
series of a piecewise continuously differentiable periodic function overshoots at discontinuities.
Moreover, in the multivariate setting, there is a negative result due to Mairhuber-Curtis Theorem (1956), based on a work of Mairhuber [127] and Curtis [51], and discussed in [26], which
implies that it is not possible to perform unique interpolation with multivariate polynomials
of degree N to data given at arbitrary locations in R2 .
Finally, while the polynomials approximation can be efficient in well-behaved and smooth
functions, the real world data are not smooth. The pathological phenomenon is one whose
properties are considered atypically defective or counterintuitive; the opposite is well-behaved,
and many (if not most) of real-world data are pathological.
Example of a pathological structure is Weierstrass function, introduced by Karl Weierstrass
[197], which is continuous everywhere but differentiable nowhere and Wiener process which
is a continuous-time stochastic process (often called standard Brownian motion ) and it is
a crucial process in terms of which more complicated stochastic processes can be described.
Fig.2.9 shows some pathological structures.

2.8

The Method of Least Squares

In 1805, Legendre published the earliest form of regression which was the method of Least
Squares (LS), and it was introduced again by Gauss in 1809 [178]. Gauss claimed that he
had been using it since 1794, and this case is known as priority dispute over the discovery of
the method of least squares [169]. Impartially, Gauss went beyond Legendre and succeeded in
connecting the method of least squares with the principles of probability and in his attempts
in his long and detailed paper, he introduced the Gaussian elimination and provided several
examples of estimation with complete and incomplete measurements with different sample
sizes. In this process he invented the normal distribution. Gauss published a further development of the theory of least squares in 1821, including a version of the Gauss–Markov theorem
[41, 169].
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Recall Eq.(2.18), that the objective of the regressors is to find the set of parameters that “best”
fit the sampled data, and the LS defines the “best” fit to be the minimum squared residual,
meaning that, the LS tries to find the optimal parameters by solving the optimization problem:

arg min
β

N
X

(fi − Φi: β)2

(2.23)

i=1

note that Φi: is the K-dimensional measurement point at time ti . The sum in Eq. (2.23) can
be written as the L2 -norm, where

kf − Φβk22 =

N
X

(fi − Φi: β)2

(2.24)

i=1

The differentiability of the k · k2 objective function of LS, in addition to other factors that will
be discussed below, is one of the main reasons for the popularity of the LS and its wide use in
many applications. LS is simple to analyze and for some applications, the optimal parameters
can be found in closed form through the gradient analysis of the objective function.
The Least Squares Problem problem has a solution, and it is a unique solution, if and only
if the columns of Φ are linearly independent, i.e., rank(Φ) = K, where Φ. Otherwise, the
solution is not unique [56, 79].
Many numerical methods have been adopted to solve the least squares problem, such as
Cholesky Factorization, and QR factorization. One of the most popular methods to find
the LS solution is by the Singular Value Decomposition (SVD) of the measurements matrix
Φ. The SVD method is robust in solving rank-deficient problems, and it is computationally
efficient. The SVD for the matrix Φ ∈ RN ×K is given by:
Φ = U ΣV T

(2.25)

where U ∈ RN ×N , V ∈ RK×K are orthogonal matrices, and Σ ∈ RN ×K is a diagonal matrix
with the singular values of the matrix Φ, σ1 ≤ σ2 ≤ · · · ≤ σp ≤ 0 on its diagonal with p =
min{N, K}. Moreover, the SVD gives efficient and accurate computation for the pseudoinverse
of a matrix, which is a generalization of the inverse of a matrix. The pseudoinverse is defined
and is unique for any matrix, and for a matrix that has linearly independent columns, it is
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given by:
Φ+ = (ΦT Φ)−1 ΦT
= V Σ−1 U T

(2.26)

where U ,V , and Σ given in Eq.2.25, and Φ+ is this equation is called the left inverse of a
matrix and it satisfies Φ+ Φ = I, with I is the identity matrix.
The Least squares problem can simply be solved as β = Φ+ f , and for more details, Eq. (2.25)
can be written in the form of outer product as:

Φ=

K
X

σi ui viT

(2.27)

i=1

For a full rank matrix Φ with K ≤ N :

kΦβ − f k22 = kU ΣV T β − f k22
= kU U T ΦV V T β − f k22
= k(U T ΦV )(V T β) − U T f k22
= kΣ(V T β) − U T f k22
=

K
X

σi viT β

−

2
uTi f

i=1

+

N
X

uTi f

2

(2.28)

i=K+1

and1 it follows that this summation is minimized by setting σi viT β = uTi f , which gives the
LS solution by:
βLS =

K
X
uT f
i

i=1

σi

vi .

(2.29)

We see that βLS make the first summation in (2.28) equal to zeros, therefore the minimum
residual size is given by:
rs =

N
X

uTi f

2

.

(2.30)

i=K+1

We carried out the SVD form of LS solution as shown above to present one major limitation
of the LS. Even with a full rank matrix Φ and regardless of the noise level in our system, we
see that for nearly singular system, LS solution βLS will be sensitive to the small singular
1

Note that in the third step of Eq.2.28, for unitary matrix U , we have kU xk22 = kxk22 .
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values since:
K
X
uT f
i

lim

σi →0

i=1

σi

!
vi

→ ∞.

(2.31)

Note that we can not infer any indications about this sensitivity from the minimum residual
size rs since it does not depend on σi . This means that with a nearly singular measurement
matrix Φ, we may have a bad solution while we still have a “good looking” fitting with low
residual.
Parameters sensitivity for singular values did not receive significant attention in the literature,
because it was the common theme in the literature to use orthonormal basis when solving the
least squares problem, in such case we have σi ≈ 1, i = 1, 2, ..., K. Since in last decade, it
becomes favorable to use a non-orthogonal basis, and it is the theme we adopt in this work,
we will discuss further this sensitivity.
To obtain a bound for the error in estimated parameters, recall that:

f = Φβ.

(2.32)

Let δ = β̂ − β be the error in estimated parameters, and r = fˆ − f be the residual (error in
recovered function). Then we can write:

r = fˆ − f
= Φβ̂ − Φβ
= Φ(β̂ − β)
= Φδ.

(2.33)

The Eq.2.33 has a subtle beauty in its simplicity; it shows how the projection matrix Φ works
as a “transfer operator” for the error. In the forward modeling, any change (or error) in the
parameters will reflect a difference in the residual, and in the backward modeling, this effect
will be amplified because of the stability of the transfer operator as we will show next, and
we will back to this equation when we discuss some limitations of the least squares method.
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In order to get a bound for δ, follow [78], we take the norm for the inverse of Eq.2.33:

kδk2 = kΦ+ rk2
≤ kΦ+ k2 krk2 ,

multiply the right hand side with 1 =

kΦβk2
kf k2 ,

(2.34)

we get:

kΦβk2
kf k2
kΦk2 kβk2
≤ kΦ+ k2 krk2
kf k2
krk2
≤ kΦ+ k2 kΦk2 kβk2
kf k2

kδk2 ≤ kΦ+ k2 krk2

(2.35)

noting that kΦ+ k2 kΦk2 = κ is the condition number of the matrix Φ, then we can write:
kδk2
krk2
≤κ
.
kβk2
kf k2

(2.36)

Now, we develop:




kδk2
α = log10
,
kβk2


krk2
,
γ = log10
kf k2
k = log10 (κ) ,

(2.37)

where α is the order of the relative error in the parameters, γ is the order of the relative error
in the recovered signal, and k is the order of magnitude of the condition number κ. Then we
have:
α≤k+γ

(2.38)
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In the same principle we can derive the lower bound from Eq.2.33 as the following:

r = Φδ
krk2 = kΦδk2
= kΦδk2
≤ kΦk2 kδk2
krk2 kβk2 ≤ kΦk2 kδk2 kβk2
≤ kΦk2 kΦ+ k2 kδk2 kf k2
≤ κkδk2 kf k2 ,
(2.39)

which gives, in analogy to driving Eq.2.38:

γ − k ≤ α,

(2.40)

and by combining Eq.2.38 and Eq.2.40 we have:

γ−k ≤α≤γ+k

noting that κ =

σmax
σmin ,

(2.41)

with σmax and σmin are the maximum and minimum singular values

of the matrix Φ respectively, we can see that κ ≥ 1 =⇒ k ≥ 0 (k is a positive number).
The commonly used assumption is that the matrix Φ is a well-conditioned matrix, κ ≈ 1,
which implies that k = log10 (κ) ≈ 0. As a result, we will have a very narrow bound for
α, and the better fitting we have will imply more accurate parameters. Then the question
is: by generating the basis matrix Φ from state measurements with power series
expansion, is it possible to get a well-conditioned basis matrix?
Unfortunately, the answer is no. We will show that with increasing expansion order, the
singularity of the basis matrix become deterministic. To show that we will first give the
following remark.
Remark. The set of real numbers can be written as R = (−∞, −1)∪(−1, 1)∪(1, ∞)∪{−1, 1},
and any real number xi will belong to one of these subsets. Then, any random variable x ∈ Rn ,
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x 6= 0, can be classified to one of the following three cases:
case 1: xi ∈ {−1, 1} for all i = 1, .., n.
case 2: |xi | ≤ 1 for all i = 1, .., n.
case 3: At least, there exist one entry in x such that |xi | > 1.
Recall that Weierstrass approximation theorem state that any continuous real-valued function
can be approximated with a polynomial of some degree, however, there is still some phenomena
that limit the practical applicability of the theorem such as Gibbs and Runge phenomena.
Moreover, especially for Carleman linearization approach in 1932, there were a few discussions
and use of the method in literature until the last two decade, see Appendix B, when it comes
again to life as a new idea in an old book because of its simplicity and the power polynomials
model that is more simple for analysis and study purposes. However, the nonorthogonal basis
is known to have weak numerical stability and may be described as “bad” choice, but we can
not find a description in literature of “how bad?!” is the power polynomial basis for function
approximation.
With this in mind, we have developed the following theorem, which is relevant to data analysis,
and it states the following:
Theorem 2.8.1. For any vector of observation x ∈ Rn , and power polynomial expansion
Φ = {1n , x, x2 , . . . , xp }, there exist positive integer p such that the matrix Φ is singular.
Proof. From the above remark, we can divide our proof into the only three possible cases:
case 1: In this case, when xi ∈ {−1, 1} for all i = 1, .., n, it is clear that for all even powers
p = 2j, j = 1, ..., ∞, we will have xpi = 1 for all i = 1, ..., n, which implies that Φ will
have repeated columns, and then, it will be singular. Specifically, Φ will be definitely
singular at p = 2.
case 2: The ith row of the basis matrix Φ can be written as a series sj = xji , j = 1, ..., ∞, and
since we have |xi | < 1, then we have limj→∞ xji = 0 for all i = 1, ..., n. So, the expansion
will end up with a columns with all enties equal to zero, which approaches singularity.
case 3: Assume that we have one entry in x such that |xi | > 1, then the series in the case 2
above will have the limit limj→∞ xji = ∞, which means we will have at least one entry
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in the matrix Φ such that φji = ∞. From the inequality of the spectrum norm [78, 81],
kAk2 ≥ max |aij |,
i,j

(2.42)

and since the spectrum norm kΦk2 = σmax , it become clear that the maximum singular
value will be ≥ the largest entry in the matrix Φ. Meaning that limj→∞ xji → ∞ =⇒
σmax → ∞ =⇒ κ → ∞ =⇒ the matrix Φ become singular.
So, for all possible entries of the vector x ∈ Rn , there exist a positve integer p such that the
matrix Φ = {1n , x, x2 , . . . , xp } become singular.
It will be a subject of our future work to extend this discussion, to include quantifying the
error amplification for each parameter independently, and to prove and estimate a new lower
and upper bounds for the relative error in the parameters δ, combined with a cost-efficient
estimation of the condition number κ.
Recall Eq.2.33 that, the condition number of the transfer operator measures the error amplification factor of function, and how the output changes under a small changes in the input.
As a result, it is an essential indicator of how accurate we may estimate the parameters.
For example, the condition number κ = 10k represents an additional cost of losing k digits
of accuracy on the addition to the digits lost by numerical methods or significant figures
computations.
Now, we see that the least squares solution is sensitive to the numerical stability of the system,
which is a function of the state measures itself and the selected expansion order. While lower
expansion orders can give better stability, it is particularly risky because, in the sense of
“black box modeling”, we don’t have prior information about the system. The more natural
assumption is to consider higher orders prior model, since singularity of the basis matrix does
not imply that there are no higher order functions that influence the dynamic.
To illustrate the above ideas, numerically, we designed the following example. Consider the
1-D map
xn+1 = rxn (10 − x9n )

(2.43)
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Figure 2.11: Bifurcation diagram for the chaotic map Eq.2.43
which is slightly modified from the standard logistic map. Observe that it shows chaotic
behavior for r = 0.143, as shown in the bifurcation diagram in Fig.(2.11), and it has fixed
points at 0, 1.322... and 8 fixed points xf ixed ∈ C.
This map is designed to serve as example for the sensitivity of least squares to the numerical
stability of the measurements (basis) matrix. Considering r = 0.143, we can write Eq.2.43 in
the form:
xn+1 = 1.43xn − 0.143x10
n

(2.44)

Fig.2.11 shows the bifurcation of the map which looks similar to the well known logistic map,
but in fact it is different in terms of the state probability. In order to sample data for system
identification we consider carrying 1000 iteration of our map to produce our data X. Then
we add a low noise by setting X = X + η, where η ∼ N (0, (10−3 )2 ), which is in terms of
signal to noise ratio SN R = 53 dB.
Fig.(2.12) shows the original signal and the sampled noisy measurements.
From the noisy sample X, we create our data such that:

x = X(1, ..., n − 1)

y = X(2, ..., n)
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Figure 2.12: (Blue) the original iteration of the map. (Black) The
sampled data with noise. For clear view, this figure shows only 100
points out of the 1000 sample points, and it shows clearly the low level
of noise added to the signal.
which makes the problem is to find a function f (x) such that y = f (x). Our 10th order
polynomial basis matrix:


Φ = 1, x, x2 , x3 , ..., x10
Note that we consider the 10th order expansion “assuming” that the true expansion
order is known. Now, the parameters estimation problem takes the form

y = Φβ

(2.45)

The least square solution is given in Table (2.1), which shows very poor parameters, although
that the mean squared error of the residual was of order -3.
On the other hand, the least squares solution is known to be the Best Linear Unbiased
Estimator (BLUE) according to the well-known Gauss-Markov theorem [129]. We remark
that this does not contradict with our previous discussion, because, in Gauss-Markov theorem,
the least squares solution for the problem y = Ax + η, is BLUE if and only if the following
assumptions concern the set of error random variables (ηi ) hold:
1. They have mean zero: E[ηi ] = 0, where E is the expected value.
2. They have a constant variance: V ar(ηi ) = σ 2 < ∞.
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1.4381
-0.1479
1.0514
-4.1005
10.1945
-17.0364
18.9159
-13.2051
5.1903
-1.0132

0
1.43
0
0
0
0
0
0
0
-0.143

Table 2.1: (Left) The least squares solution given by β = Φ+ y. (Right)
The true solution. We see that, according to the sensitivity to the condition number (which is of order 5 at the assumed expansion order),
the least squares solution is poor and far from the true solution. The
important point here, we see that the smallest magnitude parameter in
the least square solution (red) and the next smallest (blue) are the only
two true parameters, meaning that whatever the choice of the threshold parameter in any method depends on the hard threshold of the least
squares solution, the true parameters will be the first to be threshold.
3. Distinct error terms are uncorrelated: Cov(ηi , ηj ) = 0, ∀i 6= j.
This theorem, is one part of a long chain of arguments, starting with Laplace 1774 [53, 202]
(before Gauss), continuing through Chebyshev (1821-1891) [34], his students Markov (18561922) [129, 167], and Lyapunov (1857-1918) [123, 174], before finally receiving significant
advancement by A. Kolmogorov (1903-1987) [206]. As a summary, the physical feasibility of
the least squares to be the best estimator depends highly on the distribution and properties
of the noise vector η, and the Central Limit Theorem, specially a Lyapunov variant of the
theorem [19, 69]:
Theorem 2.8.2. Lyapunov Central Limit Theorem: Suppose {x1 , x2 , . . . } is a sequence
of independent random variables, each with finite expected value µi , variance σi2 , and absolute
P
moment E[|xi − µi |2+δ ] and let sn = ni=1 σi2 . Then, if for some δ > 0,
Pn
lim

n→∞

i=1 E|xi −
1+ δ
sn 2

µi |2+δ

=0

(2.46)

satisfied, then the probability of the inequality:
Pn
α1 <

i=1 (xi

√

− µi )

sn

< α2

(2.47)
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tends to the limit:
1
√
2π

Z

α2

e−x

2 /2

dx

(2.48)

α1

as n → ∞, uniformly with respect to all values of α1 and α2 .
Eq.2.46 is called Lyapunov condition, which limits the rate of growth of the absolute moment of the random variable. Lyapunov theorem implies that an identical random variable,
and not necessarily identically distributed, that satisfy Lyapunov condition, will converge as
standardized sum to a normal distribution:
n
X
xi − µ i
i=1

sn

→ N (0, 1).

(2.49)

All of the above leads us to the Law of Large Numbers (which we are discussing in the
following sections) and its main effect on the success of the method of least squares.
Through at least the last 200 years, the LS method has been a favorite method in the inverse
problems literature, where we can find thousands of papers that use the LS method in different
applications, and we can find 10’s (or more) of modified LS methods. However, LS suffers
from large number of limitations as we will discuss later in this sections, and its popularity
does not come from its robustness, but from other different reasons that (in the core) are not
related to the technique itself or to its robustness against the different experiments conditions
to make accurate predictions. Some of the reasons of LS popularity are:
• It is the best linear unbiased estimator (BLUE), provided it exists. But according to the
previous discussion, it worth to say that the BLUE property should be treated carefully
with considerations for the feasibility of its conditions, since as we showed before that
the “best” estimator based on the residual as a measure of quality does not necessarily
reflect a satisfactory solution. So, while the LS is BLUE in the residual sense, it could
be PURPLE (Poor and UnReliable Parameters with Large Error) in the parameters
sense.
• The LS method, in its basic formulations, is easy to understand and follow even in the
non-mathematical fields.
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• The solution of LS method was simple enough to do by hand 10’s of years ago, and it
is one of the most cost efficient methods in nowadays computers.
• In its time, it created a revolution in the inverse problem solution in many different
fields. For many decades scientists used the method of LS because it was the most
robust and accurate method available.
On the other hand, many problems may appear when using LS, some of them are not related
to the method itself, but the numerical computations in general such as the curse of dimensionality and using non-relevant features to describe the dynamics. More problems also can
prevent the LS from obtaining a reasonable estimate to the parameters are:
1. Outliers, as discussed in Chapter 1, and will be discussed in more details in the following
sections.
2. Non-Linearities: When the relation between independent and dependent variables is
non-linear, meaning that the parameters are not constants.
3. Dependent Variables: When there exists some basis function that can be accurately
(within some tolerance) be represented as a linear combination of the other basis functions.
4. Heteroskedasticity: When the variance of the noise (error) is not constant.
5. Too many parameters: A system with too many parameters, is subject to the curse of
dimensionality, and some parameters may work opposite to other parameters.
6. Different Scale: When the basis functions and/or the parameters are on different scale
order.
7. Sloppy Parameters [85, 196]: When a small change in the output, requires a large change
in the magnitude of the parameter. We strongly believe that parameters sloppiness is a
determining property for the above two problems.
Notes on Outliers.
We have discussed in our introduction the outliers problem and its dangerous implications,
and it is our goal in this work to develop parameter estimation method that does not try to
apply any filtering or preprocessing of data to drop the outliers or assign a low weight for them.
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Figure 2.13: Boxplot of Gaussian Distribution.
However, we will discuss here the general approaches in the literature to detect outliers, since
if some prior information is available and we can know that error in measurements techniques
or measuring tools may occur, then such tools of detecting outliers can be handy.
The first method for detecting outliers is the Box plot construction. The box plot is a graphical
representation of the data to describe the behavior of the data in the center and the terminal
ends of the distributions.
If we divide the data into four quartiles, the median will be the center that divides between the second and third quartiles, and the separation edges can be marked as: [Q1 , Q2 =
median,Q3 , Q4 ], where there is no data below the 0 mark or above the Q4 mark. The data
between Q1 and Q3 marks represent 50% of the population, and we call it the Interquartile
Range (IQR). See Fig.2.13. Then, the main idea is to construct fences to judge the data
points inside and outside these fences. One suggestion of these fences boundaries is as the
following:
• Lower fence: Q1 − 1.5 × IQR
• Upper fence: Q3 + 3 × IQR
Then, a point below the Lower fence, or beyond the Upper fence, can be classified as outlier
point.
The second method depends on the standard deviation of the data. For a Gaussian distribution:
• 68.0% of the data lie within 1 standard deviation from the mean.
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• 95.0% of the data lie within 2 standard deviation from the mean.
• 99.7% of the data lie within 3 standard deviation from the mean.
• 99.9% of the data lie within 4 standard deviation from the mean.
The standard deviation of 4 is commonly used as a cut point, and any point with distance
more than 4 standard deviations from the mean is considered to be an outlier point, that is
for a random variable x ∈ Rn , if the inequality:
|xi − µ|
≥ 4,
σ

(2.50)

holds, then the point xi is said to be an outlier point, where µ is the sample mean and σ is
the sample standard deviation.

