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,Q D SUHYLRXV SDSHU� >�@� ZH JDYH D QHZ IRUPDOLVP WR VROYH

WKH ,QYHUVH )UREHQLXV�3HUURQ 3UREOHP �,)33�� WR SURGXFH D

G\QDPLFDO V\VWHP� XQLIRUPO\ QHDUE\ D JLYHQ G\QDPLFDO V\WHP�

EXW ZLWK D GUDVWLFDOO\ GLmHUHQW DQG GHVLUDEOH LQYDULDQW GHQVLW\�

2XU SUHYLRXV DOJRULWKP UHGXFHG WKH SUREOHP RI SURGXFLQJ WKH

G\QDPLFDO V\VWHP * ZLWK GHVLUDEOH VWDWLVWLFV n�[�� LQWR D FRQ�

VWUDLQHG RSWLPL]DWLRQ SUREOHP� ZKLFK ZH VROYHG LQ O
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VROXWLRQ GRHV QRW FRUUHVSRQG WR D

XVHIXO VROXWLRQ� RQH FRXOG QRW FRQFOXGH QRQH[LVWHQFH� 7KH O
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VROXWLRQ WR WKH VDPH RSWLPL]DWLRQ SUREOHP DOORZV IRU D VKDUS

H[LVWHQFH�QRQH[LVWHQFH WKHRUHP� ,Q WKLV SDSHU� ZH SUHVHQW IRU

WKH nUVW WLPH DQ O

�

DOJRULWKP ZKLFK SURGXFHV VROXWLRQV WR RXU

,)33� DQG FRQFOXGH RXU QRQH[LVWHQFH WKHRUHP ZKLFK LV SHUWL�

QDQW WR WKLV VROXWLRQ� 7KHQ ZH GLVFXVV DSSOLFDWLRQV LQ FRQWURO

RI FKDRV� ERWK E\ RSHQ�ORRS FRQWURO VWUDWHJLHV IRU PDSV� DQG

ZH GLVFXVV IXWXUH DSSOLFDWLRQV WR IHHGEDFN FRQWURO RI oRZV�

�� ,QWURGXFWLRQ

$ PDMRU GLpFXOW\ RI QRQOLQHDU FRQWURO WKHRU\ KDV LQYROYHG

JOREDOO\ UHSUHVHQWLQJ WKH DFWLRQ RI WKH G\QDPLFDO V\VWHP RQ

LWV SKDVH VSDFH� $ FRPSOHWH� DQG QRZ FODVVLFDO� JOREDO UHS�

UHVHQWDWLRQ RI D G\QDPLFDO V\VWHP LV LQ WHUPV RI LWV V\PEROLF

G\QDPLFV� :H KDYH UHFHQWO\ >�@ GHPRQVWUDWHG WKDW D JUDSK DS�

SUR[LPDWLRQ RI WKH V\PEROLF JUDPPDU LV D KLJKO\ HpFLHQW ZD\

WR FRPSOHWHO\ HQFRGH FRXUVH�JUDLQHG FRQWURO VWUDWHJLHV� &ORVHO\

UHODWHG WR WKH WRSRORJLFDO QRWLRQV RI V\PEROLF G\QDPLFV� DUH WKH

PHDVXUH�WKHRUHWLF QRWLRQV RI WKH WUDQVIHU RSHUDWRU� LQFOXGLQJ

WKH )UREHQLXV�3HUURQ RSHUDWRU� ZKLFK WLPH�DGYDQFHV HQVHPEOH

GHQVLWLHV RI LQLWLDO FRQGLWLRQV� 7KH DXWKRU KDV UHFHQWO\ VKRZQ

WKDW VLQFH VXFK JOREDO UHSUHVHQWDWLRQV RI WKHVH RSHUDWRUV DUH

HDVLO\ FRXUVH�JUDLQHG E\ PDWULFHV �WKLV LGHD GDWHV WR 8ODP >�@��

WKH GLpFXOW SUREOHPV RI GHYHORSLQJ D JOREDO FRQWURO VWUDWHJ\

FDQ EH UHGXFHG WR PXFK HDVLHU SUREOHPV� �� RI OLQHDU DOJHEUD LI

WDUJHWLQJ LQYDULDQW�GHQVLW\ �,))3 � ?,QYHUVH )UREHQLXV�3HUURQ

3UREOHP��� �� RU WR V\PEROLF G\QDPLF >�@ DQG FRPELQDWRULDO

SUREOHPV >�@ RI SDWK VHDUFKLQJ� LI WDUJHWLQJ RSWLPDO WUDMHFWR�

ULHV� (VVHQWLDOO\� WKH QRQOLQHDULW\ RI ?VWUHWFK�DQG�IROG� FDQ EH

DFFRXQWHG IRU E\ WKH DFWLRQ RI D OLQHDU RSHUDWRU� DSSUR[LPDWHG

E\ D PDWUL[� RU HTXLYDOHQWO\ E\ D GLJUDSK RYHU WKH IXQFWLRQ

VSDFH RI GHQVLWLHV� ,Q WKLV FRXUVH�JUDLQHG DSSUR[LPDWLRQ� SDWKV

WKURXJK JUDSKV PRGHO HSVLORQ�FKDLQ WUDMHFWRULHV RI WKH G\QDP�

LFDO V\VWHP�

+HUH� ZH H[WHQG FRQWURO VWUDWHJLHV EDVHG RQ WUDQVIHU RSHUDWRU

UHSUHVHQWDWLRQV RI WKH DFWLRQ RI D FKDRWLF G\QDPLFDO V\VWHP� RQ

LWV LQYDULDQW VXEVSDFH� 6XSSRVH ZH DUH JLYHQ D G\QDPLFDO V\V�

WHP ) � 0 � 0� ZLWK DQ XQGHVLUDEOH LQYDULDQW GHQVLW\ |�[��

EXW ZH SUHIHU WKH ORQJ WHUP VWDWLVWLFV RI VRPH RWKHU PHDVXUH

a

n�[�� :H ZLVK WR FRQVWUXFW D VXS�QRUP QHDUE\ G\QDPLFDO V\V�

WHP * VXFK WKDW WKLV QHZ G\QDPLFDO V\VWHP KDV WKH GHVLUDEOH

VWDWLVWLFV n�[�� ,Q RXU SUHYLRXV ZRUN� �� ZH DSSUR[LPDWHG WKH

)UREHQLXV�3HUURQ �)�3� RSHUDWRU RI ) � �� ZH JDYH DQ DOJRULWKP

ZKLFK JHQHUDWHV D QHZ )�3 RSHUDWRU� ZKLFK ZKHQ LWV H[LVWV� KDV

WKH PRUH GHVLUDEOH GHQVLW\ DV LWV VWHDG\ VWDWH� DQG WKHQ �� XV�

LQJ ZKDW ZH FDOO WKH ?,QYHUVH 8ODP 3UREOHP�� ZH FRQVWUXFWHG D

WUDQVIRUPDWLRQ
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* �0 �0 ZKLFK KDV WKH UHTXLUHG )�3 RSHUD�

WRU DQG KHQFH WKH GHVLUDEOH VWDWLVWLFV n�[�� 2XU DOJRULWKP ZDV

EDVHG RQ D FRQVWUDLQHG PLQLPL]DWLRQ SUREOHP� ZKLFK ZH SUHYL�

RXVO\ VROYHG LQ O
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� E\ D PRGLnHG OHDVW VTXDUHV DOJRULWKP XVLQJ

6LQJXODU 9DOXH 'HFRPSRVLWLRQ �69'�� EXW ZH JDYH D WKHRUHP

WKDW VWDWHG WKDW LI WKLV O

�
VROXWLRQ GLG QRW JHQHUDWH WKH GH�

VLUHG VWDWLVWLFV n�[�� WKHQ LW ZDV IHDVLEOH WKDW WKHUH VWLOO H[LVWHG

VRPH DV \HW XQIRXQG VROXWLRQ� 7KHQ ZH SRLQWHG RXW WKDW WKH

O
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PLQLPDO VROXWLRQ ZRXOG QRW DOORZ VXFK D ORRS�KROH� +HQFH

JLYHQ WKH O
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VROXWLRQ RI WKH VDPH FRQVWUDLQHG RSWLPL]DWLRQ� QRW

nQGLQJ DQ DSSURSULDWH )�3 RSHUDWRU LPSOLHV QRQH[LVWHQFH RI D

WUDQVIRUPDWLRQ * XQLIRUPO\ QHDUE\ ) � ZKLFK KDV WKH GHVLUDEOH

VWDWLVWLFV� 7KHUHIRUH� LQ WKLV SDSHU ZH SUHVHQW IRU WKH nUVW WLPH

D QHZ DOJRULWKP� EDVHG RQ UHSHDWHG OLQHDU SURJUDPPLQJ� WR

VROYH WKH UHTXLUHG FRQVWUDLQHG RSWLPL]DWLRQ O
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:H FRQVLGHU WKH LPSOLFDWLRQ RI EHLQJ DEOH WR JOREDEOO\ VWD�

ELOL]H D GHVLUDEOH LQYDULDQW VWDWH� RU GUDPPDWLFDOO\ DOWHU ORQJ

WHUP RSHUDWLQJ SURSHUWLHV RI D FKDRWLFDOO\ RVFLOODWLQJ FLUFXLW WR

EH LPSRUWDQW� RSHQLQJ D ULFK UDQJH RI SRWHQWLDO QHZ DSSOLFD�

WLRQV� $V D SUHYLHZ RI VXFK SRWHQWLDO� ZH FRQVLGHU WKH GRXEOH�

ZHOOHG 'XpQJ V\VWHP DV DQ H[DPSOH RI RXU WHFKQLTXHV DSSOLHG

WR D oRZ V\VWHP� DQG RWKHU oRZ V\VWHPV VXFK DV VD\� &KXD
V

FLUFXLW DUH HTXDOO\ UHDGLO\ DOWHUHG�

�� ,)33� 7DUJHWLQJ ,QYDULDQW 0HDVXUH

5HPDUNDEO\� ZKLOH D FKDRWLF G\QDPLFDO V\VWHP
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LV QRQOLQHDU DQG W\SLFDOO\ KDV WKH FULWLFDO LQJUHGLHQW RI FKDRV�

?VWUHWFK�DQG�IROG�� DQDORJRXV WR WKH 6PDOH KRUVHVKRH >�@� WKH

RQH�VWHS DFWLRQ RI WKH PDS LQ WKH VSDFH RI �HQVHPEOHV RI LQLWLDO

FRQGLWLRQV� GHQVLWLHV LV WKDW RI D OLQHDU WUDQVIHU RSHUDWRU >��

�� �@� 7KH )UREHQLXV�3HUURQ RSHUDWRU JHQHUDWHV DQ DVVRFLDWHG

OLQHDU G\QDPLFDO V\VWHP RQ WKH VSDFH RI GHQVLWLHV�
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ZKHUH WKH VXP LV WDNHQ RYHU DOO SUH�LPDJHV� \� ZKHQ WKH PDS KDV

D PXOWLSO\ EUDQFKHG LQYHUVH� 7KLV LQnQLWH GLPHQVLRQDO RSHUD�

WRU LV W\SLFDOO\ QRW UHDOL]DEOH LQ FORVHG IRUP� H[FHSW IRU VSHFLDO

FDVHV >�@� +RZHYHU� WKH VR�FDOOHG 8ODP
V PHWKRG� FRQMHFWXUHG

LQ ���� E\ 6� 8ODP >�@� DQG SURYHQ IRU VSHFLnF FDVHV �VHH IRU

H[DPSOH >��� ��� ��� ��@�� SURYLGHV D UREXVW WHFKQLTXH WR SURMHFW

WKLV RSHUDWRU WR D nQLWH GLPHQVLRQDO OLQHDU VXEVSDFH RI /
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JHQHUDWHG E\ WKH VHW FKDUDFWHULVWLF IXQFWLRQV VXSSRUWHG RYHU WKH

SDUWLWLRQLQJ JULG >��@� 7KH LGHD LV WKDW UHnQLQJ WKH JULG \LHOGV

ZHDN DSSUR[LPDQWV RI LQYDULDQW GHQVLW\� 5RXJKO\ VSHDNLQJ� WKH

LQnQLWHVLPDO WUDQVIHU RSHUDWRU� >��@� /�\� [�  p�\ b ) �[��� LQ�

WHJUDWHG RYHU D JULG VTXDUH %
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� ZKLFK LV VPDOO HQRXJK VR WKDW
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PDGH ULJRURXV� 5HFHQWO\� PDQ\ JURXSV KDYH EHHQ XVLQJ 8ODP
V

PHWKRG WR GHVFULEH JOREDO VWDWLVWLFV RI D G\QDPLFDO V\VWHP�

>��� ��� ��� ��� ��@ VXFK DV LQYDULDQW PHDVXUH� /\DSXQRY H[�

SRQHQW� GLPHQVLRQ� HWF� )URP RXU SRLQW RI YLHZ� WKLV 8ODP

DSSUR[LPDWLRQ RI WKH )�3 RSHUDWRU� DQG RWKHU VLPLOLDU WUDQVIHU

RSHUDWRUV� DUH DQ LGHDO VWDUWLQJ SRLQW WR UHDOL]H D ZLGH UDQJH RI

JOREDO FRQWURO REMHFWLYHV�

,Q >�@� ZH FRQVLGHUHG WKH IROORZLQJ ,))3� *LYHQ D G\QDPLFDO

V\VWHP (T� ���� ZKLFK KDV DQ XQGHVLUDEOH ?W\SLFDO� LQYDULDQW

GHQVLW\ |�[� � /

�
�0�� EXW ZH SUHIHU D GHQVLW\ n�[� LQVWHDG�

�:KLOH DQ DUELWUDU\ '6 LV QRW NQRZ WR KDYH DQ 6%5 LQYDULDQW

PHDVXUH� WKLV LV QRW D SUREOHP VLQFH ZH ZLOO EH FRQWUROOLQJ LW

DZD\�� 6WDWHG DV DQ RSHQ�ORRS FRQWURO SUREOHP� ZH DVNHG LQ

>�@� FDQ D G\QDPLFDO V\VWHP *� XQLIRUPO\ QHDUE\ ) � EH IRXQG

VXFK WKDW * KDV n DV LWV LQYDULDQW GHQVLW\"

2XU DSSURDFK ZDV� EDVHG RQ 8ODP
V