2.9

Law of Large Numbers, and Gambler’s Fallacy

In solving the least squares problem, the assumption that the noise signal has zero mean and
constant variance stands mostly (at least in many cases) on the law of large number, that
is why it plays a primary rule in understanding the outcomes of the LS. The term “law of
large numbers” coined by Siméon Denis Poisson, and the original theorem is for his academic
advisor Jacob Bernoulli. The very first version was published in Bernoulli book “The Art of
Conjecturing” in 1713 [17, 87, 190], eight years after his death.
Bernoulli theorem state that: in a sequence of independent trials, in each of which the probability of occurrence of a specific event x has the same value p, 0 < p < 1, then:

c
n
lim P | − p| > ε = 0, ∀ε > 0,
n→∞
n

(2.51)

where cn is the number of occurrence of the event in the first n trials. Poisson extended
Bernoulli theorem to the case of non-identical probability, that the probability of the event
A changes with the number of trials. For the sake of summary and clarity, We can write in
more straightforward form:

lim P (|E[xn ] − µ| > ε) = 0, ∀ε > 0,

n→∞

(2.52)
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where E is the expected value and µ is sequence mean. Then, the law of large numbers says
that for a sequence of random numbers, the mean of the sample will converge to the expected
mean as the sample size increase. The law of large number had a great interest because of its
implications to the probability theory. Rigorous proofs and extensions of the theorem were
introduced in 1846 by Chebyshev.
Misunderstanding law of large numbers, naturally, can lead to falling in the Gamblers Fallacy,
which also known as Monte Carlo Fallacy. In 1913, in a game of roulette at the Monte Carlo
Casino, Monaco, the ball fell in black 26 times. The probability for such sequence to occur
is less than 1 in 66 million, many gamblers lost millions betting against black, because of
the incorrect reasoning that since the mean of probability should be 50-50 between the red
and black, then repeated black implies higher probability for the red. Randomness has no
memory. Even if we get 9 heads in a row in a coin toss, the probability in the 10th toss will
be 0.5.
Another type is called retrospective gambler’s fallacy, which is when the one expects that a
rare event with low probability needs a very long sequence to occur, or that the rare event
comes from very long sequences. We discuss an example of this fallacy in our introduction
which is Fukushima nuclear disaster, where an event with probability (“1 in a million years”)
event occurred within 8 years.
So, we have two sides of view, from one side the law of large numbers, and from the other
side, randomness has no memory in the real world. Far from arguing which one is “more”
accurate regarding the real world problems, both of them are accurate in some sense, and the
one may say that “in real-world problems, randomness has no detailed short memory, but it
has accumulative knowledge, and it obeys the law of large numbers”.
The major problem is that simulating this behavior in our modern computers can not (yet)
reflect this reality. In the International Encyclopedia of Statistical Science (2010) [118, 119],
we can see the following alarm: “The list of widely used generators that should be discarded
is long”. This last recommendation has been made over and over again over the past 50 years.
Perhaps amazingly, it remains as relevant today as it was 50 years ago.
A pseudorandom number generator (PRNG) [119], also known as a deterministic random bit
generator (DRBG), is an algorithm for generating a sequence of numbers whose properties
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approximate the properties of sequences of random numbers. The PRNG-generated sequences
are not really random, because it is a deterministic sequence initiated with a value that is
closer to be called random since it is hardware-based value [143], and the key point here is
nonetheless that:
• We don’t know the initial condition, so, randomness is that “one row” choice.
• The system is ergodic with absolutely continuous invariant measure. However, it is
repeatable “random”.
One interesting example is IBM’s RANDU [118], a linear congruential pseudorandom number
generator (LCG) that has been used since the 1960s until 1999. It is found that RANDU
generates “random numbers” in 15 parallel two dimensional planes.
The recurrence relations, creating random numbers by recurrence functions and using the
gambler’s fallacy (from the gambler side of view) to generate sequences with predefined properties, all of that, is entirely the opposite of what are random numbers in the real world.
However, what can we do?!!
Figs.2.14-2.16 shows the mean and variance of random numbers generated by Matlab on Mac
machine, which can be considered good PRNG. We see the law of large numbers and how the
converged the predefined mean and variance with high accuracy at a sample size of order 4,
which is relatively small.
Our goal here is to state that: In generating data sets to investigate the effect of noise
and the robustness of algorithms against noise and outliers, the smaller the data
set the more close the data from real-world behavior of error and noise.
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Figure 2.14: Random sample: Mean of the sample on the left axis and
blue dots, and variance of the sample on the right axis and red dots.
The generated signal was with zeros mean and 1 standard deviation. At
each sample size, we create a new sequence with a new PRNG seed. We
see that as the sample size increase, the more deterministic the signal
will be regarding the mean and variance.

Figure 2.15: Random sample with random mean and random variance:
For the same setting as in Fig.2.14, we create the data such that at each
sample size, we create a new sample with random variance uniformly
chosen between [ 1 100], and random Gaussian mean µ ∼ N (0, 1). Again,
we see the weak convergence at approximately the same sample size as
in the case of fixed mean and variance.
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Figure 2.16: LLN and Gambler’s Fallacy: For random number x ∼
N (0, 1), we create the sample in an accumulative manner, meaning that
we create one random number xi ∼ N (0, 1) and concatenate it to the
previously chosen sequence. We see that in small sample size, some regions have continuously increasing/decreasing values for the mean and
variance, which means for example that we have for long iterations generated number that is always above the accumulated mean. However,
finally, we converge again at a large sample size, where the effect of new
samples on the mean and variance become negligible.

2.10

L0 Minimization

Recall the least squares problem:
min (kΦβ − f k2 )
β

(2.53)

The problem is said to be well-posed, according to Jacques Hadamard definition [183], if it
satisfies three main properties
1. A solution exists.
2. The solution is unique.
3. The solution’s behavior changes continuously with the initial conditions.
Problems that are not well-posed are termed Ill-Posed problems. As discussed in many sections
in this chapter, most of inverse problems are ill-posed. In the ill-posed problem, where the
LS method deals with positive (or negative) degree of freedom ill-conditioned matrices with
error amplification in the inverse problem, it is desired to give some preference to a particular
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solution over all other solutions based on some quality measure. This can be achieved by
adding a regularization term to the minimization objective function such as:

min (kΦβ − f k2 + R(β))
β

(2.54)

where R(β) is the regularization term, or penalty term. In general, this equation is called
Tikhonove regularization where the first term called fidelity and the function R is called
regulatory. In fact, we can interpret R in many ways related to the optimization literature
[10, 175], we can see it as a constraint that bound a feasible region for the solution, or the
Lagrange form of the constrained optimization. Choosing the function R(β) is the core subject
for too many research papers and books [89, 182, 183], and it has a great interest during the
last 60 years. Different approaches use different judging criteria on the parameters, and such
criteria usually depend on the nature of the application or the computation complexity [183].
For many dynamical systems, it is usually observed that the governing equations for a very
complex dynamics usually have just a few parameters, and there is a famous quote for John
von Neumann says: With four parameters I can fit an elephant, and with five I can make
him wiggle his trunk. Finally, it becomes a favorable approach in solving the inverse problem
with the assumption that the dynamic is sparse in some basis, and just a few parameters are
governing the dynamic.
A sparse model is a model that have only a small number of nonzero parameters. It can
be easier to estimate and interpret than a dense model, and in the sense of big data, the
number of features (which implies the number of basis) measured can be huge, and much
larger than the number of measurements for each feature. The sparsity assumption allows us
to efficiently construct models that consider only the most significant features, which helps in
understanding and interpreting such complex systems.
Such an approach is known as (in its general form and topic-independent) the optimal subset. Which is optimally finding a small subset from a large set of features according to some
objective function. In the inverse problem, it is known as L0 minimization, meaning that optimally finding the parameters vector β such that kβk0 is minimized, where kβk0 is number
of non-zero entries in the vector β.
To illustrate the L0 minimization numerically (and to introduce for important misconception
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Figure 2.17: Exhaustive search and the effect of penalty in L0 minimization. (Left) for 10 dimensions linear system f = Φβ, the blue
markers shows kf − Φβk2 for all possible combination of basis, the green
marker shows the true solution, and the red marker shows the solution with minimum value. (Right) The value of objective function after
adding a penalty term kf − Φβk2 + λkβk0 . It is clear how the solution
with minimum objective function value found to be the true solution
after adding the penalty term.
in sparse regression litrature), let R(β) = λkβk0 , where λ > 0 is the regularization (penalty)
parameter. Now, let Φ ∈ R1000×10 ∼ N (0, 1), β ∈ R10×1 = 0 except for β2 = 15, β3 = −15,
and we find f = Φβ + η, where η ∈ R1000×1 ∼ N (0, 2) is a large noise. We see that β is
sparse vector with only two entries are non-zero.
Now, we assume β is unknown, and we try to find the best estimation for it. Since we have 10
basis function, that means we have 210 = 1024 possible combinations of basis that we can use.
Fig.2.17-(Left) shows the value of least squares fit kΦΦ+ f − f k2 for all possible combination
of basis. It is clear that there are many solutions lies within the very small neighborhood
(vertically) of the best solution, and the best solution was the dense solution that used all the
basis.
Now, we try to find it through the minimizing optimization problem [38]:

min (kΦβ − f k2 + λkβk0 )
β

(2.55)

where the parameters found by β = ΦΦ+ f for the chosen basis, and we choose λ = 10.
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Fig.2.17-(Right) shows the value of the objective function for all possible combinations, and
we see clearly how the true solution is simply the one with minimum objective function value.
This technique is very efficient, and even with hard problems with a rank deficient matrix
with condition number of a high order, it becomes easy to classify a small set of solutions and
choose the optimal one.
The only, and unfortunately a major, problem in exhaustive search is the computation complexity, which makes the L0 minimization an NP-Hard problem. It is a well-known fact, but
we showed the robustness of the method in low dimension to clarify a significant misconception
about the regression methods.
Almost every sparse regression paper contains the sentence: “Unfortunately, L0 minimization
is NP-Hard”, but also in most of the previous work, a low dimensional chaotic system considered as test problem, such as Lorenz and Rossler systems (3-dimensions). Moreover, using low
expansion order for the low dimensional system will result with very few basis (it is usually
10 basis under the 2nd expansion order of Lorenz system). So, we firmly believe that the
efficiency and robustness of any sparse regression method should be evaluated
under high dimensional systems.
In the following sections, we discuss the major regularization methods and sparse regression
methods.

2.10.1

Tikhonov regularization

Tikhonov regularization is named for Andrey Tikhonov, known for his important contributions
to topology, and ill-posed problems, and he worked on the regularization techniques in the
early 1960s. Tikhonov regularization is used in many fields aside from linear regression, such
as classification with logistic regression.
Although that his original work discuss many forms and general formulation of the regularization function, see our discussion on Eq.2.54, but the commonly used form is the use of L2
norm in the regularization term such that R(β) = kΓβk22 , where Γ is Tikhonov matrix, and
it is usually chosen to be Γ = λI, with λ is the regularization parameter and I is the identity
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matrix [80, 183]. Then, the optimization problem takes the form:

min kΦβ − f k22 + kΓβk22



(2.56)

Kkβk2 ≤ Kkβk∞

(2.57)

β

Since for β ∈ RK , we have [78]:

kβk∞ ≤ kβk2 ≤ kβk1 ≤

√

Tikhonov regularization re-invented and formulated in many other forms, with different strategies of choosing Γ.

2.10.2

LASSO

A relaxation for L0 minimization is the regularized optimization problem:

min αkΦβ − f k22 + λkβk1 ,
β

(2.58)

which is the Lagrangian form of constrained optimization problem that have kβk1 < t is the
feasible search space for some predefined constant t, and the factor α, which have been used
in literature as α = 1/2N, α = 1/2, and α = 1 corresponds to a different parametrization
of λ, to make λ values comparable for different sample sizes, which is useful when using
cross-validation technique. Similar to [89], we choose α = 1. The parameter λ ≥ 0 controls
the extent to which sparsity is desired: as λ → ∞ the second term dominates and the only
solution is a vector of all zeros, whereas at the other extreme λ = 0 and the problem becomes
identical to a least squares problem which generally yields a full (non-sparse) solution. Values
of 0 < λ < ∞ balances the “model fit” quantified by the 2-norm and the sparsity of the
solution characterized by the 1-norm. For a given problem, the parameter λ needs to be
tuned to specify a particular solution. A common way to select λ is via cross validation [89].

2.10.3

SINDy

Judging the parameters relevancy based on their magnitude, and iteratively applying a threshold to discard the low magnitude parameters, can be useful and computationally efficient when
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having stable basis matrix, with low condition number, and unified scale of the basis. Hard
thresholding has been extensively studied through last two decades [21, 22, 23, 49, 71, 96].
In 2015, the authors in [30], introduced SINDy (Sparse Identification of Nonlinear Dynamics)
as a way to perform nonlinear system identification in similar way by applying iterative hard
thresholding on least squares solution. Different versions of SINDy have been introduced in
[31, 102, 128, 154], but all of them commonly share the same basic form of hard thresholding
which can be described as the following:
Let:
T (β, λ) =





 βi ,

∀|βi | ≥ λ, i =, 1, ..., K




 0,

otherwise.

(2.59)

be the threshold operator that thresholds all parameters with a magnitude less than λ in the
parameters vector β, and let x = Ls (Φ, f , β) be the least squares solution using the columns
of Φ with index j such that βj 6= 0, and xj = 0 for all βj = 0. Then, starting from β0 = Φ+ f ,
SINDy solution obtained iteratively by:

βk = Ls (Φ, f , T (βk−1 , λ)).

(2.60)

Given that Lasso can be computationally costly, SINdy proposed to use sequential least
squares with (hard) thresholding as an alternative. For a (pre-chosen) threshold λ, the method
starts from the least squares solution and abandons all basis functions whose corresponding
parameter in the solution has absolute value smaller than λ; then the same is repeated for
the data matrix associated with the remaining basis functions, and so on, until no more basis
function (and the corresponding parameter) are removed.

2.10.4

Extended SINDy

In their recent paper [186], the authors considered the SID problem where a certain fraction of
data points are corrupted and proposed a method to simultaneously identify these corrupted
data and reconstruct the system assuming that the corrupted data occurs in sparse and
isolated time intervals. In addition to an initial guess of the solution and corresponding
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residual, which can be assigned using standard least squares, TW approach requires a predetermination of three additional parameters: A tolerance value to set the stopping criterion,
threshold value λ used in each iteration to set those parameters whose absolute values are
below λ to be zero, and another parameter µ to control the extent to which data points that
do not (approximately) satisfy the prescribed model are to be considered as “corrupted data"
and removed.
TW algorithm can be summarized as the following:




Given: ε0 , b0 , tol, λ, µ







while kεk − εk−1 k∞ > tol





βk+1 = T (Φ+ (f − εk − bk ), λ)







εk+1 = W (f − bk − Φβk+1 , µ)







bk+1 = bk + Φβk+1 + εk+1 − f

(2.61)

where ε0 = 0N is column of zeros, b0 ∈ RN is random variable such that b0 ∼ N (0, 1), T (·, λ)
given in Eq.2.59, and W (x, µ) is the weight function:

W (xj , µ) = max 1 −


1
, 0) xj
µkxj k

(2.62)

with xj indicate the rows of a matrix x.

2.11

Compressed Sensing and L1 Magic

Compressed sensing is a paradigm developed in recent years to reconstruct sparse signals using
only limited data [12, 35, 36, 38, 39, 57, 194]. Mathematically, the problem of compressed
sensing is to reconstruct the vector β ∈ RK in Eq. (2.18) from linear measurements, and it
mainly focuses on the under-determined systems where that measurements matrix Φ ∈ RN ×K
has negative degree of freedom with N < K, which also called “short-fat” matrix, and it
provides a new sampling scheme given that the signal of interest is sparse in a certain basis.
Moreover, compressive Sensing assumes the non-sparsity structure to be just a few terms [36,
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38] that are lower than the basis functions by introducing the inequality:

s < N << K

(2.63)

Where s is the number of nonsparse entries in the vector β, N is the number of measurements
and K is the number of candidate functions. Then, the main objective is to solve (2.18) by
finding the s-sparse vector β. So, the basic optimization problem we have is:



arg minβ kβk0 ,

(2.64)



subject to kΦβ − f k = 0,
As a relaxation of L0 -norm minimization, as discussed before, it has been shown that a recovery of the original signal is possible through the solution of the following convex optimization
problem [35, 36, 38, 39], with equality constraints optimization problem:



arg minβ kβk1 ,

(2.65)



subject to kΦβ − f k = 0,
and with quadratic constraints optimization problem:



arg minβ kβk1 ,

(2.66)



subject to kΦβ − f k ≤ ,
where kβk1 is the L1 norm of the vector β, and the tolerance  is a user specified parameter
represent a relaxation for the equality constrained optimization problem (2.65) with considering the presence of noise.
Recall that CS is the principle of recovering an unknown sparse vector with many fewer
measurements than the systems dimension (Underdetermined Systems). The idea behind this
recovery process is that we required our few measurements to be informative not just random
sampling. So, CS combines the important task of compression directly with the measurement
task [20, 37].
The recovery process by CS is highly dependent on the basis matrix Φ, and while CS has high
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performance with orthogonal basis, but it is sensitive to the chosen basis. Restricted Isometry
Property (RIP), Nullspace Property (NSP), and Coherence Criteria, [3, 11, 20, 35, 36, 37,
38, 184], become the main properties to analyze and decide the robustness of the recovery
process.
From Eq. (2.17) and Eq. (2.18), we see that our linearization approach depends on creating a
set of candidate functions as our basis that is not necessarily orthogonal or even independent,
which can cause the measurement matrix to be unstable and sensitive for the CS recovery
process [20, 81], as will be shown in our numerical results in Ch. (4).
Moreover, by considering the system of interest in Eq. (2.18) as black-box, with no prior
information about number of non-sparse entries or the boundaries of the signal values, CS
will tend to oversparse the solution with the presence of noise. In order to construct an
example that clearly shows the oversparse mechanism in CS, consider the three-dimensional
linear system:








 6 3 2 
 6



 2 1 1 β =  2






1 2 1
4



.



(2.67)

T


It is easy to find that the solution for the above system is β =

0 2 0

. Now, suppose

that the third “measurement” is missing, and we have the under-determined system








 6 3 2 
 6 

β =  
2 1 1
2

(2.68)

where infinitely many solutions lie on the line of intersection of the two planes:



6x + 3y + 2z

=6



2x + y + z

=2

Figure 2.18 shows this simple example, where the solution for β lies on the intersection of
the two planes shown, and we see the true solution, the LS solution and CS solution on the
solution line. We see how the LS solution is far from the true solution with a high margin of
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error.
CS uses a different mechanism, since within all feasible solutions, it tends to select the one with
minimum kβk1 , even if there is another solution with the same sparsity that has a residual

T
kAβ − bk2 = 0, and it is the case in our example where kA 0 2 0
− bk2 = 0, while the
CS solution has the residual kAβCS −bk2 = 2.5×10−5 . In other words, for the system Aβ = b,
if there exist two solutions such that ka1 k1 < ka2 k1 and kAa2 − bk2 < kAa1 − bk2 ≤ , where
 is the tolerance for CS optimization, then CS will select a1 as a solution, even it has higher
residual, and regardless of the structure of the sparse or the information flow between the
basis functions and the observations. Numerically, assume the system in Eq. 2.68 to be:

 (6 +


1e−10 )
2


3





2 
 6 
β =  
(1 + 1e−16 ) 1
2

(2.69)

and consider a reasonable tolerance for CS solver to be  = 1e−9 , then CS will always select
[1 0 0] as a solution even though it has a higher residual.
For many applications, it is acceptable to have such solution since it lies on the solution line
and such residual difference will have negligible effect on the final result, But in discovering
the governing equations of dynamical systems, such solution can often lead to a completely
inaccurate structure of the system.
On the other hand, some applications are not highly sensitive if they are missing a few nonsparse elements, and CS shows a high performance in such applications which makes it an
efficient algorithm in communication in Wireless Sensors Networks (WSN), signal processing,
signal compression, and antenna characterization. The common factor between the applications where CS exhibits high performance is the availability of prior informations, while such
prior information may not be available in the case of discovering the governing equations of
a complex system.
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Figure 2.18: Oversparsity: The line of intersection of the two planes
(triangles) shows the solution plane. We see that compressed sensing
solution is oversparsed.

2.12

Orthogonal Least Squares

A Greedy Algorithms approach have been developed 1988 [43], which called Orthogonal Least
Squares (OLS),2 and have been re-introduced [18, 59, 108, 142, 151, 193], and it extended in
[207, 208, 209].
Greedy search depends on dividing the optimization problem to iterative local ones, by iteratively search for the function (column) that is locally optimal according to the objective
function. It is one of the most efficient approaches, that has better performance with fewer
measurement than other regularization techniques.
In orthogonal least squares (OLS), the idea is to iteratively select the columns of Φ that
minimize the (2-norm) model error, which corresponds to iterative assigning nonzero values
to the components of β. In particular, the first step is to select basis φk1 and compute the

2

Not to be confused with the Ordinary Least Squares which we simply call here the Least squares method.
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corresponding parameter βk1 and residual r1 according to



(k1 , βk1 ) = arg mink,c kf − cφk k2 ,

(2.70)



r1 = f − φk1 βk1 .
Then, one iteratively selects additional basis functions (until stopping cretia is met) and then
computes the corresponding parameter value and residual, as



(k

`+1 , βk`+1 )

= arg mink,c kr` − cφk k2 ,

(2.71)



r`+1 = r` − φk`+1 βk`+1 .
To end the process there are several choices of stopping criteria, including AIC and BIC. In
this work, in the absence of knowledge of the error distribution, we adopt a commonly used
criterion where the iterations terminate when the norm of the residual is below a prescribed
threshold. To determine the threshold, we consider 50 log-spaced candidate values in the
interval [10−6 , 100] and select the best using 5-fold cross validation.

2.13

Conclusions

Regardless of the particular method or system, most previous works focus on observational
data that are either perfectly sampled data from a known system or with some very low level
of noise. In practice, since an observation process can be subject to large disturbances in
unpredictable ways, the effective noise can be large and even contain “outliers” that can contaminate the otherwise excellent data. Can SID still work under the presence of significant
noise and outliers? At a glance, the answer should be yes, given that several recent SID
methods for nonlinear systems are readily deployable in the presence of noise. For example,
compressive sensing can handle noise by relaxing the constraint set. In the Sec. (4.3), we
report numerical evidence that relatively large noise and outliers in the observational data
generally cause issues for standard SID methods, including those that specialize in finding
sparse models. More alarmingly, while the underlying model may be quite sparse with respect to a chosen basis, the truth may well not be optimally sparse and consequently sparse
optimization methods (such as compressive sensing) can be brittle in the sense that when
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they fail, they may fail spectacularly, even worse, the presence of outliers makes this issue
more pronounced.
This general problem is traditionally discussed in the language of inverse problems, solved
by assuming various forms of noise, or alternatively in the language of optimization, by least
squares, orthogonal least squares, lasso, compressed sending, to name a few, each of these
being mentioned in Sec. (4.3).
We depart from the standard approaches to SID. We identify the error quantification via
metric norms as a root cause for existing methods to fail under large noise and outliers
because outliers tend to deviate from the rest of sample data as measured by metric distance;
thus trying to “fit” these outliers will cause the model to put less weight on the “good” data
points. Instead, we propose to infer the (sparsity) structure of a general model together with
its parameters using a novel information theoretic approach that we call entropic regression
because of the inclusion of both entropy optimization and regression.
Real-world data sets are invariably often “too small” or “smaller than we wish,” since collecting
data is expensive, and too small is related to the dimensionality of the problem, clearly
methods that can succeed to the same degree in the SmallData regime (in contrast to the
trending phrase BigData) must be developed. We therefore suggest performing BigData
analysis using SmallData.
As we will show in Ch. (4), while standard metric-based methods emphasize the data in ways
as designed by the chosen metric, the proposed entropic regression is robust with regards to the
presence of noise and outliers in the data. Instead of searching for the sparsest model and thus
possibly becoming brittle, entropic regression emphasizes “relevance” according to a modelfree, information-theoretic criterion. Basis terms are included in the model only because they
are relevant and not because they together make up a sparse model. We demonstrate the
effectiveness of entropic regression in several examples. We also remark on the computational
complexity and convergence in a small-data regime.
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Chapter 3

Information Theory
In order to arrive at knowledge of the motions of birds in the air,
it is first necessary to acquire knowledge of the winds, which we
will prove by the motions of water in itself, and this knowledge
will be a step enabling us to arrive at the knowledge of beings
that fly between the air and the wind.
Leonardo da Vinci
(1452 - 1519)

I

nformation theory in it’s most basic form can be explained by considering the everyday
learning process of our minds. The more “information” we have about a specific topic,

the less “new” information we may find in the following days, and lower the probability of
finding information resources that can influence you with new information that updates your
previous assumptions. In other words, if the event A has a high probability of happening
in our daily life, then there is no (or less) surprise when observing that event A occurs. On
the other hand, seeing that event B happens—which is a rare event with low occurrence
probability—will be a “surprise”.
We can think of the “surprise” term as an indicator of the uncertainty. Applying this to
our learning process example, the less one is surprised about information they receive, the
more “certain” they are about the topic they are learning. More surprise indicates a higher
uncertainty. That leads us to the first subsection about the fundamental measure in the
information theory, which is Entropy; The measure of uncertainty. Since the methodology
for our entropic regression in the following chapter depends on information theory, we review
some of the relevant terms of this beautiful theory here.
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Figure 3.1: Entropy of the event A. Here we assume A has two
mutually exclusive states, and P (A) represent the probability of the
state 1. This figure shows the uncertainty about the event A. In xaxis we have the probability P (A) = p of state 1, then by Eq. 3.2,
H(A) = −p log(p) − (1 − p) log(1 − p) is the measure of uncertainty of
the event A, where (1 − p) is the probability of state 2. Starting from
P (A) = 1, meaning that the event A is always at state 1, then H(A) = 0,
meaning that there is no uncertainty and we are sure of the event A state.
As the probability decrease, the entropy (uncertainty) increase to reach
its maximum at P (A) = 0.5, which is the case the state 1 and state
2 have equal probability. Continuing decreasing P (A) will reduce the
entropy again since we become more certain that the event A tends to
have the state 2, until we become completely certain that A will only be
in state 2, H(A) = 0 at P (A) = 0.

3.1

Entropy

Entropy was first known as an extensive property of a thermodynamic system [16]. The
entropy of a thermodynamic system is a function of the number of possible microscopic
states consistent with the macroscopic quantities that characterize the system. Assuming
microstates with equal probability, the entropy is given by:

S = kB ln(W )

(3.1)

where W are the number of microscopic states and kB is Boltzmann constant named after
Ludwig Eduard Boltzmann [16]. This quantity, reffered to as Boltzmann’s entropy, is a
measure of statistical disorder in the system.
An analog to thermodynamic entropy is information entropy introduced by Claude Shannon
in 1948 as “measures of information, choice, and uncertainty”. To describe Shannon’s entropy,
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consider a discrete random variable X whose probability mass function is denoted by p(x) =
P rob(X = x). One can calculate its entropy as [50, 168],

H(X) = −K

X

p(x) log p(x),

(3.2)

x

where K is positive constant, and H(X) is a measure of the uncertainty or unpredictability
of X. Note that if we assume uniform probability distribution for the states of X, then
we have p(x) =

1
N,

where N is the number of states, and then Eq. 3.2 can be written

as H(X) = K log(N ) similar to Boltzmann’s entropy under the same assumption of equal
probability of the states. The constant K, as Shannon sates, is determined by a choice of a unit
of measurement, and we will consider K = 1 and log = log2 for the rest of this document for
simplicity. Fig. 3.1 shows the entropy function for a random event with different probabilities.
Shannon’s work provides an extended and generalized view and understanding for the entropy.
One of the extended perspectives of Shannon’s entropy is dealing with the continuous random
variables, and it takes the form:
Z

∞

fX (x) log(fX (x))dx,

H(X) =

(3.3)

−∞

where fX (x) is the probability density function. The entropy shown in Eq. (3.3) is referred
to the differential entropy.

3.2

Mutual Information

The entropy defined in Eq. (3.2) naturally extends to the case of multiple random variables.
For example, the joint entropy H(X, Y ), and conditional entropy H(X|Y ) of two random
variables X and Y is given, respectively, by [50, 168],

H(X, Y ) = −

X
x,y

p(x, y) log p(x, y)

(3.4)
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H(X|Y ) = −

X

= −

X

p(y)H(Y |X = x)

y

p(x, y) log p(x|y),

(3.5)

x,y

where p(x, y) is the joint probability distribution, and H(X|Y ) (read as entropy of X given
Y ) is the measure of the uncertainty in X if Y is known. Some of the main properties of the
entropy, joint entropy, and conditional entropy can be summarize as follows:
• The entropy of a discrete variable X is positive (H(X) ≥ 0), while the differential
entropy does not necessarily satisfy this property.
• For two independent random variables X and Y , H(X, Y ) = H(X) + H(Y ).
• The chain rule: H(X, Y ) = H(X) + H(Y |X).
• One important property is that for a random variable X, the conditional entropy of X
given any other variable Y will reduce the entropy of X, meaning that H(X) ≥ H(X|Y ).
The equality holds when X and Y are independent with H(X, Y ) = 0. This property
implies that the information from Y reduces the uncertainty about X. When Y = X
we have been given all the information about X, and we are completely certain about
X, therefore H(X|X) = 0.
The joint and conditional entropies lead to measures that detect the statistical dependence
or independence between random variables. Such a measure is called the mutual information
between X and Y , and it is given by [50, 168],

I(X; Y ) = H(X) − H(X|Y )
= H(Y ) − H(Y |X)
= H(X) + H(Y ) − H(X, Y ),

(3.6)

where the mutual information I(X; Y ) (reads as mutual information between X and Y ) is a
measure of the mutual dependence between the two variables. In terms of joint probability
distribution, mutual information can be written as,

I(X; Y ) =

XX
y∈Y x∈X


p(x, y) log

p(x, y)
p(x)p(y)


,

(3.7)
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and in its continuous form,


Z Z
I(X; Y ) =

fX,Y (x, y) log
Y

X

fX,Y (x, y)
fX (x)fY (y)


,

(3.8)

where fX,Y (x, y) is the joint probability density function for the two continuous random
variables X and Y .
In case of independence of the two random variables, we have

p(x, y) = p(x)p(y),

(3.9)

and then we have

log

p(x, y)
p(x)p(y)


= log(1) = 0 =⇒ I(X; Y ) = 0.

(3.10)

The same principle holds for the continuous variables in Eq. (3.8), although I(X; Y ) satisfies
the inequality I(X; Y ) 6 min[H(X), H(Y )] only in the discrete variables case.

3.3

Transfer Entropy

Transfer entropy is a non-parametric statistic measuring the amount of directed transfer of
asymmetric information between two random processes [166], it is related to Granger causality [83], and equivalent if the process is linear stochastic Gaussian [13]. For two stochastic
processes Xt and Yt , the reduction of uncertainty about Xt+1 due to the information of the
past τY states of Y is represented by
Y (τY ) = (Yt , Yt−1 , ..., Yt−τY +1 ),

in addition to the information of the past τX states of X , represented by
X (τX ) = (Xt , Xt−1 , ..., Xt−τX +1 ),
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this reduction of uncertainty about Xt+1 is measured by “Transfer Entropy” which given by
[50, 168],

TY →X

= H(Xt+1 |XtτX ) − (Xt+1 |XtτX , YtτY ),
= I(Xt+1 ; YtτY |XtτX ).

3.4

(3.11)

Causation Entropy

Causation, which is referred to as causality or cause and effect, is the effectiveness by which
one process contributes or leads to the generation of another process. Here, the first process
is the “cause” and the later the “effect.” The cause being a least partially responsible for the
effect, and the effect being partially dependent on the cause.
In Aristotle’s Metaphysics, the word “cause” used to mean explanation or “answer to a ‘why’
question,” and a general question in metaphysical philosophy is: what kind of entity can be
a cause, and what kind can be an effect. One viewpoint is that any entity can be a cause or
effect, with causation an asymmetric relation between them.
After Newtons work, and the new explanations of the world and the physical phenomenons,
causation received a lot of interest, and Immanuel Kant introduced significant contributions
to the field. In 1754 [32], while contemplating on Berlin Academy prize question about the
problem of Earth’s rotation, he claimed that the Moon’s gravity would slow down Earth’s
spin and the gravity would eventually cause the Moon’s tidal locking to coincide with the
Earth’s rotation. In 1755 he published his work: “Universal Natural History and Theory of
the Heavens: Attempt to Account for the Constitutional and Mechanical Origin of the Universe
upon Newtonian Principles”.
In the early 20th century, different points of view start to appear for causation; Bertrand Russell argued that “In the motions of mutually gravitating bodies, there is nothing that called a
cause and nothing that called an effect, there is merely a formula”. In his metaphysics work,
he takes the relation of causation to be a relation of determination, and there are no profound
metaphysical truths about causation. In Russell view, A causes B if and only if A determines B to occur, with asymmetric relation. His ideas set the foundation of Eliminativism
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philosophy.
Practically, the beginning of the 20’s Century was the golden age for deterministic knowledge,
where many scientists were hoping to create deterministic relationships in order to explain
different phenomenon. However, at the same time, and initiated by Heisenberg, there was a
deterministic existence of uncertainty, and many efforts went in the direction of quantifying
the uncertainty, to have a better understanding to the nature of the relationship between
processes.
Causes can be classified to [61, 141], necessary causes, sufficient causes, and contributory
causes.
• Necessary causes: If x is a necessary cause of y, then the presence of y implies the prior
occurrence of x. However, the presence of x does not imply the future occurrence of y.
• Sufficient causes: If x is a sufficient cause of y, then the presence of x implies the subsequent occurrence of y. However, the presence of y does not imply the prior occurrence
of x, since another cause z may alternatively cause y.
• Contributory causes: For some specific effect y, a cause xi is a contributory cause
among several co-occurrent causes xj , j = 1, ..., and j 6= i. There is no implication that
a contributory cause is necessary, though it may be so.
Here, we discuss one idea that set the ground for our approach for system identification.
Recall the linear system
f = Φβ,

(3.12)

the basic assumption is that among the set of processes φ1 , φ2 , ..., φK , there is a small set
S ⊂ {1, .., K} of processes φi , i ∈ S, and the cardinality card(S) << K, represent “together”
a sufficient cause for the dynamic f . However, because of the noise, outliers, and many other
parameters we discussed in Ch.2, we have an ill-conditioned system with a high degree of
uncertainty. As a result, all the processes in Φ appear to be contributory causes, especially
with the absence of a reliable measure of causality. Our approach in this thesis aims to
find the minimal set S, such that the processes φi , i ∈ S represent a sufficient cause for f .
The traditional approach of inferring causality between two stochastic processes is to perform
the Granger causality test [83]. The main limitation of this test is that it can only provide
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information about linear dependence between two processes, and therefore fails to capture
intrinsic nonlinearities that are common in real-world systems. To overcome this difficulty,
Schreiber developed the concept of transfer entropy between two processes [166]. Transfer entropy measures the uncertainty reduction in inferring the future state of a process by learning
the (current and past) states of another process.
In [180], the authors showed by several examples that causal relationship inferred by transfer entropy is often misleading when the underlying system contains indirect connections, a
dominance of neighboring dynamics, or anticipatory couplings. For example, the approaches
that consider the transfer entropy in order to find the weak terms in Φ that has no influence
on f to construct the sparse matrix β, these approaches neglect the simple and clear idea
that the terms of Φ have an indirect influence on f through the other terms of Φ, meaning
that it neglects the information flow between the processes in Φ. To account for these effects,
J. Sun, D. Taylor, and E. Bollt [180], developed a measure called Causation Entropy (CSE),
that can (in contrast to transfer entropy) distinguish the directed and indirect influence, and
they showed that its appropriate application reveals true coupling structures of the underlying
dynamics.
Consider a stochastic network of N processes (nodes) denoted by:
(1)

(2)

(N )

Xt = {Xt , Xt , . . . , Xt
(i)

where Xt

}

(3.13)

∈ Rd is a random variable representing the state of process (or node) i at time

t, and i ∈ V = {1, 2, . . . , N }, and let I, J, and K be a subsets of V, then we can define the
causation entropy as the following:

Definition 1 [180]: The causation entropy from the set of processes J to the set of processes
I conditioning on the set of processes K is defined as
(I)

(K)

CJ→I|K = H(Xt+1 |Xt

(I)

(K)

) − H(Xt+1 |Xt

(J)

, Xt ).

(3.14)

The Causation entropy is a natural generalization of transfer entropy from measuring pairwise
causal relationships to network relationships of many variables. In particular, we can list the
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main properties for the causation entropy, noting that if J = {j} and I = {i}, we simplify
the notation as Cj→i|K :
• If j ∈ K, then the causation entropy Cj→i|K = 0, as j does not carry extra information
(compared to that of K).
• If K = {i}, then the causation entropy recovers the transfer entropy Cj→i|i = Tj→i
(i)

(i)

(i)

(i)

(j)

which is given by Tj→i = H(Xt+1 |Xt ) − H(Xt+1 |Xt , Xt )..
In [180], the authors introduced the principle of optimal Causation Entropy (oCSE) in a
network of N processes to find the minimum subset that maximizes the causation entropy.
We can see this minimal subset as the dominant subset of a network of N processes, and they
rule the underlying dynamic of the network.

3.5

Mutual Information Estimators

We relay on a non-parametric entropy estimator based on the principle of k-nearest neighbors
(Knn) developed by Kozachenko et al. (1987) [111], and in 2004, Knn mutual information
estimator introduced by Kraskov et al. [112], which is known as KSG estimator.
Let x, y ∈ Rn be two random variables, then, for each data index i ∈ {1, ..., n}, KSG finds the
radii Ri of the spherical volumes in the joint space J = (x, y) between Ji and its k th smallest
element in the set S = {kJi − Jj k : j ∈ {1, ..., n}, j 6= i}. Then, by centering the volume of
the sphere at the ith data point, we find Ni,x , which is the number of neighbors in x that
are inside the sphere with respect to xi , and similarly we find Ni,y , which is the number of
neighbors in y that are inside the sphere with respect to yi . Then, the mutual information
between x and y is given by:
n

I(x; y) = ψ(k) + log(n) −

1X
(ψ(Ni,x + 1) + ψ(Ni,y + 1))
n

(3.15)

i=1

where ψ is the Digamma function defined as the logarithmic derivative of the Gamma function
ψ(x) =

d
dx Γ(x).

Different approaches can be considered to choose distance function to find Ri

in the joint space, the above equation, which we adopt in our work, is for using the max-norm
sphere (k · k∞ ).
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Similar approach introduced by Vejmelka et al. [191], to estimate the conditional mutual
information I(x; y|z), x, y, z ∈ Rn . Where Ri found in the joint space J = (x, y, z), between
Ji and its k th smallest element in the set S = {kJi − Jj k∞ : j ∈ {1, ..., n}, j 6= i}. Then the
volume centered at the ith data point on the subspace J x = (x, z), J y = (y, z) and J z = z to
find Ni,xz , Ni,yz and Ni,z respectively. The conditional mutual information is then given by:
n

I(x; y|z) = ψ(k) −

1X
(ψ(Ni,xz + 1) + ψ(Ni,yz + 1) − ψ(Ni,y + 1))
n

(3.16)

i=1

KSG’s computational complexity comes from distance computations for the nearest neighbor, but the using Kd trees search algorithm, the complexity can be reduced from O(n2 ) to
O(n log n).

3.6

Mutual Independence Test

Another important issue in practice is the determination of mutual independence: in theory,
mutual information I(x; y|z) is always non-negative and equals zero if and only if x and x are
statistically independent given z. However, in practice, due to finite sampling and estimation
inaccuracies, the estimated mutual information does not always equal to zero even when x
and y are independent and can be negative. Thus, one needs a way to decide whether x and
y should be deemed independent given the estimated value of I(x; y|z).
In [180], the authors introduced a standard shuffle test, with a “confidence” parameter α ∈
[0, 1] for tolerance estimation. The shuffle test requires randomly shuffling of one of the
variables ns times, to build a test statistic. In particular, for the i-th random shuffle, a
random permutation π (i) : [T ] → [T ] is generated to shuffle one of the variables, say y, which
produces a new variable (ỹ (i) ) where ỹ (i) = yπ(i) ; x and z are kept the same. Then, we estimate
the mutual information I(x; ỹ (i) |z) using the (partially) permuted variable (x, ỹ (i) , z), for each
i = 1, . . . , ns . For given α, we then compute a threshold value Iα (x; y|z) as the α-percentile
from the values of I(x; ỹ (i) |z). If I(x; y|z) > Iα (x; y|z), we determine z and z as dependent;
otherwise independent. Algorithm 1 shows the shuffle test algorithm.
In [180], the authors showed the robustness of shuffling test for optimal causation entropy
calculations, especially in complex dynamics, although it is computationally expensive. For
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Algorithm 1 Shuffle Test
1:
2:
3:
4:
5:
6:
7:
8:
9:

procedure Shuffle Test(f , φ, ΦK , α, ns )
i = 1, I = ∅
while i ≤ ns do
I ← Cφ→f i |ΦK (Φ+ f ) ,
K
π
i := i + 1,
return I
I ← I s.t. Ij ≤ Ij+1 , j = 1, . . . , ns − 1
tol = Ik , where k = dαns e.
return tol

more efficient computations complexity, we considered a simplified version of the shuffle test
that will be discussed in Ch.4.

3.7

Asymptotic Equipartition Property

In information theory, the asymptotic equipartition property is the direct analog of the law
of large numbers. Indeed a large fraction of the information theory can be built on the AEP
[50]. Recall that the weak law of large numbers state that the sample average converges in
probability towards the expected value:

lim P r [|x̄n − µ| > ε] = 0

n→∞

(3.17)

which implies that for any nonzero small ε, there will be a very high probability that the
average of the observations will be close to the expected value with a sufficiently large sample.
The Asymptotic equipartion property states the following [50]:
Theorem 3.7.1. AEP Theorem [50]: If x1 , x2 , . . . , xn are independent and identically
distributed random variables, then


1
lim P r | − log p(x1 , x2 , . . . , xn ) − H(X)| > ε = 0.
n→∞
n

where p(x) is a probability function and H(X) is the entropy of the sample.

(3.18)
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Proof. Since xi are i.i.d, then a function log p(x) is also i.i.d., Hence, by the weak law of large
numbers:
n

1
− log p(x1 , x2 , . . . , xn )
n

1X
−
log p(xi )
n

=

i=1

1
→ E[− log p(X)], (converge in probability)
n
=

H(X).

(3.19)

The AEP allows dividing the set of all sequences into two sets, the typical set, where the
sample entropy is close to the actual entropy, and the non-typical set, which contains the other
sequences. The typical set is our primary interest, so we will extend the discussion in [50], in
this section to discuss the implications of AEP on our approach for system identification.
From [50] we have:
Definition 3.7.1. A set of sequences (x1 , x2 , ..., xn ) ∈ X , that satisfy the property:
2−n(H(X)+) ≤ p(x1 , x2 , ..., xn ) ≤ 2−n(H(X)−)
(n)

is said to be a typical set A

(3.20)

with respect to p(x).
(n)

As a consequence of the AEP, the set A

has the following properties:

(n)

1. If (x1 , x2 , . . . , xn ) ∈ A , then
1
H(X) −  ≤ − log p(x1 , x2 , . . . , xn ) ≤ H(X) + .
n

(3.21)

(n)

2. P r{A } > 1 −  for sufficiently large n.
(n)

(n)

(n)

3. |A | ≤ 2n(H(X)+) , where |A | is number of elements in the set A .
(n)

4. |A | ≥ (1 − )2n(H(X)−) , for sufficiently large n.
Note that number of elements is the number of possible sequences in the set entries. Then we
summarize that:
• The typical set has a probability of nearly 1.
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• All elements of the typical set are nearly equiprobable.
• The number of elements in the typical set is nearly 2nH(X) .
One example to give clear view for the above properties is to consider random binary number in
the form Bernoulli probability Ber(p), where for a uniform random number r and a predefined
value p, r, p ∈ [0, 1], then Ber(p) is given by:

Ber(p) =




1, r < p

.

(3.22)



0, r ≥ p
Practically, Ber(p) should be written as Ber(p, r), however, since r is a random number, we
assume the implicit generation of r and we use the reduced notation Ber(p) in all this text.
With p = 0.5, x = Ber(p) generate a sequence of 0 and 1 with equal probability for each
state, and as discussed in Fig.3.1, such sequence will have a maximum entropy H(X) = 1.
Then the typical set will have 2nH(X) elements with requires nH(X)-bits to represent them,
and in our case in it is required n bits to represent a sequence of Bernoulli trials with p = 0.5.
Then, the number of elements in the typical set equal the total number of elements.
Now, consider the case where p = 0.05, which will give a sequence xn = Ber(p) with “most”
entries equal to 0. Such sequence has entropy H(x) = 0.1414 with large n. Then, the typical
set will have 2nH(X) = 20.1414n elements.
This idea is mainly used in coding, to use lower bitrate to store or transmit the data, where
it is known that the optimal coding will code the signal with bit rate equal to the entropy of
the signal, as the signal length is large. So, for a “large” signal, there will be a subset of the
signal that has most of the information, and the non-typical set will only be a small fraction
of the information. On the other hand, if we have two identical signals x and y, with some
entries in x have a deviation (outliers) from y, then by the principle of AEP and the typical
sets in x, and y, the information I(x; y) we remain the same and will not be affected by the
non-typical sets, as the sample size is large.
Then, the information measure I(x, y) and the Lp measures ||x − y||p , since they are functions
of i.i.d., will converge in probability to their mean for large sample size. The only difference
between them is the term “large”. We will show that the information measures I(x, y) reach

Chapter 3. Information Theory

80

Figure 3.2: The clean signal x (red) and the noisy signal ỹ (blue)
generated by Eq.3.23. (Left) 200 data points. (Right) 2000 data points.
stable and robust estimation to outliers with the number of measurements that is 1 to 2 orders
less than L2 .
To investigate this difference numerically, let t ∈ Rn be equally spaced span such that ti ∈
[−4π, 4π], and let the signal xi = yi = 4 sin(ti ), ∀i ∈ {1, ..., n}, that the two vectors x and
y are identical. We want to investigate how the L2 measure kx − yk2 and the information
measure I(x, y) perform if the signal y has a “some” of its entries deviate from the true value.
Moreover, we investigate the change in performance for increasing sample size n.
So, for each sample size nk ∈ [102 , 104 ], we add high noise to y such that:

ỹi = yi + ηi Ber(p)

(3.23)

where η ∼ N (0, ση2 ), ση2 = σx2 , meaning that the signal to noise ratio SN R = 1, which is high
noise (see Fig.3.2), and Ber(p) is Bernoulli probability with p = 0.25, meaning that only 25%
of the sample size is noisy. For each sample size nk , we repeat the experiment 100 times and
100
we record the values std({kx− ỹj k2 }100
j=1 )k and std({I(x, ỹj )}j=1 )k . Fig.3.3 shows the standard

deviation for mutual information and the L2 -norm for different sample sizes. We see that the
mutual information estimated by the KSG estimator is more robust to the presence of outliers
in a subset of the sample, since according to the AEP, there is a subset from the sample that
have entropy (information) equal within small tolerance the total entropy of the signal.
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Figure 3.3: (Blue) STD in mutual information I(x, ỹ). (Red) STD in
kx−ỹk2 . We see that the mutual information and the L2 converged as the
sample size increased. However, mutual information has low sensitivity
to outliers and has a lower magnitude and faster convergence at a smaller
sample size than L2 -norm. Moreover, it shows that mutual information
did not affect by adding outliers points to a fraction of the sample, and
the standard deviation of mutual information converges to zero as the
sample size increase.
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Chapter 4

Entropic Regression
Science is built up of facts, as a house is with stones. But a
collection of facts is no more a science than a heap of stones is a
house.
Henri Poincare
(1854 - 1912)

T

o overcome the competing challenges of potential overfitting, efficiency when limited
data points are available, and robustness to noise and in particular outliers in obser-

vations, we propose a novel framework that combines the advantage of information-theoretic
measures and iterative regression methods. The framework, which we term Entropic Regression (ER), is model-free1 , noise-resilient, and efficient in discovering a “minimally sufficient"
model to represent data. The work presented in this chapter primarily follows our submitted manuscript: “How Entropic Regression Beats the Outliers Problem in Nonlinear System
Identification” [6].
In entropic regression, we use (conditional) mutual information as an information-theoretic
criterion and iteratively select relevant basis functions, analogous to the optimal causation
entropy algorithm previously developed for causal network inference [180, 181]; between each
iteration, the corresponding parameters are updated using a standard regression method,
e.g., least squares. Thus, ER can be thought of as an information-theoretic extension of the
orthogonal least squares regression, or as a regression version of optimal causation entropy.

1

It is a black box modeling method.
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Theoretical and Applied Foundations

Recall that in this work, we consider the linear regression problem in the following form:
Observing a state space measurements z ∈ RN ×d , where N is the number of measurements in
d-dimensional space, z is equally spaced measurements with time step τ between observations,
and we assume that the observations z deviates from some unknown ideal (or true) states
such that:
z = z? + η

(4.1)

where z ? ∈ RN ×d is the unknown true states and η ∈ RN ×d , η ∼ N (µ, σ 2 ), is Gaussian noise
with µ mean and variance σ 2 . Here we assume µ = 0, and the measurements contaminated
with large noise and outliers (σ >> 0).
We adopt the approach that the underlying dynamic is governed by a set of high dimensional
nonlinear ODE, and we obtain the vector field from the measurements such that:

= E(z ? + η, τ ) + 

f

= E(z, τ ) + 

(4.2)

where E : RN ×d × R → RN −n×K is a numerical derivative estimation function such as using
the finite difference method, n is a number of measurements that we may lose in derivative
estimation by finite difference and we will consider it negligible in the following discussion
since we can consider our measurements are N + n measurements, and  is the rounding and
numeric error. We use in this work the central difference method given by:

f

= E(z, τ )
=

zi+1 − zi−1
2τ

(4.3)

where zi ∈ R1×d is the d-dimensional ith measurement, i = 1, ..., N . We see that here
we assumed n = 2, and we observed N + 2 measurements, we discard the first and last
measurement from z to have f , z ∈ RN ×d . Note that derivative estimation is an error
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amplification process2 :

E(z ? + η, τ ) =
=

? +η
?
zi+1
i+1 − zi−1 − ηi−1
2τ
? − z?
zi+1
η
i−1
+
2τ
2τ

(4.4)

which gives that the estimated vector field f in terms of the true unknown one is given by:

f = f? +

η
,
2τ

(4.5)

which is results with large error in the estimated derivative, considering that we usually use
small step size of order -2 or -3. This small fact created a confusion and even misconceptions
in literature, that we have discussed in more details in Appendix A.
As discussed in Sec.2.5, we construct our basis matrix from the state noisy measurements
such that:
Φ = C(z, l)

(4.6)

where C : RN ×d × R → RN ×K is the power polynomials expansion function, is the expansion
order, and K =

(d+l) !
d !l !

is the dimension (number of columns, number of functions) of the basis

matrix Φ. Now, our problem can be set in linear regression matrix form3 :

f = Φβ

(4.7)

which have the least squares solution given by:
L(f , Φ) = (ΦT Φ)−1 ΦT f
= Φ+ f

(4.8)

2
Note that in the equation below, sum of two random numbers is again a random number of the same
order.
3
We will write few functions in detail in order to simplify the discussion in the following sections, and we
try to match the function letter with its physical meaning. i.e., L::Least squares solution, V:: reconstructed
Vector field.
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with Φ+ is the pseudoinverse of the matrix Φ. The vector field reconstructed using the least
squares solution is given by:

V(f , Φ) = ΦΦ+ f
= ΦL(f , Φ)

(4.9)

Sparse Regression problem now finding the minimal set of index s ⊂ {1, 2, ..., K}, such that
V(f , Φs ) as close as possible for f according to adopted quality measure (or objective function,
cost function, loss function), where Φs ⊂ Φ is the matrix with only the columns with index
i ∈ s.
We discussed in Chapter. 2 the challenges of sparse regression; noise, outliers, dimension,
numerical stability,...etc. And we discussed the current state of the art approaches for solving
sparse regression problems. In Chapter 3 we discussed the information theory, and the principles of asymptotic equipartition property, optimal causation entropy, and conditional mutual
information. In light of the previous discussions, we have developed the Entropic Regression
approach that we discuss in the following section.

4.2

Entropic Regression Algorithm

The ER method contains two stages: Forward ER and Backward ER; in both stages, selection
and elimination of basis functions are based on an entropy criterion (conditional mutual
information), and parameters are updated in each iteration using a standard regression (e.g.,
least squares).

4.2.1

Forward Entropic Regression

In the forward stage, our objective is to select the subset s ⊂ S = {1, 2, ..., K}, that represent
sufficient causes, or in other words, a strong candidate functions with high probability to be
accurate.
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Starting from empty set s0 = ∅, the forward selection stage can be written as:

uk = arg

max

i∈S,i∈s
/ k−1

I(f ; V(f , Φi )|V(f , Φsk−1 )),

sk = sk−1 + uk

(4.10)

where k = 1, ..., is the iteration index, uk is the set4 of index with the maximum objective
function value. Note that s0 = ∅ =⇒ V(f , Φs0 ) = ∅ which reduces the conditional I(·; ·|·) to
the mutual information I(·; ·).
The forward stage have a reward function, where at each iteration k, given the information
(V(f , Φsk−1 )) we already have from the set sk−1 we are looking for the function that maximally
add extra information to the model.
The process terminates when either all basis functions are exhausted (with maximum number
of iterations equal K), or the reward function I(f ; V(f , Φi )|V(f , Φsk−1 )) = 0 indicating that
none of the remaining basis functions are relevant, in an information-theoretic sense. In
another words, the process terminates when the strongest candidate is weak, and have no
extra information than what we already have.
As discussed in Sec.3.6, the value of the conditional mutual information may not reach a value
of zero for the termination condition, and to estimate reliable tolerance value, one may adopt
the shuffle test in analogy to oCSE approach in [180]. However, we developed a simplified,
cost-efficient, and insensitive tolerance estimation method based on a modified shuffle test
approach, we discuss tolerance estimation in section 4.2.3. Algorithm 2 shows the forward
entropic regression algorithm.
Algorithm 2 Entropic Regression
1:
2:
3:
4:
5:
6:
7:
8:
9:

procedure Forward ER:(f , Φ, tol)
s = ∅, index = ∅, value = ∞
while value > tol do
s ← index
. Add the index to the selection set.
I := −∞K
. Vector of length K of −∞ entries.
Ik := I(f ; V(f , Φk )|V(f , Φs )), for k = 1, ..., K and k ∈
/ s.
(value, index) := maxk (Ik )
. Find the value and the index of maximum I.
end
return s.

4

Note that we may have more than one index with the same maximum value, that uk is not necessarily
has one element, although it usually does.
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Backward Entropic Regression

After the forward ER, we have the set s that has the indices of the strong candidate functions.
Eventually, s may have a few non-relevant functions that are selected due to a high degree
of uncertainty and the rounding error at the end of forward ER. Since we have reduced
set (card(s) << K), it will be inexpensive to perform a validation operation to ensure the
accuracy of the model, and the Backward ER represent this operation.
The backward stage is an elimination stage, where the functions indexed by s re-examined
for their information-theoretic relevance and these that are redundant will be removed. In
particular, we label the set s as initial set s0 = s for the backward stage, and we perform the
following computations and updates,

uk = arg min I(f ; V(f , Φi )|V(f , Φ{sk−1 −i} )),
i∈sk−1

sk = sk−1 − uk .

(4.11)

The backward stage have a loss function, where at each iteration k, we examine that what
information will be lost if we remove the index i from the set sk−1 , and we continue the
elimination process as well as this information lose is zeros, and the process terminate when
I(f ; V(f , Φi )|V(f , Φ{sk−1 −i} )) > tol. The result of the backward ER is a set of indices s, and
Algorithm 3 shows the backward entropic regression algorithm.
Algorithm 3 Entropic Regression
1:
2:
3:
4:
5:
6:
7:
8:
9:

procedure Backward ER:(f , Φ, s, tol)
index = ∅, value = ∞
while value < tol do
s := s − index
. Remove index from the set s.
I := ∞card(s)
. Vector of length card(s) of ∞ entries.
Ii := I(f ; V(f , Φsi )|V(f , Φ{s−si } )), for i = 1, ..., card(s).
(value, index) := mini (Ii )
. Find the value and the index of minimum I.
end
return s.

The corresponding parameters β ∈ RK , can be found by updating the vector of zeros β = 0K
such that:
βs = L(f , Φs )

(4.12)
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where βs is the entries of β indexed by the elements of s, which gives that kβk0 = card(s).
Note that the ER focus on finding the optimal set of basis functions, and after finding this
set, we find the value of the parameters by the ordinary least squares, without any attempts
to apply any advanced techniques for optimizing the parameter’s value.

4.2.3

Tolerance Estimation

We can interpret the tolerance as the minimum effective quantity of information. In this sense,
in the forward ER we are selecting the functions as well as they add a significant quantity of
information to the model, while in the backward ER, we discarding functions as well as the
information added by them is below the minimum effective quantity, or, negligible.
And since the objective of our model is to maximize the mutual information with the dynamic
f , we considered the mutual information between f and a random shuffling of fπ , where π
is shuffling function in analogy to Sec.3.6, as the minimum accepted quantity of information.
Meaning that, even if the information added by a function is practically a random permutation
of the dynamic, we will accept that function.
Algorithm. 4 shows the tolerance estimation algorithm with ns is the number of shuffle test.
We see that the value of I(f , fπi ) is independent of the loop index, which enables the parallel
computation and increases the efficiency. Fig.4.1 shows the histogram of the shuffle test
performed on sample function and the tolerance estimation.
Algorithm 4 Tolerance Estimation
procedure Tolerance shuffle test(f , ns )
Ijsh := I(f , fπi ), for all i = 1, ..., ns .
3:
I ← I sh s.t. Ij ≤ Ij+1 , j = 1, . . . , ns − 1.
. Sort entries.
4:
tol = Ik , where k = dαns e.
. Return the k th entry, where d·e is the ceil function.
5: return tol
1:

2:

Our method considers the system in the SID process as a black-box, without assuming the
availability for any prior information about the system, and the tolerance estimation process
itself is within the algorithm itself, and our numerical experiments shows that the Entropic
regression is insensitive to the value of α, chosen within reasonable interval such as α =
[0.95, 1). Our numerical results show the robustness of the method under this assumption.
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Figure 4.1: Tolerance Estimation with shuffle test. The figure shows
the histogram of the information I(f , fπi ), i =, 1, ..., ns with ns = 10000,
for the chaotic function f (x) = sin(ex ). We see that with a confidence
parameter α = 0.99, we have a tolerance estimation of tol = 0.05.

4.3

Numerical Results

To demonstrate the utility of ER for nonlinear system identification under noisy observations,
we compare its performance against existing methods including the standard least squares
(LS), orthogonal least squares (OLS), LASSO, compressed sensing (CS), SINDy, and extended
SINDy algorithm which we will use TW to abbreviate it. The details of existing approaches
are described in Chapter 2. The examples we cover represent different types of systems and
scenarios, including both ODEs and PDEs, differential and difference equations, and networkcoupled dynamics. Besides, we consider different noise models with a focus on the presence
of outliers in evaluating the robustness of the respective methods.
The sampling and noise addition methodology discussed in Sec.4.1, Where we assume the
observations are noisy, and the vector field f is subject to the amplification factor of order τ1 ,
with τ is the sampling step size. The vector field f is estimated using the central difference
method. The number of nearest neighbors of Knn estimator is set to k = 2, and the confidence
parameter α = 0.99, for all the numerical results, to show that performance of the method is
insensitive to the parameters k and α choice.
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Double Well Potential
The single point side of view.

In this example, we will show the performance of each method, in recovering the true parameters for exact observations from a simple 1-dimensional system, with deviation of one single
point from its true value, which represent one outlier point. We consider the equation

f (x) = x4 − x2 .

(4.13)

and we sample 61 equally spaced measurements for x ∈ [−1.2, 1.2], and we construct Φ using
the 10th order polynomial expansion with K = 11 is the number of candidate functions. Then,
we consider a single fixed value corrupted measurement to be f (0.52) = 0.5.
In this example, we see that the true solution will have a residual δ equal to outliers deviation
from its true position,
p
δ = (f (0.52) − 0.5)2 = 0.6973

(4.14)

Fig. 4.2 shows the result for LS. The LS with its BLUE property (Best Linear Unbiased
Estimator), succeed to minimize the residual to have better fitting residual than the true
solution, but it is clear that the residual value does not reflect reliable solution. Practically,
when the true solution gives a fitting residual δ, then any other solution deviates in its residual
from δ will have a reduction in the solution accuracy, no matter the direction of deviation
from δ. In Fig. 4.3, we see the result of OLS. We see that the results with the best residual
of OLS is almost identical to LS result. Here it worth to say a detailed review for the 1000
OLS solutions under different threshold showed us a small interval that gives solutions closer
in structure to the true solution more than the minimum residual solution is shown, which is
if treated with suitable trade-off strategy can give a better solution.
Fig. 4.4 shows the result for CS, where it failed to find any feasible solution for all values of
 < δ. Such outliers makes it hard to find a parameter vector β that can fit the data including
the outliers point, and even with considering high resolution for  span, so, CS as discussed
before tends to select the solution with minimum kβk1 within the best feasible residuals.
CS solution simulation for different outliers values is provided on our YouTube channel here.
Fig. 4.5 shows the result for LASSO, and it shows the sparse solution with wrong structure of
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LASSO. We considered the bounds of λ to be λ ∈ kΦΦ† f − f k, kf k , where λ = kΦΦ† f −f k
is the penalty on the solution with all entries are non-sparse and λ = kf k is the penalty on
the solution with all entries are sparse. For this example, different from others (see Methods
section), and because of its small dimensions, we considered very large span (1000 values)
of the tununing parameter value for OLS, LASSO and CS to investigate the best expected
outcomes of the methods.
Fig. 4.6 and Fig.4.7 shows the results for SINDy and TW, respectively, where we see that none
of them was able to detect the correct sparse structure. Since different tuning parameters
affect TW performance, and there is no unsupervised method to estimate these parameters,
for the fair comparison, we evaluate TW performance for different values of the tuning parameters. Fig.4.8 shows the results of the TW method for different values of tuning parameters,
and we found that only a very narrow choice of tuning parameters can result with accurate
estimation. Selecting these correct parameters, practically, requires prior information about
the true answer to judge the tuning parameters goodness.
Fig. 4.9 shows the accurate structure found by ER. Even with a slight difference in the
magnitude of the parameters, we see how ER recovers the true basis functions. The residual
of the ER was 0.865, which is higher more than most other methods, but the ER focuses on the
information flow between the basis and dynamic and not the residual of solution magnitudes.
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Figure 4.2: The LS solution for the data given by Eq. 4.13. This result
shows how the LS invest in all available parameters to reach the best
possible fitting. In fact, the residual of the least square solution was lower
than the residual of the true solution, 0.6535 = kΦΦ† f −f k < kΦβtrue −
f k = 0.6973, and in sparse regression literature, this initiate the need for
developing trade off algorithms that considers different measures such as
kβk1 and kβk0 .

Figure 4.3: The OLS solution with 1000 log-spaced span for the threshold value  ∈ [10−6 , 102 ]. We see that the OLS failed to find solution
better than the LS and they are almost identical.
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Figure 4.4: The CS solution, with 1000 log-spaced span for  ∈
[10−6 , 102 ]. The solution with minimum residual is shown to the right.
As expected, the CVX solver failed to find any feasible solution for all
values of  < 0.69, and that was the reason to consider 102 as the upper
bound of epsilon although it represent a high value for tolerance.

Figure
4.5: The LASSO
solution, with 1000 equally-spaced span for


†
λ ∈ kΦΦ f − f k, kf k . The solution with minimum residual is shown
to the right and it found at λ = 0.818.
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Figure 4.6: SINDy solution. We choose the threshold value of SINDy
to be λ = 0.42, which is the optimal value (chosen manually since there
is no unsupervised method for such choice) that prevent SINDy from
oversparse the true parameters.

Figure 4.7: TW solution. Under the default values for TW method,
µ = 0.0125 and λ = 0.1, the results was very poor, and that was surprising since the problem setting match the exact assumptions of availability
of “exact” measurement, and here we assume only one outlier point. So,
in analogy to Fig. 4.11 and for the fair comparison, we explored TW
results under varying tuning parameters and the results are shown in
Fig. 4.8.
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Figure 4.8: Double Well potential example. Error in recovered solution
by TW under different values of λ and µ for the example shown in
Fig.(4.7). Although the problem measurements are fixed, TW is also
depended in random number generator seed, so, we averaged the results
over 100 runs. We see that TW has overall failed in recovering the
parameters. Although it has some degree of success in the very narrow
lower-right corner with error = 0.1

Figure 4.9: The ER solution. We see that ER recovered the true solution, No trade-off, No-tuning parameter and large span with expensive
computations.
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Lorenz system.

Our first detailed example data set was generated by noisy observations from a chaotic Lorenz
system, which is represented by a three-dimensional ODE which is a prototype system as a
minimal model for thermal convection obtained by a low-ordered modal truncation of the
Saltzman PDE [164], and for many parameter combinations exhibits chaotic behavior [121].
In our standard notation, we have z = [z1 , z2 , z3 ]> and




ż1 = F1 (z) = σ(z2 − z1 ),




ż2 = F2 (z) = z1 (ρ − z3 ) − z2 ,





ż3 = F3 (z) = z1 z2 − βz3 ,
with default parameter values σ = 10, ρ = 28 and β = 8/3 unless otherwise specified. We
consider a standard polynomial basis as in Eq. (2.8).
Over the recent years, the Lorenz system has become a favorable and standard example for
testing SID methods, which make it convenient to demonstrate several system identification
misconceptions in recent literature that we have discussed theoretically in Chapter 2, and
demonstrate numerically in Appendix B. In recent literature, the Lorenz system requires tens
of thousands of measurements for accurate reconstruction, see Table B.1.
We compare several nonlinear SID methods in reconstructing the Lorenz system when the
state observational noise is drawn independently from a Gaussian distribution, η ∼ N (0, 2 ).
As we discussed before, this translates into effective noise that is not necessarily Gaussian or
even independent due to the error amplification effect on the derivative.
Fig. 4.10 shows the error in the estimated parameters where,

error = kβ ? − βk2

(4.15)

where β ? is the true parameters and β is the estimated parameters. As shown in Fig. 4.10,
even with observational noise as low as  = 10−4 , ER and OLS outperform all other methods.
In this low noise regime, SINDy required more measurements (around 4 times) to reach similar
accuracy as ER.
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Figure 4.10: Lorenz system. We perform 100 runs for the comparison,
no outliers, 0.0005 step size, and we considered the median result out of 100
runs. The figure shows the error in the parameter estimation for a Lorenz
system but subject to noisy measurements by Gaussian noise, with  = 10−4 ,
and using a 5th -order polynomial expansion. We see that ER and OLS has an
overall superior performance compared to other standard methods. We see that
SINDy and TW are less successful (under a large span of tuning parameters,
see Fig.4.11) at this number of measurements even with low noise levels. Box
plot for all the runs at 1500 measurements is shown in Fig.4.12

In comparison, as noted in [30, 186] and the implementation provided by the authors, for
SINDy and TW methods to yield accurate reconstruction the number of measurements is at
the order of 104 . Additionally, it is worth pointing out that in the TW method there are two
(free) parameters, λ and µ as discussed in Chapter 2, and their impact on the reconstruction
quality is further evaluated and reported in Fig. (4.11).
Next, to explore the performance of SID methods under the presence of outliers, we conduct
additional numerical experiments. The extent to which outliers present is controlled by a
single parameter p: each observation is subject to an added noise η = η noise + η outliers , where
η noise ∼ N (0, 21 ) with probability 1 and η outliers ∼ N (0, 22 ) with probability p. Then the
measurements are given by

zi = zi? + ηinoise + ηioutliers Ber(p),
= zi? + ηi ,

(4.16)

for all i = 1, . . . , N . Fig.4.13 shows the effect of error amplification on derivative estimation.

Chapter 4. Entropic Regression

Figure 4.11: Contour plot of the error in the recovered solution of
Lorenz system (Fig.(4.10)) by TW method for a grid of µ and λ values
and using 2000 measurements, 5th order polynomial expansion, low noise
with 1 = 10−4 and no corrupted data. The color bar indicates the value
of log10 (error) in the recovered solution, and it shows a large error at
all levels of tuning parameters, meaning that no tuning parameter may
improve performance of TW at this level of measurements. And this
result applied to SINDy too since TW uses SINDy as the sparse recovery
method.

Figure 4.12: Boxplot for Lorenz. Referes to main text Fig.(4.14) at
1500 measurements, this figure shows the results of the all 100 runs.
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Figure 4.13: Error amplification and outliers. (Left) Sampled data
z, from Lorenz system with step size τ = 0.0005, N = 104 , and with
the presence of noise and outliers according to Eq.4.16 with 1 = 10−5 ,
2 = 0.2, and p = 0.1. (Right) Estimated derivative f1 (only ż1 direction
for clear view) using central difference method.
For methods comparison, we use 1 = 10−5 , 2 = 0.2 and p = 0.2. The results of SID are
shown in Fig. 4.14.
Compared to Fig.(4.10), we see that with p > 0 OLS performance drops due to the increasing
occurrence of significant noise and outliers whereas ER remains its capacity of accurately
identifying the underlying system. As an example, in each of the side panels of Fig. 4.14, we
show the trajectory of the identified dynamics using the median solution of each method. It
is clear that under such noisy, chaotic dynamics and at a relatively under-sampled regime, ER
method successfully recovers the system dynamically. As an ample amount of data becomes
available, we note that the TW method starts to produce excellent reconstruction, which is
consistent with recent findings reported in Ref. [186].
Given that a major theme of modern SID is to seek for sparse representations, and the
Lorenz system under standard polynomial basis is indeed sparse, it is worth asking: what are
the respective structure identified by the different methods? In Fig. 4.16, we compare the
structure of the identified model using different methods across a range of parameter values
for ρ. In this case, under the presence of large noise and outliers (p = 0.2), none of the
methods examined here, including recently proposed sparsity-promoting (CS, SINDy) and
outlier-resilient (TW) methods, can identify the correct structure. The proposed ER method,
however, does determine the correct structure. It is worth pointing out that, often when
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Figure 4.14: SID for the Lorenz system when outliers corrupt the
observations. Contrast to Fig. 4.10. As before, we specify a level of
persistent Gaussian observation noise following Eq.4.16. (Middle) Error
in estimated parameters for Lorenz system given in Eq. 4.15 with noise,
1 = 10−5 , 2 = 0.2, 5th -Order polynomial expansion, and p = 0.2.
Lorenz system dynamics is shown in the upper right corner. We see that
ER has fast convergence at a low number of measurements, followed by
TW, which required twice number of measurements. Different from TW,
in our ER method we focus in detecting the true sparse structure with
the presence of outliers, without any attempts to neglect outliers based
on some weight function to achieve higher accuracy which is the case
in TW method. This point clearly appears in Fig.(4.15 where we see
that although TW achieved higher accuracy, it has low exact recovery
probability, while ER reached exact recovery probability more than 90%.
A detailed statistics box-plot (quartiles, median,...,etc.) over the 100
runs with 1500 measurements is shown in Fig. (4.12). (Side panels)
Typical trajectories generated by the reconstructed dynamical systems,
where for each method we show results using the “median" solution, that
is, recovered system whose corresponding parameter estimation error is
at the median over a large number of independent simulation runs. In
each such simulation, 1500 samples are used. Comparing with the true
Lorenz attractor (upper right corner in the main panel), we see that the
only reasonable reconstruction, in this case, was produced by ER.
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Figure 4.15: Probability of exact recovery for Lorenz system. For the
same results shown in Fig.(4.14), P exact here represent the number of
runs in which a method recovered the exact sparse structure over the
total number of runs. We see that although TW reached high accuracy
at a high number of measurements, its exact recovery probability remains
low.
expressed in the right basis, a model will appear to be sparse, the converse is not true: just
because a method returns a sparse solution does not suggest (at all) that such a solution gives
a reasonable approximation of the true model structure.
Moreover, one more interesting observation on the results (obtained with the presence of
outliers and shown in Fig.4.14) is the ability of the solution to reproduce the dynamic, since
it is the main objective of mathematical modeling.
Consider the results in Fig.4.14, at 2000 measurements, which shows that TW has a more
accurate solution (in the magnitude of the parameters) while it miss-detect the correct sparse
structure of the solution as shown by the probability of exact recovery in Fig.4.15. In Fig.4.17
we show the 2000 measurements training data, and starting from the same initial condition as
the training data, we reproduce the dynamic iteratively using the median solution obtained
by ER and TW. We see that TW miss-detect the overall dynamic, and Fig.4.18 and Fig.4.19,
we show more examples for the same phenomena.
This observation will be a subject for future research, as primary comments, we can see
in Fig.4.18 and Fig.4.19 a connection between the cases where the TW solution with more
accurate parameters and few wrong features was not able to reproduce the dynamic. Since in
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Figure 4.16: Sparse representation of the solution found by solvers
using 1500 measurements, and p = 0.2 on Fig.(4.14). The upper left
corner shows the true solution of Lorenz system. The bottom column
shows the bifurcation diagram on z dimension of Lorenz system with
ρ ∈ [5, 30] as bifurcation parameter, created using 5000 initial conditions
evolved according the recovered solution.
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all these cases, we see that the training data is collected from a small fraction of the attractor,
and it does not include all possible oscillations of the dynamic.
We will investigate this observation in more details in our future work with the following
questions in mind:
• From bifurcation diagram, we see that the long time behavior of some chaotic systems
such as Lorenz system is not “very” sensitive to the bifurcation parameters (i.e., ρ = 30
instead of ρ = 28 in Lorenz system will produce the same dynamic on the long run
although the trajectories will be different). However, is it possible that the dynamic
will be “very” sensitive to including wrong features? (i.e., with the standard Lorenz
parameters, does including a term such as 0.00001z33 to any dimension of the system
can produce utterly different dynamic?).
• If the answer for the previous point is yes, then how to find these great influence features
and how to construct a model validation technique that avoids such undesirable long
term influence.
• What is the minimum fraction of the overall the dynamic that we need to observe not
to misunderstand the dynamic?.
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Figure 4.17: Re-produced dynamic of Lorenz system. (Top) Training
data (2000 measurements) in black dots and the initial condition in the
red dot. (Bottom) Re-produced dynamic (10000 iterations) by ER and
TW starting from the same initial condition. We see that the training data collected from one side of the attractor, and TW reproduced
dynamic converged to a periodic dynamic (limit cycle).

4.3.3

Network coupled logistic maps.

Our third example is a network of coupled logistic maps which is typical of either coupled
map lattices [104], but also cellular automata [107] and more generally the scenario of high
dimensional and complex systems that have become the thrust of recent analysis included
in the synchronization literature [7, 130]. In this example, we assume that not only the
governing dynamics are unknown, but so is the structure of the network that moderates
the coupling between individual chaotic elements; both of these must be (simultaneously)
identified from observed dynamic data alone. In Fig. 4.20, we compare the results of several
system identification methods, including the proposed ER approach. We now offer here a
rough description of the dramatic difference in performance. In particular, the improvement
on systems with noisy data subject to outliers; a more detailed mathematical analysis will be
the subject of our future work.
Consider that each of the other methods we reviewed involves minimizing a functional J(a)
of the data a, and that when a is subject to noise, that the functionals are each continuous

Chapter 4. Entropic Regression

Figure 4.18: Re-produce Lorenz system dynamics. In analogy to
Fig.4.17, this figure shows the re-produced dynamic for selected runs.
In the top and bottom rows, TW solution converged to a fixed point. In
second and third rows, where the training data spans both sides of the
attractor, TW re-produced the dynamic accurately.
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Figure 4.19: Re-produce Lorenz system dynamics. In analogy to
Fig.4.17, this figure shows the re-produced dynamic for selected runs.
In the second row, where the training data span very small fraction of
the attractor, ER converged to periodic dynamic, and TW diverge completely.
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Figure 4.20: Coupled Logistic map example. The error in recovered
parameters with noise  = 10−3 , second-order expansion. As discussed in
the Methods section in our main text, we see that TW could not conserve
SINDy error level and it diverge to higher error levels until SINDy starts
to slightly converge (but still with high error) to the solution with 1500
measurements. While we see that 1500 measurements were enough for
the ER to recover the exact sparse structure with high accuracy.
with respect to their argument. We assume that the underlying system is,

f (x) = ax(1 − x),

(4.17)

describing the individual elements as Logistic maps, the coupled network of N such oscillators
is of the form,
F (xi ) = f (xi ) +

N
X

Aij Wij (f (xj ) − f (xi ))

(4.18)

j=1

where i, j = 1, ..., N , A is the adjacency matrix of the coupled network, Wij is the coupling
strength between the nodes i and j, and f (xi ) is the image of the point xi under the logistic
map given in Eq.4.17.
To present a specific example, let N = 50, we construct the adjacency matrix A to have
simple coupling such that:
1 < Dii ≤ 4

(4.19)

Where D is the degree matrix of A, and the coupling adjacency matrix A constructed randomly
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Figure 4.21: Graph representation of the coupled network of logistic map example. (Left) The 50-nodes network in the directed graph
representation. (Right) For a selected node, we see that it is basically
influenced by few other nodes.
such that the above inequality holds. Fig. (4.21) show the graph of the coupled network.
Then if we consider only the second order expansion (where the basis matrix Φ is the secondorder expansion of the 50 time-series of all nodes), we will have 1326 terms in our expansion
matrix. We focus on this example on solving the underdetermined system by considering
2000 measurements as maximum available measurements. So, exclude OLS which only solve
overdetermined systems and cannot be investigated at a number of measurements less than
1326, and we exclude LASSO and CS for their high computation complexity. Fig. 4.20 shows
the error in recovered parameters for this example. For simplicity and the computation
complexity, we performed the experiment to find the parameters for one single dimension,
and results are averaged over 50 runs.
This example shows the robustness of the ER in recovering the coupling structure in complex
coupled networks. The computations complexity in such problem can be highly reduced by
considering basic and trivial assumptions. For example, we can consider each node Ni as a
default influence source for itself, and then instead of starting the forward step in ER from
the empty set, we may initialize the index set with the terms that purely includes Ni .
Fig.(4.22) shows the sparse representation of the Logistic map discussed with number of nodes
N = 20.
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Figure 4.22: ER solution sparse representation for the coupled Logistic
map created by Eqs. (4.17 - 4.19), with 1 = 0.001, 2 = 0, and using 2000
measurements and number of nodes N = 20. The true solution contained
192 non-zero entries (out of 4620, the total number of parameters) and
all of them detected accurately (green dots) with Zero false negative rate,
and we see that there was few false positives in ER solution which have
226 total non-zero entries.
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Kuramoto-Sivashinsky equations.

To further demonstrate the power of ER, we consider a nonlinear PDE, namely the KuramotoSivashinsky (KS) equation [94, 114, 115, 117, 173], which arises as a description of flame front
flutter of gas burning in a cylindrically symmetric burner. It has become a popular example
of a PDE that exhibits chaotic behavior, in particular spatiotemporal chaos [45, 92]. We will
consider Kuramoto-Sivashinsky system in the following form,

ut = −νuxxxx − uxx + 2uux ,

(t, x) ∈ [0, ∞) × (0, L)

(4.20)

in periodic domain, u(t, x) = u(t, x + L), and we restrict our solution to the subspace of odd
solutions u(t, −x) = −u(t, x). The viscosity parameter ν controls the suppression of solutions
with fast spatial variations, and is set to ν = 0.029910 under which the system exhibit chaotic
behavior [45].
Since a PDE corresponds to an infinite-dimensional dynamical system, in practice, we focus
on an approximate finite-dimensional representation of the system, for example, by Galerkinprojection onto basis functions as infinitely many ODE’s in the corresponding Banach space.
To develop the Galerkin projection, we follow the procedure as presented in [8], to expand a
periodic solution u(x, t) using a discrete spatial Fourier series,

u(x, t) =

∞
X

bk (t)eikqx ,

where q =

−∞

2π
.
L

(4.21)

Notice that we have written this Fourier series of basis elements eikqx in terms of time varying
combinations of basis elements. For simplicity, consider L = 2π, then q = 1 for the following
analysis. This is typical [160] with the representation of a PDE as infinitely many ODE’s in
the Banach space, where orbits of these coefficients therefore become time varying patterns by
Eq. (4.21). Substituting Eq. (4.21) into Eq. (4.20), we produce the infinitely many evolution
equations for the Fourier coefficients,

ḃk = (k 2 − νk 4 )bk + ik

∞
X

bm bk−m

(4.22)

m=−∞

In general, the coefficients bk are complex functions of time t. However, by symmetry, we
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can reduce to a subspace by considering the special symmetry case that bk is pure imaginary,
bk = iak and ak ∈ R. Then,
2

4

ȧk = (k − νk )ak − k

∞
X

am ak−m .

(4.23)

m=−∞

where k = 1, .., Nm . However, the assumption that there is a slow manifold (slow modes as
an inertial manifold [99, 100, 155, 160]) suggests the practical matter that a finite truncation
of the series Eq. (4.21), and correspondingly a reduction to finitely many ODEs will suffice.
Therefore we choose a sufficiently large number of modes Nm . Then we solve the resulting
Nm -dimensional ODE (4.23) to produce the estimated solution of u(x, t) by (4.21), and use
such data for the purpose of SID, have meaning to estimate the structure and parameters of
the ODE model (4.23).

Figure 4.23: The first three modes of the ODE Eq.(4.23) solution. We
show the modes a1 , a2 and a3 for selected number of modes. For clear
view, we fixed the axis limits to be a1 ∈ [−1.21, 1.06], a2 ∈ [−0.75, 0.98]
and a3 ∈ [−1.1, 1.12] for all plots. We found that there was no significant
addition to the dynamic with 16 < Nm . (meaning that Nm = 16 was
enough to describe the system).
Fig. 4.23 shows the first three dimensions plot under different number of modes. We see
that using just a few numbers of modes (Nm = 8, ..., 11) is insufficient to capture the true
dynamical behavior of the system whereas too large a number of modes (Nm = 20, 24) may
be unnecessary. In this example, an adequate but not excessive number of modes seems to be
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around Nm = 16, as no significant information is gained by increasing Nm .
Fig. 4.24 shows the sparse structure of the recovered solution by different methods. Here
we mention that the true non-zero parameters of KSE using Nm = 16 are 200 parameters
that vary in the magnitude from 0.9701 to 1705. With the second order expansion, our basis
matrix will have 153 candidate functions, and it will be nearly singular with condition number
4 × 107 . Likely due to such high condition number, neither TW nor SINDy gives reasonable
reconstruction. In particular, we note that the solution of SINDy is already optimized by
selecting the threshold value λ that is slightly above λ∗ where here λ∗ ≈ 0.1731 is the smallest
magnitude of the true nonzero parameter of the full least squares solution. A larger value of
λ only worsens the reconstruction, as we found numerically.

Figure 4.24: In analogy to Fig. 4.16, sparse representation of KSE
solution by different methods. CS, LASSO have been excluded for their
high computation complexity.
The OLS method overcomes the disadvantage of LS by iteratively finding the most relevant
“feature” variables, where relevance is measured in terms of (squared) model error; but it comes
at a price: similar to LS, the OLS is sensitive to outliers in the data, and such sensitivity
seems to be even more amplified due to the smaller number of terms typically included in OLS
as compared to LS, which cause the high false negative rate in the OLS solution. Although
ER solution has few false negatives, but was completely able to recover the overall dynamic
of the system as shown in Fig.( 4.25), while all other solutions diverge and failed to recover
u(x, t).
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Figure 4.25: u(x, t) constructed by the true solution (left) and the
ER solution (right) using Eq.( 4.21). OLS and TW were not able to
reproduce the dynamic, and they diverge after a few iterations. We see
that the reconstructed dynamic using ER solution is identical to the true
solution with a minor difference in the transient time, although there was
a false negative in the ER solution. ER detected the stiff parameters that
dominate the overall dynamic. The sloppiness of some KSE parameters
make there influence practically negligible to the overall dynamic.
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Limitations

Our Entropic Regression Method shows superior performance over the current state of the
art approaches, and we showed its performance for systems that range from the simple onedimensional equation to a large network of coupled oscillators. However, there is still a
challenging problem for ER, as well as all system identification method:
1. High sloppiness parameters: we showed in KSE example that ER was able to detect
all the parameters with considerable influence to the dynamic, including a large part of
the sloppy parameters. However, the parameters with a high degree of sloppiness (large
change in parameters cause a micro scale change in the dynamic) were not detected.
2. Big Data: Thinking of a system with 106 observations and 104 candidate functions, such
matrix requires around 80GB of storage space, and it becomes very hard and costly to
deal with such data. Practically, if we consider a coupled network of 104 nodes of threedimensional oscillators, the basis matrix can exceed the dimensions above. It is our
focus in the future stage of our work to design algorithms that can combine the ER
with the efficient Big Data computations.

4.5

Advantages and Future Directions

It is clear from the examples discussed on our numerical results that the ER has the following
main advantages:
1. ER selects the basis based on their relevance in information theoretic sense, which makes
ER robust to noise and outliers in the observed data.
2. ER investigates this relevance locally using a greedy algorithm, which makes ER robust
against the numerical stability of the basis matrix.
3. In Algorithm 2-Line 6, and Algorithm 3-Line 6, which are the main loops to compute
the conditional mutual information, we see that they are independent iteration loops,
which means they are completely parallelizable loops. Moreover, the value of f and
Φ are constant, and the only change is the index k, which means we only need to
pass a vector of index pointers to the program function, which makes the algorithm
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consumes no extra memory during computation. Parallel computations and efficient
memory allocation can be a great advantage when dealing with large systems.
In Chapter 6, we discuss our future direction, which is based on promising primary results
achieved during our research. Some of our future directions, but not limited to:
1. Large Networks of Non-Identical Oscillators: After the success of ER in detecting the
sparse structure in coupled networks (logistic map example), and complex high dimensional dynamic such as KSE, we concern on the problem of detecting the coupling
structure (adjacency matrix) of large non-identical oscillators.
2. Learning PDEs: A spatiotemporal PDE model u(t, x) is a linear combination of partial
derivatives. In this sense, we have ongoing research in learning PDEs directly from data.
3. Efficient Basis Construction: By using the principle of causation entropy [180], it is
possible to detect the relevant features and the optimal expansion order before constructing the basis matrix, which highly reduces the computations complexity and the
uncertainty in regression process.
4. Dynamic Dictionary Learning (DDL): We also focus on developing an efficient method
to construct a basis matrix that can handle different type of functions such as x sin(xy),
2

x2 ye−t , xy cos(x2 ), and the most important, the fractional functions.
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Chapter 5

Image-Observed Complex Systems
The profound study of nature is the most fertile source of
mathematical discovery.
Joseph Fourier
(1768 - 1830)

I

n the last decades, imaging science has had a significant rule and impact on many fields
of science such as medical, biological, computer science, and algorithms.

The work presented in this chapter primarily follows our published paper: “Go With the Flow,
on Jupiter and Snow. Coherence from Model-Free Video Data Without Trajectories” [5].
Acquisition of information about an object or phenomenon without making physical contact
with the object is known as Remote Sensing [33], which is in contrast to on-site observation.
Remote sensing is a significant source of information for many systems including geography,
land surveying, and most Earth Science disciplines (i.e., hydrology, ecology, oceanography,
glaciology, and geology) [33, 98], particularly from “cameras” on artificial satellites on space
or otherwise on aircraft. It also has military, intelligence, commercial, economic, planning, and
humanitarian applications [76]. Remote sensing can be even the only source of observations
for other complex system fields such as astronomy. Fig. (5.1) shows the Cassini space probe,
which was the fourth space probe to visit Saturn and the first to enter its orbit. It was named
after astronomer Giovanni Cassini. The Cassini Spacecraft was equipped with many Optical
Remote Sensing instruments such as the Composite Infrared Spectrometer (CIRS), Imaging
Science Subsystem (ISS), Ultraviolet Imaging Spectrograph (UVIS), and Visible and Infrared
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Figure 5.1: Cassini mission, 1997-2017. In the im from the short film
Cassini’s Grand Finale, the spacecraft is shown diving between Saturn
and the planet’s innermost ring. Credits: NASA/JPL-Caltech.
Mapping Spectrometer (VIMS), in addition to several particles and wave analysis instruments
and microwave remote sensing instruments.
The images and data provided by Cassini played a significant role in understanding and
analyzing planetary dynamics. For example, Cassini made its closest approach to Jupiter
on December 30, 2000, and collected many scientific measurements. About 26,000 images of
Jupiter, its faint rings, and its moons were taken during the six-month flyby. It produced the
most detailed global color portrait of the planet yet, in which the smallest visible features are
approximately 60 km across.
In this chapter, we discuss the basic image processing techniques used in dynamical system
analysis and the reasons for their weakness in analyzing fluid dynamics.

5.1

Object Detection and Tracking

Object detection [171], is a computer technology related to image processing and computer
vision that deals with detecting instances of objects of a particular class in digital images
and videos. Researched domains of object detection include pedestrian detection and face
detection.
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Video tracking which is also known as Object tracking [60, 147], is the process of locating a moving object over time using a camera, and it has many applications such as
human-computer interaction, security and surveillance, video communication and compression, augmented reality, traffic control, medical imaging, and video editing.
Before going further in defining image processing terms, here we present the question: What
is an Object?! .
Image processing science provides robust methods for detecting and tracking rigid bodies.
One of the most popular principles for object detection and tracking is by applying features
detection in images I(t)1 at time t, and in the next image I(t + τ ) at time t + τ , and matching
the equivalent features according to the selected measure of quality.
One of the most robust and frequently used methods of extracting features from images is the
corner points method. Corner detection is an approach used within computer vision systems
to extract certain kinds of features and infer the contents of an image and is commonly used in
motion detection, image registration, video tracking. Fig. (5.2) the example of corner points
features matching between two images.

Figure 5.2: Cameraman image, with corner points matching. Source:
Matlab documentation.
A corner can be defined as the intersection of two edges, and it also can be defined as a point
for which there are two dominant and different edge directions in a local neighborhood of
the point. Within the image, there will be some pixels that have a well-defined position and
1

Note that in this chapter we use I notation to indicate an image.
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Figure 5.3: Double Gyre snapshots at different time steps.
can be robustly detected, such points are called interest points, and by matching two sets of
interest points between two images, we can detect the translation and rotation that occur on
the image.
Unfortunately, corner points and the general principle of features detection and tracking may
completely fail when the object is not a rigid body. Moreover, observing fluid dynamics, we
basically can not tell what is an object?!. Fig. (5.3) shows a set of movie frames for the
double-gyre system, where in such dynamical system, there is no specific definition for an
object, and there are no corner points that keep their shapes through time. Another example,
if we look to the planet Jupiter as one object, then it is simple to detect and track it through
images since it does not change its shape, and the overall view remains the same. But taking
a closer view of the surface of Jupiter, which consisting of clouds of gases, we see a fluid
dynamic consists of bands, tornadoes, and complex dynamics that continually changes shape
on the “relativily” micro-scale.
On the other hand, it is important to distinguish between the concept of a feature that we
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may notice in a single image and a feature that over time persists over several successive
images. Persistence over time is more akin to coherency. So, we focus here on detecting
such coherent structures which represent a persist feature in complex dynamic. This does not
contradict with the rigid body view of an object since the rigid body moving according to a
simple dynamic can be defined as a coherent structure.

5.2

Coherent Structures

In essentially all of the studies that have appeared in recent literature, no matter what the
method, approach, or perspective, one starts with a dynamical system. From there follows
the quantity to be analyzed. In other words, an underlying flow is assumed in the sense
that generally a differential equation is required to proceed, whether explicitly or implicitly
through observations of an experiment. For this, we will write,

ẋ = F(x, t),

(5.1)

for a vector field, F : M × R → M , (typically M ⊂ R2 or perhaps R3 ), but this may be developed from a stream function from an underlying partial differential equation for example.
In any case, then a flow mapping, x(t) = ϕ(x0 , t0 , t) is inferred, even if this means numerical
integration of the differential equation.

In recent work, aspects of advection and diffusion have been both involved in developing a
better understanding of coherence [54, 72, 73], including for models of stochastic processes.
We summarize that universally, previous work either begins with a model of the dynamical
system, or at least attempted to empirically develop a model perhaps by optical flow [2, 14,
122], or similarly by other means [88], and recently by Koopman operator methods [1].
In contrast to all the mathematical formalism and machinery behind current studies of coherency, it can be said that people “recognize” coherent sets when they see them; consider
that the Great Red Spot of Jupiter is clear to any and all that have seen it, as perhaps the
most famous coherent set in the solar system. With this motivation, we will develop here an
observer-based perspective of coherence.
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Figure 5.4: Jupiter Portrait as viewed from the spaceship Cassini.
If we do not have a model, as the dynamical system is known only by remote sensing observations, then in practice the flow mapping, ϕ(x0 , t0 , t) is at best inferred, but generally not
available, and often likewise nonlinear systems require numerical integration to infer the flow
at sampled points. Here we will approach questions of coherence in the setting that we have
only remote observations, but no model.
Developing a model of the flow either directly, ϕ(x0 , t0 , t), or as a model of the vector field
(say by optic flow), may not always be practical or the best way to proceed.
Take as a case in point that the Great Red Spot (GRS) was observed and identified as
persistent over many years without ever needing to develop a great deal of the formalism
associated with our modern descriptions and algorithms of coherent sets. No transfer operators
[4, 135], no Koopman operators [124, 200], and no vector field were required [122].
See Fig. 5.4, as seen in the year 2000 from the Cassini space probe, a joint NASA, European
Space Agency (ESA), and Italian space agency Agenzia Spaziale Italiana (ASI) mission [138].
This true-color mosaic of Jupiter was constructed from images taken by the narrow-angle
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Figure 5.5: Jupiter as sketched by Giovanni Domenico Cassini (Top) in
his own hand from 1665-1677, from the Memoires de l’Académie Royale
des Sciences de Paris [66]. Note that North is drawn, and so labelled, on
the bottom. We see that Cassini was seeing and sketching similar scenes
over the several years, including apparently the large storm. (Bottom)
A sketch of the observatory in Paris.
camera onboard NASA’s Cassini spacecraft on December 29, 2000, during its closest approach
to the giant planet at a distance of approximately 10 million kilometers (6.2 million miles)
[139].
The solar system’s largest and most persistent planetary hurricane storm, the vortex structure
called the GRS is clearly visible in this image. There are also belts and zones as persistent
latitudinal structures, as well as many other smaller storms, (but still massive by Earth
standards). There are also other embedded objects, that are clearly present and notable by
the naked eye, without ever needing a digital computational engine to identify.
It is as clear today to the casual observer of these modern images, as it was to the Renaissance
era astronomer Giovanni Domenico Cassini himself that there are coherent structures on
Jupiter [66]. See Fig. 5.5 where Cassini’s sketches show some of the same structures as viewed
across several years from 1665-1677, were clear enough that he was able to see them despite
what were low-quality telescopes by any modern standard. Many of these structures persist
today, hundreds of years later.
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It is important to distinguish between the concept of a feature that we may notice in a
single image as compared to a feature that persists over several successive images, over time.
Persistence over time is more akin to what is meant by coherency; we will contrast image
segmentation concepts versus motion segmentation concepts in the following section.

5.3

Directed Affinity Segmentation

We have developed the method of Directed Affinity Segmentation2 , which is introduced in our
published work [5]. As shown in [5], our method demonstrates high performance in detecting
coherent structures from movie data without the need for the intermediate stage of finding
the vector field.
First, we review the static time problem of image segmentation, generally as clustering problems, and in the language of our image data from remote sensing. Consider clustering within
a single scene, meaning a single frame of a movie. Suppose a grid of positions where color (or
some other collection of pointwise measured quantities) is sampled, at each of {zi }M
i=1 for M
2
(usually uniformly spaced grid of) pixels over {zi }M
i=1 ⊂ M ⊂ R . So M is the framed image.

At each of these, observe c(z) : M → Rd , (generally say d = 3 colors at each position) to
form an observation matrix,

Xi,r = c(zi ),

1 ≤ r ≤ d colors.

(5.2)

Since c is a vector valued measured observation with d observations (colors), then X is
M × d. For many frames sampled across time, we will write, Xi,r [k], and for each time
tk , 0 ≤ k ≤ N − 1.
Our goal is to partition the space based on a notion of coherency, across time and space.
By spatial partition the space of sampled data, we mean, given data {zi }M
i=1 , there is an
assignment into labels, S = {Sl }kl=1 that serves as a function from the pixel positions to
(colored) labels. How this assignment should be done appropriately is a matter we now
discuss, and we describe how it should relate to how the measured c values vary across time.

2

This work, including Jupiter example, was part of my Master degree in Applied Mathematics.
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Perhaps the two most commonly useful image segmentation methods are called k-means [106],
and spectral segmentation [144], respectively, which we reviewed in Appendix A, to keep our
focus here in our directed partitioning approach.
Image segmentation may be formulated as a spectral graph partitioning problem [144], which
we also review in Appendix A. However, these methods need a major adjustment when applied
to image sequences (movies) for motion segmentation, despite that traditionally they have
been applied to movies with some degree of success [170]. The key difference is what underlies
a notion of coherent observations, remembering that the arrow of time has directionality.
We require affinity matrices that are not symmetric, and when considered as graphs, they
are directed graphs. Therefore much of the theoretical underpinning of the standard spectral
partitioning needs some adjustment since it relies on symmetric matrices and undirected
graphs. We will need a graph Laplacian for weighted directed graphs.
Proceeding computationally, from spectral clustering with color alone, image segmentation
may be formulated as a graph partitioning problem, and as such, doing so with color alone
means formulating the data set; assign data set [144],

T
T
T
X = [X1,:
|X2,:
|...|XM,:
],

(5.3)

So, for color alone, X is d × N . Columns of X are the color channels at each pixel position
T . If distance is based on color alone, we write a pairwise distance
zi , and we write Xi = Xi,:

function:
Di,j

v
u d
uX
= kXi − Xj k = t (Xi,k − Xj,k )2 ,

(5.4)

l=1

which describe a matrix of distance function values across the sample of points, for distance
function, d(zi , zj ), and d : M × M → R+ . It is these specific choices, of data X, and distance,
that will lead to a time based symmetric spectral method as discussed in Appendix A.
In order to develop a directed affinity matrix, we first replace X in Eq. 5.3 with,

X(t) = [X1,: (t)T |X2,: (t)T |...|XM,: (t)T ],

(5.5)
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where Xi,: (t) denotes the column vector of d colors at zi , pixel location i, at time t in the
movie sequence. Generally the colors at pixel i will be changing over time. Then let,

D1 (i, j, a, τ ) =

τ −1
X

kXi (t + la) − Xj (t + (l + 1)a)k

l=0

v
τ −1 u
d
uX
X
t
=
(Xi,k (t + (l)a) − Xj,k (t + (l + 1)a))2 .
l=0

(5.6)

l=1

This compares the scene at pixel position i, through τ -time instances starting from time t,
l = 0, a, 2a, ..., (τ − 1)a, to the scene at pixel j through τ -time instances one step in the future,
l = 1, a, 2a, ..., τ a. Note that the norm, the inner sum, is the same as the color measuring
norm in Eq. 5.4.
Now we measure the spatial distance between the pixels, as they appear naturally in the
scenes represented by the images. Let,

D2 (i, j)2 = kzi − zj k2 ,

(5.7)

be the standard spatial Euclidean distance between pixel positions. Adding these two norms
defines a spatial and time delayed color distance function,

D(i, j, a, τ )2 = D1 (i, j, a, τ )2 + αD2 (i, j)2 .

(5.8)

Note that D1 (i, j, 0, 0) is identical to the distance function in Eq. 5.4 used for image segmentation, but including a > 0, τ > 0 allows us to consider motion segmentation and so coherency.
Finally an affinity matrix follows,
2 /2σ 2

Wi,j = e−D(i,k,a,τ )

.

(5.9)

Notice we have suppressed including all the parameters in writing Wi,j , and that besides time
parameters a and τ that serve as sampling and history parameters, together the parameters
α and σ serve to balance spatial scale and resolution of color histories.
In Eq. 5.9, we see the asymmetric matrix reflecting the arrow of time. Such a difference from
the standard symmetric affinity is fundamental and naturally must be included in any concept
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of coherence. Clustering in this setting then reflects the concept of coherence, as a scene that
retains its “appearance,” but for now, we continue with the idea that maintaining appearance
is a sensible idea of coherence.
We proceed to cluster the system summarized by affinity W by interpreting the problem as
random walks through the weighted directed graph, G = (V, E) generated by W as a weighted
adjaceny matrix. Stated equivalently, this is like a directed diffusion problem. So let,
P = D−1 W,

where analogously to the symmetric case, Di,i =

(5.10)

P

j

Wi,j , Di,j = 0, i 6= j. So P is a row

stochastic matrix representing probabilities of a Markov chain through the directed graph G,
where,
Pi,j = p(j(t + a)|i(t)).

(5.11)

We may cluster the directed graph by concepts of spectral graph theory for directed graphs,
following the weighted directed graph Laplacian described by Fan Chung [46], and a similar
computation has been used for transfer operators in [72, 86] and as reviewed [24]. The
Laplacian of the directed graph G is defined, [46],

L=I−

Π1/2 PΠ−1/2 + Π−1/2 P T Π1/2
.
2

(5.12)

See discussion of the symmetric spectral graph theory in Appendix A, and the ncut problem
solution standard description by Courant-Fischer theory, and how that adapts to this weighted
directed graph Laplacian case. Note that P is row stochastic implies that it row sums to
one, or stated as the right eigenvector is the ones vector, P1 = 1, but the left eigenvector
corresponding to left eigenvalue 1 represents the steady state row vector of the long term
distribution,
u = uP,

(5.13)

which for example if P is irreducible, then u = (u1 , u2 , ..., upq ) has all positive entries, uj > 0
for all j, or say for simplicity u > 0. Let Π be the corresponding diagonal matrix,

Π = diag(u),

(5.14)
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and likewise,
±1/2

Π±1/2 = diag(u±1/2 ) = diag((u1

±1/2

, u2

±1/2
, ..., upq
)),

(5.15)

which is well defined for either ± sign branch when u > 0. The the first smallest eigenvalue
larger than zero, λ2 > 0 such that,
Lv2 = λ2 v2 ,

(5.16)

y = Π−1/2 v2 ,

(5.17)

allows a bi-partition, by,

by sign structure. Analogously to the Ng-Jordan-Weiss symmetric spectral image partition
method [144], the first k eigenvalues larger than zero, and their eigenvectors, can used to
associate a multi-part partition, by assistance of k-means clustering these eigenvectors.

5.4
5.4.1

Numerical Results
Clouds of Jupiter, and the Great Red Spot

The results of partitioning using the directed affinity matrix W is shown in Fig. 5.6 from a
scene of the GRS, and including the affinity matrix and a permutation that brings it to block
structure as indicated by colors matching the colored scene. Fig. 5.7 again shows a scene of
the GRS of Jupiter and its segmentation according to comparing the different methods of
k-means to a single scene, a spectral method from a single scene, and finally our directed
spectral method. We see that our method (d), the regions found by the directed method
are most coherent in the sense of showing across time what is clearly visible in a movie, and
perhaps difficult to fully appreciate in a static figure here.
Our raw images consist of 14 images taken by the narrow-angle camera onboard NASA’s
Cassini spacecraft. The images span 24 Jupiter rotations between October 31 and November
9, 2000. We forward the reader to NASA website, [140], to see how the scene change through
the movie frames since it is hard to detect the dynamic through still images clearly.
In our result, we chose a primary number of clusters that maximize the mutual information
(in information theory sense) between movie frames. Then, for each cluster, every connected
object has been extracted as a separate cluster. We exclude three frames out of the 14 available
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Figure 5.6: Given a small scene surrounding the Great Red Spot,
and coarse-grained (for ease of computation and clarity of presentation
in this figure), (a) The affinity matrix, W, Eq. 5.9, (b) Affinity matrix sorted according to spectral partition by methods of Appendix A,
Eq. 5.9-Eq. 5.17. (c) Coloring by each block of the sorted affinity matrix partitions the scene according to regions that are found in multiple
frames. Eight Frames (1 to 8) used to create our directed affinity (d)
The partitioned scene after t = T = 3 time. (Frames 4 to 11).
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Figure 5.7: (a) A small scene surrounding the Great Red Spot, (b)A
k-means clustering based on color only by affinity matrix. (c) Based
on spectral partitioning with color alone affinity (d) Based on directed
affinity matrix, as in Fig. 5.6.
frames because they have a sudden appearance for Jupiter moons. We choose a number of
clusters that maximize the mutual information between frames.
The entire Cassini Jupiter data set is shown by directed spectral partition for coherence, as
shown in Fig. 5.9. Most notable are the banded longitudinal structures, the many circular
vortex storms, and the largest being the GRS.
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Figure 5.8: First Eigenvector of the directed affinity Matrix.

Figure 5.9: Directed spectral partition of Jupiter of the entire Cassini
data set. Compare to Fig. 5.10.
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Figure 5.10: Directed spectral partition of Jupiter as shown on a projection as seen from the northern pole. Compare to Fig. 5.9.

5.4.2

Antarctic Ice Shelves

Global Warming causes global sea level to rise [133], the three main reasons for this are oceans
expansion, ice sheets lose ice faster than it forms from snowfall, and glaciers at higher altitudes
also melt. During the 20th century, sea level rise has been dominated by the retreat of glaciers
and expansion of the ocean, but this contribution starts to change in the 21st century because
of the ice shelves cracks. The ice sheets store most of the land ice (99.5%) [133], with a
sea-level equivalent (SLE) of 7.4 m (24 ft) for Greenland and 58.3 m (191 ft) for Antarctica.
Ice sheets form in areas where snow that falls in winter does not melt entirely over the summer.
Over thousands of years, the layers of snow pile up into thick masses of ice, growing thicker
and denser as the weight of new snow and ice layers compresses the older layers.
Ice sheets are constantly in motion, slowly flowing downhill under their own weight. Near the
coast, most of the ice moves through relatively fast-moving outlets called ice streams, glaciers,
and ice shelves. As long as an ice sheet accumulates the same mass of snow as it loses to the
sea, it remains stable.
Most of Antarctica has yet to see dramatic warming. However, the Antarctic Peninsula,

Chapter 5. Image-Observed Complex Systems

132

Figure 5.11: Map of Antarctica and surrounding islands. Source: wiki
Files.
which juts out into warmer waters north of Antarctica, has warmed 2.5 degrees Celsius (4.5
degrees Fahrenheit) since 1950. A large area of the West Antarctic Ice Sheet is also losing
mass, probably because of warmer water deep in the ocean near the Antarctic coast. In East
Antarctica, no clear trend has emerged, although some stations appear to be cooling slightly.
Overall, scientists believe that Antarctica is starting to lose ice, but so far the process has not
become as quick or as widespread as in Greenland.
The icing of Antarctica began in the middle Eocene about 45.5 million years ago [70], and
escalated during the Eocene–Oligocene extinction event about 34 million years ago. The
Western Antarctic ice sheet declined somewhat during the warm early Pliocene epoch, approximately 5 to 3 million years ago; during this time the Ross Sea opened up [70, 204]. But
there was no significant decline in the land-based Eastern Antarctic ice sheet.
The continent-wide average surface temperature trend of Antarctica is positive and significant
at > 0.05 ◦ C/decade since 1957 [74, 177], West Antarctica has warmed by more than 0.1
◦ C/decade

in the last 50 years, and this warming is most active in winter and spring. Although

this is partly offset by fall cooling in East Antarctica, this effect is restricted to the 1980s and
1990s [177].
Larsen Ice Shelf extends in a ribbon down the east coast of the Antarctic Peninsula from James
Ross Island to the Ronne Ice Shelf, see Fig.5.11 and Fig.5.12. It consists of several distinct
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Figure 5.12: Location of ice shelves on the Antarctic Peninsula. Source
[48].

Figure 5.13: A-68 iceberg. The fractured berg and shelf are visible in
these images, acquired on July 21, 2017, by the Thermal Infrared Sensor
(TIRS) on the Landsat 8 satellite. Credit: NASA Earth Observatory
images by Jesse Allen, using Landsat data from the U.S. Geological
Survey.
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ice shelves, separated by headlands. Larsen C ice crack already started in 2010, but it was
very slow, and there were no signs of radical change according to Interferometry processing
of the images. But, since October 2015, the ice crack of Larsen C has been growing fast until
it finally collapses to result in A68, see Fig.5.13; the largest known iceberg ever known, more
than 2,000 square miles in area or nearly the size of Delaware detached from one of the largest
floating ice shelves in Antarctica and floated off in the Weddell Sea.
In [77], the authors derived structural glaciological description and analysis of surface morphological features of the Larsen C ice shelf from satellite images spanning the period 1963–2007.
The results and conclusions of the research stated that: “Surface velocity data integrated from
the grounding line to the calving front along a central flow line of the ice shelf indicate that the
residence time of ice (ignoring basal melt and surface accumulation) is 560 years. Based on
the distribution of ice-shelf structures and their change over time, we infer that the ice shelf
is likely to be a relatively stable feature and that it has existed in its present configuration for
at least this length of time.”.
In [97], the authors modeled the flow of the Larsen C and northernmost Larsen D ice shelves
using a model of continuum mechanics of ice flow, and the applied a fracture criterion to
the simulated velocities to investigate the ice shelf’s stability. The conclusion of the analysis
shows that the Larsen C ice shelf is inferred to be stable in its current dynamic regime. This
work published in 2010, and in the same year, Larsen C ice crack already existed, but for
its slow-growing rate and according to analytic studies, there were no expectations for the
fast-growing and collapse that happened for Larsen C.
One main technique to analyze and predict ice cracks is the interferometry. Interferometry
[15, 116], is a family of techniques in which waves, usually electromagnetic waves, are superimposed, causing the phenomenon of interference, which is used to extract information.
Interferometers are widely used in science and industry for the measurement of small displacements, refractive index changes, and surface irregularities.
Fig.5.14 shows the interferometry image as of April 20, 2017, and although it clearly shows
the crack that already exists, it is absolutely can provide no information or indications about
what can happen next. A couple of weeks after this image, Larsen C ice crack took different
dynamic and divided into two branches, as shown in Fig.5.15.
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Figure 5.14: Interferometry (April 20, 2017). Two Sentinel-1 radar
images from 7 and 14 April 2017 were combined to create this interferogram showing the growing crack in Antarctica’s Larsen-C ice shelf. Polar
scientist Anna Hogg said: “We can measure the iceberg crack propagation much more accurately when using the precise surface deformation
information from an interferogram like this, rather than the amplitude
(or black and white image) alone where the crack may not always be
visible.” Source [65].

Figure 5.15: Lrasen C crack development (new branch) as of May 1,
2017. Labels highlight significant jumps. Tip positions are derived from
Landsat (USGS) and Sentinel-1 InSAR (ESA) data. Background image
blends BEDMAP2 Elevation (BAS) with MODIS MOA2009 Image mosaic (NSIDC). Other data from SCAR ADD and OSM. Credit: MIDAS
project, A. Luckman, Swansea University.
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Figure 5.16: Ice surface velocity. The figure shows the data set for
three different years around the very beginning of Larsen C ice crack in
2010. The data from the years 2007,2008, and 2010 have corrupted data
on the region of interest, and then they are excluded. The color scale
indicates the magnitude of the velocity from light red (low velocity) to
dark red (high velocity), and the arrow points to the starting tip of the
crack. Result of the directed partitioning is shown in Fig.5.17. Source
of data: [158].
We will apply the directed affinity segmentation to both ice surface velocity field data, and
satellite images only.
We will apply the directed affinity segmentation to satellite images of Larsen C ice shelf, and
we will show that the directed affinity segmentation of spatiotemporal changes can work as
early warning sign tool for critical transition in ice sheets. We will apply our “post-casting”
experiments on images of Larsen C before splitting of the A68 iceberg and will compare our
forecasting based on segmentation results to the actual event occurs.
In Fig.5.16 we see different snapshots of the ice surface velocity data set [136, 157, 158], which
is part of the NASA Making Earth System Data Records for Use in Research Environments
(MEaSUREs) Program, and it provides the first comprehensive [158], high-resolution, digital
mosaics of ice motion in Antarctica assembled from multiple satellite interferometric syntheticaperture radar systems. We apply the Directed affinity partitioning to the available data set,
and the results are shown as a labeled image in Fig.5.17.
As shown on Fig.5.17 we note the following:
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Figure 5.17: Directed Affinity result. (Left) The directed partitioning
results for the ice surface velocity of the years 2006,2009,2011, and 2012.
Noting that the ice shelf crack started in 2010. (Right) A narrow zoom
to the region of interest that shows large varying in ice surface velocity
within a small area. To give a clear view of the differences in speed,
Fig.5.18 shows the surface plot for the same result.

Figure 5.18: Directed affinity partitions with the mean velocity (speed)
of the partition assigned for each label entries. The spatial distance
between the arrows tips is less than two miles, while the difference in the
speed is more than 200 m/year.
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• The data collected from eight different sources [131, 158], with different coverage and
different error range, and interpolating the data from different sources explains the
smooth curves in segmentation around the region on interest.
• The directed partitioning shows the Larsen C ice shelf as coherent structures that contain
each other.
• The zoom picture to the right shows the region where the Larsen C ice crack start, and
we see that within narrow spatial distance (4 miles) there is a large change in velocity,
more precisely, the outer boundaries of the different coherent sets become very close
to contact (by considering the margin of error in the measurements [131], it has high
probability that they contact).
Directed partitioning gives us informative clustering, meaning that each cluster has homogeneous properties, such as the magnitude and the direction of the velocity. In general, for the
coherent sets A1 ⊂ A2 ⊂ ... ⊂ An , physically, the set Ai−1 keeps its coherence within Ai because of a set of properties (i.e., chemical or mechanical properties) that rules the interaction
between them. However, the contact between the boundaries of the sets Ai−1 and Ai , see
Fig.5.19, means a direct interaction between Ai−1 and Ai+1 , which opens a “new possibilities”
of a new kind of reactions different from we already have.
In the case of the ice velocity partitioning, we collect the observations and discuss them, however, since the sets boundaries are not completely contacted, and the direction of the velocity
has no critical change, which we believe result from interpolating the data and smoothing
the measurements, we state nothing more than such close interaction between coherent sets
boundaries can be an early warning sign that should be considered and investigated by applying “what if” assumptions and analyzing the consequences from any change or any error
in the measured data.
However, our directed partitioning method achieved better results using the satellite images
[134]. To reduce the effect of noise (clouds and image variable intensity), we considered the
average image over one month as a single snapshot for the directed affinity constructions.
Fig.5.20 the directed affinity partitioning for two time windows starting from December 2015.
The directed partitioning began to detect the significant change in the Larsen C ice shelf on
July 2016. In Fig.5.21 we see that by September 2016, we detect a structure very close in
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Figure 5.19: Two coherent sets dynamic. As the inner set contact the
boundaries of the outer one, than give the chance for a new reactions
that “may” cause critical transition.
shape to the iceberg A-68, which calved from Larsen C on July 2017. Moreover, by November
2016, see Fig.5.22, the boundaries of the detected partitions match the crack dividing into
two branches that happened in later in May 2017 and shown in Fig.5.15.
We see that the directed affinity partitioning can be a useful early warning sign, that indicates
the possibility critical spatiotemporal transitions, and it can help to bring the attention for
specific regions to investigate different possible scenarios in the analytic study.
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Figure 5.20: For two time windows (top and bottom), we see (Left)
The mean image of the images included in the window. (Middle) The
Directed Affinity Segmentation Labeled Clusters. (Right) Overlying of
the directed affinity segmentation boundaries over the mean image of the
window. We took these time windows of Feb. 2016 and July 2016 as a
detailed example, and more time windows results are shown in Fig. 5.21.
We see that during 2016, there was no significant change in Larsen C
crack at the beginning of the year. In July 2016, the directed affinity
segmentation propose a large change in the crack dynamics, and this
change keeps going faster as Fig. 5.21 shows.

140

Chapter 5. Image-Observed Complex Systems

Figure 5.21: In analogy to Fig. 5.20-Right, this figure shows the Directed Affinity Segmentation boundaries for different time windows starting from July 2016 to April 2017.

Figure 5.22: The mean image and the directed affinity partitioning
as of November 2016. The results shows similar structure to the crack
branching that occurred on May 2017 and shown in Fig.5.15, and similar
structure the final iceberge that calved from Larsen C on July 2017.
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Figure 5.23: 2012 prediction based on ice surface velocity data, and
2016 prediction based only on satellite images. Compare to the actual
crack (white curve between the two prediction curves) on July 2017,
shown in Fig.5.13.
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Chapter 6

Extensions and Future Directions
The important thing is not to stop questioning. Curiosity has its
own reason for existence. One cannot help but be in awe when he
contemplates the mysteries of eternity, of life, of the marvelous
structure of reality. It is enough if one tries merely to
comprehend a little of this mystery each day.
Albert Einstein
(1879 - 1955)

In this chapter, we discuss some of extensions and future direction of our work, which is based
on promising primary results achieved during our research.

6.1

Large Networks of Non-Identical Oscillators

We showed in our numerical results the robust result of ER in detecting the sparse structure of
complex systems and coupled networks. Recovering the coupling structure (adjacency matrix)
of coupled networks is one of the important problems in many fields.
In one of our ongoing research we are developing a general framework to reconstruct the
coupling structure in large complex networks of nonidentical oscillators. Consider unified
Lorenz system [161]:




ẋ = (25α + 10)(y − x)




ẏ = (25 − 35α)x + (29α − 1)y − xz






ż = xy − 8+α z
3

(6.1)
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Figure 6.1: Coupled Oscillators of Unified Lorenz System. n = 100
nodes with unique value of α for each oscillator.
where α ∈ [0, 1]. The system is chaotic for all α ∈ [0, 1], and when α ∈ [0, 0.8], the system
reduces to the general Lorenz system, and when α = 0.8, it becomes the general Lu system.
When α ∈ (0.8, 1], the system is the general Chen system.
The main idea of the new approach, is to not give attention (temporary) to the individual
parameters in network, instead, we write the oscillators in the form:

Ψ = [ψ1 , ψ2 , ..., ψn ]

(6.2)

where ψi ∈ RN ×d is the ith d-dimensional oscillator, and N is number of observations, and
Ψ ∈ RN ×nd is the nodes library and n is number of nodes. Fig.6.1 shows a network of
randomly coupled oscillators.
Similar to basic methodology discussed in Chapter 4, we compute the derivative ψ̇i ≡ f . Now,
instead of searching in the polynomial expansion for the function φj that maximize the mutual
information with each individual dynamic of the node ψi , we search for node ψj which its
polynomial expansion combined with ψi maximize the mutual information with the dynamic
ψ̇i . Then, to find the nodes that influence the node i, the forward ER can be expressed as:
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uk = arg

max

j∈S,j ∈s
/ k−1
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I(ψ̇i ; V(ψ̇i , Φ(ψj ))|V(ψ̇i , Φ(Ψsk−1 ))),

sk = sk−1 + uk

(6.3)

where Φ(Ψsk−1 ) is the polynomial expansion for nodes indicated by indices in the set sk−1 .
Different from ER in Chapter 4, we start here with the assumption s0 = {i}, meaning that it
is assumed that each node is surely influenced by itself.
The discussion above summarize the main idea, and we are following the algorithms engineering techniques to ensure the efficiency and scaleability of the algorithm, combined with other
projects such as the dynamic dictionary learning and the efficient basis expansion.
Fig.6.2 shows a binary tree network created using identity coupling function (x coupled to
x, y coupled to y, and z coupled to z on each coupled nodes), Fig.6.3 shows the adjacency
matrix of coupled system, and the recovered adjacency matrix described above.
Note that for 100 nodes, even with the 2nd order power polynomial expansion, we will have
302 !
300 !2 !

= 45, 451 candidate function, meaning that the measurement to basis ratio is about

4%.

6.2

Efficient Basis Construction

In Lorenz system example in Chapter 4, we assumed the 5t h expansion order since we are
assuming the black box modeling, and to test the method under unstable conditions. However,
the principle of causation entropy CSE [180], can efficiently detect the relevant features in the
state variables z before applying the power polynomial expansion.
For example, for the same noise and outliers levels of the experiment shown in Fig.4.14, let z
be the state variable with N = 1000 measurements. The pairwise CSE is given by
t
Ci,j = I(zit+1 ; zjt |zs−j
)

(6.4)

where Ci,j is the causation entropy from the variable (column) zj to zi , and s = {1, 2, 3} is
the set of all indices, and the superscript t indicate the measurement 1, 2, ..., N − 1, and t + 1
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Figure 6.2: Network of unified Lorenz system with non-identical oscillators. (100 Nodes)

Figure 6.3: (left) True adjacency (right) Recovered adjacency by ER
using 2000 measurements. Note that in generating the coupled network
we neglect the self influence (the diagonal entries), however, it obvious
to see the self influence in the recovered matrix since it is embedded
influence in the ODE system itself. We see that our method achieved
accurate recovery of the adjacency matrix.
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0.0035
0.0053
0.0021

0.0031
0.0530
0.0030
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2 × 10−14
0.0056
0.3984

Table 6.1: CSE value for Lorenz system state variables
indicate the measurements 2, 3, ..., N . The result of the matrix C averaged over 100 is shown
in Table 6.1.
Our concern here is the low values of CSE, such as C1,3 = 2 × 10−14 , which indicates the
causation entropy from z3 to z1 . Such value indicate that z3 has no influence to z1 , and then,
we can exclude it from the power expansion which highly reduce the computations complexity
and the uncertainty of the regression. Moreover, similar approach also can be adopted to find
the optimal expansion order.
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Appendix A

On K-means and Spectral Clustering
A simple and common form of clustering that one might choose would be a k-means clustering of an image scene [106] based just on the pointwise measurements alone (say colors for
example) as a solution to the partitioning problem, to find a partition S such that

S = argmin
S

k
X
X

kXj,: − µi k,

(A.1)

i=1 Xj,: ∈Si

where k · k is the Euclidean norm of the color values, and µi are means in each color channel.
We see the k-means method is a solution of a partitioning problem. An image such as that of
the colors of Jupiter is shown in Fig. 5.7 (b and c) for an example of a static time segmentation
of a Jupiter image with d = 3 colors c(z), measured pointwise where {zi }N
i=1 are the pixel
positions on the image. The k-means problem solution has a direct method of updating the
cost function Eq. A.1 as membership of indexed values in each partition element is adjusted,
thus shifting the group mean, until optimality is found sufficiently, as reviewed in many
standard texts [9, 95, 106].
Beyond the k-means clustering concepts there are spectral clustering methods, and in fact
even the k-means method has a spectral formulation,[95]. We will see that spectral methods
seem to perform well from a clustering perspective alone.

Spectral descriptions of clustering will allow us to interpret our notions of motion segmentation more naturally in terms of coherence as analogies to spectral decompositions of transfer
operators lead to dynamical systems concepts of coherence as already emphasized in the literature, [73, 122, 150]. So we proceed to recall the spectral concepts of clustering for image
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segmentation.
There have been several complementary views of clustering by spectral methods, by graph cuts
[105, 170], as random walkers, [125], and comparably as a diffusion process as described by
diffusion map [162]. Many of these come back to some version of a max-flow min-cut algorithm
[42], and in turn as related to the conductance also called Cheeger-constant as a measure of
“bottleneckyness" of the underlying graph. In this section, we review the computations for
the simpler case of weighted undirected graphs, appropriate for image segmentation.
Proceeding computationally, image segmentation may be formulated as a graph partitioning
problem, and as such, doing so with color alone means formulating the data set; assign data
set [144],
T
T
T
X = [X1,:
|X2,:
|...|XM,:
],

(A.2)

So, for color alone, X is d × N . Columns of X are the color channels at each pixel position
T . If distance is based on color alone, and so as in Eq.. A.1, we write
zi , and we write Xi = Xi,:

a pairwise distance function. Let

Di,j

v
u d
uX
= kXi − Xj k = t (Xi,k − Xj,k )2 ,

(A.3)

l=1

describe a matrix of distance function values across the sample of points, for distance function,
d(zi , zj ), and d : M × M → R+ . Next as done in many general spectral clustering methods,
[144, 162] and as specialized to image segmentation [144, 170], a pairwise symmetric affinity
matrix may be defined,
2

2

Wi.j = e−Di,j /2σ .

(A.4)

The value of σ > 0 may be chosen as a resolution parameter. It is convenient to emphasize the
“practical" sparsity, by reassigning Wi,j = 0 if Wi,j <  for a small threshold,  > 0. This can
be interpreted as generating a weighted graph, G = (V, E), where vertices V = {1, 2, ..., pq}
have edges between them whenever Wi,j > 0 and with weights accordingly.
A degree matrix, corresponding to the weighted symmetric directed graph is,

Di,i =

X
j

Wi,j , Di,j = 0, i 6= j,

(A.5)
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Shi and Malik [170] noted that the max-cut is equivalent to,

min ncut(x) = min
x

y

y T (D − W )y
,
y T Dy

(A.6)

where ncut(x) is the normalized cut of the partition.
As can be proved through the Courant-Fischer theorem, [24], and [170] for the image segmentation setting. This then brings us to the generalized eigenvalue eigenvector problem,

(D − W )y = λDy

(A.7)

where the second smallest eigenvalue and corresponding eigenvector solve the optimization
problem. This could be written in terms of a symmetric normalized graph Laplacian, L, by
noting that Eq. A.7 transforms into,
D−1/2 (D − W )D−1/2 x = λx,

(A.8)

Lx = λx,

(A.9)

L = D−1/2 (D − W )D−1/2 ,

(A.10)

y = D−1/2 x.

(A.11)

or,

if,

by substitution,

The affinity matrix eigenvalue problem has an interpretation as a stochastic matrix eigenvalue
problem, by [125, 132],
P = D−1 W.

(A.12)

Meila and Shi [125] noted that the affinity matrix W relates to random walks through a graph
according to this stochastic matrix P , and this relates closely to a diffusive process underlying
the diffusion map method, [137, 162].
Now the smallest eigenvalue of Eq. A.7 corresponds to the greedy partition (one element of the
A-B partition is empty) so the second smallest eigenvalue corresponds to the Cheeger-balanced
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partition, the best bi-partition. Then one could proceed by recursively bi-partitioning [126].
We follow the concept of [144] which is to choose the k smallest eigenvalues after the zero
eigenvalue and corresponding eigenvectors and then to cluster these by use of k-means from
there.
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Appendix B

Misconceptions In Sparse System
Identification
B.1

History of Carleman Linearization

There is a large confusion in literature about Carleman linearization, or also known as Carleman embedding. In this section we review the time line of Carleman linearization.
Kowalski and Steeb (1991), discussed and reviewed in their book introduction [113], the
history and details on Carleman linearization in literature from the first publishing 1932 [40],
to 1991, the year of their book publishing. We can summarize their findings as the following:
• From 1932 to 1970 (38 years), there was only one paper that mentioned the Carleman
embedding technique in an exercise.
• From 1970 to 1981, there was 7 papers discussed Carleman embedding technique, where
some of them did not reference Carleman, and one of them was re-discovery of Carleman
Linearization.
• From 1982 - 1991, there was 9 papers discussed Carleman embedding technique, where
some of them introduced extensions and reformulation of the technique.
We see that during around 60 years from Carleman embedding technique, only 17 papers was
related to Carleman 1932, with many of them represent a reformulation and re-discovery of
the technique. As consequence, Carleman linearization technique lost its identity, and start to
appear in literature without being referenced as such. The reasons can be also the difficulty
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of the original formulation, and the lake of discussion for the simple cases such as writing a
quadratic function of two variables in the form:

f (x, y) = β0 + β1 x + β2 y + β3 x2 + β4 xy + β5 y 2 .

(B.1)

In the following, we list few selected papers that are related to our work, where the power
polynomial expansion adopted on them:
1. Epureanu and Dowell (1997) [63], introduced a technique to compute the linearized
Poincaré map and the sensitivity vector required for the implementation of an OttGrebogi-Yorke (OGY) controller from experimental data.
2. Candes et al. (2005) [38], Introduced the compressive sensing using L1 relaxation.
3. Yao and Bollt (2007) [205], developed a new method that adapts the least-squares best
approximation by a Kronecker product representation and Carleman linearization to
analyze underlying structure when it exists as a system of coupled oscillators.
4. Wang et al. [195], introduced a method for Predicting catastrophes in nonlinear dynamical systems by compressive sensing.
5. Brunton et al. (2015) [30], Combines the iterative hardthresholding with Carleman
linearization for sparse regression SINDy.

B.2

Number of Measurements Vs. Time

in Table B.1 we list number of measurements, training data time span, levels of noise, and
type of noise for recent work of SINDy and TW methods, and we can clearly see the following
points:
1. In all approaches, number of measurements required to recover Lorenz system is mostly
of order 4 and 5, with long time span for training data generation. The lowest number
of measurements was N = 2500 in TW [186], and it was combined with assuming the
second order power polynomial expansion (which gives 10 basis function), and assuming
that the noise is only on a specific continuous blocks of the observations, and all other
measurements are exact.
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2. In the first example of SINDy, the noise is added only to the derivative f , and the
measurements z, and then the basis functions matrix, are exact, and this was based
on the assumption that both f and z are measurable, and the noise appear only on
f . Although we see that there is no reasonable justification of why we may measure
noisy derivative while we have exact state variables, however, we see that number of
observation used in the implementation was of order 5.
3. SINDy with control (SINDYc), is designed to work in low-data regime, and we see that
it used number of measurements of order 4, and a trained the data over 20 time-unit
length.
4. Compared to our results we discussed in Chapter 4, ER detect Lorenz system with 1500
measurements, which implies a training time ([0, 0.75]), with considering large noise
(σ = 0.2) present on the state measurements z.
In 2007, Yao and Bollt [205], proved the convergence of the least squares method with error on
the parameters of the same order as the step size. Then, even the ordinary least squares will
converge to accurate solution on the parameters sense, where the sparse parameters become
easy to distinguished by dropping their values below the step size. The idea about this is how
many measurements that will need?!, and using huge number of measurements for relatively
small system sound like a misconception on the data-driven system identification.
The misconception is not just using huge number of measurements, but also not distinguishing
between “measurements” and “information” in the sense of the oscillations and behavior of the
dynamic. Fig.B.1 shows how 1000 measurements look like in Lorenz system with different
step size.
It will be a subject of our future work to discuss this issue in more details, and to discuss the
importance of attaching the step size to the number of measurements, since one of them is
not clear information without the other.
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N

training time

noise σ

noise type

reference

105
5 × 104
2 × 104
2500
4 × 104

[0 100]
[0 50]
[0 20]
[0 2.5]
[0 20]

1
0.01
NA
0.0125
0.0125

f only
z
NA
z
z

SINDy [29, 30]
SINDy [29, 30]
SINDYc [101, 102]
TW [186]
TW [185, 186]

Table B.1: Number of measurements and noise levels used in recent
literature for sparse system identification of the Lorenz system.

Figure B.1: 1000 sample points of Lorenz system. All the subplots shows 1000 measurements, however, from left to write we use
τ = 10−4 , τ = 10−3 , and τ = 10−2 as a step size respectively. The oscillations and long dynamic behavior, especially in chaotic systems, represent
unique feature which become easier to detect and estimated. However,
in sparse system identification, we have embedded trade off (that seems
to be absent in literature) between the accuracy of the sparse structure
and the accuracy of the magnitude of the parameters. The accurate estimation of the sparse structure in the current state of the art methods
requires more and more “dynamic behavior”, which means “time” of sampling. In the other hand the accurate values of the parameters highly
improved with smaller step size as proved by Yao and Bollt [205]. The
trade off is then; increasing the step size to recover the sparse structure with lower measurements, comes with the cost of lower accuracy
in parameters magnitude, and reducing the step size and to have higher
accuracy in the parameters magnitude comes with the cost of large increase of number of measurements and computations complexity. And
both cases have restrictions and bounds for the physical, experimental,
and numerical feasibility of the step size from being too small or too
large.
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On Noise Addition

Traditionally, we used to write the linear system of equations, with the linear algebra in mind,
as:
y = Ax + η.

(B.2)

where y is the dependent variable (or output), A is the independent variables (or input), x is
the vector of parameters, and η is a vector of noise.
Naturally, after the modern matrix formulation of linearization of nonlinear dynamic appeared, it simply follow the linear algebra formulation, and written as:

ż = Φ(z)β + η

(B.3)

where ż is the vector field of the observed dynamic, z is the state variable, Φ(z) is the basis
expansion of the state variable, β is the vector of parameters, and η is the noise.
However, the Eq.B.3 implies that the noise only appear in vector field ż and the state variable
is exact, and that is not true for most of system identification problems, and we discussed in
Chapter 4 that the correct form is:

ż = Φ(z + η1 )β + η2 + ε

(B.4)

where Φ(z + η1 ) is the basis expansion for the noisy state variable, η2 is the noise in the vector
field that can be seen as amplification function that depends on η1 , z, and the derivative
estimation method, and ε is the computations error.

B.4

Number of Basis Functions

The sentence: “Unfortunately, L0 minimization is NP-Hard”, is found in most sparse regression
literature, including our work. However, we see sometimes a work that attempt to recover
relatively low dimensional systems (such as Lorenz) by assuming low expansion order. For
example, in [186], the authors assumed the second order power polynomial expansion for the
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Figure B.2: Exhaustive search and the effect of penalty in L0 minimization for Lorenz system, with snd order power polynomial expansion,
0.0005 step size, and 400 measurements. (Left) for 10 candidate functions
Lorenz system f = Φβ, the blue markers shows kf −Φβk2 for all possible
combination of basis, the green marker shows the true solution, and the
red marker shows the solution with minimum value. (Right) The value
of objective function after adding a penalty term kf − Φβk2 + λkβk0 .
We assume λ = 1.
3-dimensional Lorenz system, which result with 10 candidate functions, and with step size
0.0005, it required 40,000 measurements to recover the sparse structure.
Fig.B.2 shows how all possible solutions of the system can easily reveal the true structure
of the system with very low number of measurements. The point here is that assuming low
number of candidate function contradict with the principle of the black box modeling, as
discussed in Chapter 2, and the reasonable approach to assume higher order expansion.
In general, for robust and exact recovery of sparse parameters, exhaustive search can give
robust solution with low measurements and reasonable time up to 10 dimensions, and it can
keep the same robustness but with more expensive computations up to 13 or 14 dimension.
Mixed integer programming may extended this robustness up to 30-40 dimensions. However,
it is finally an NP-Hard problem.
Then, the robustness, efficiency, and applicability of any sparse regression problem, should be
tested and evaluated with high dimensional systems.
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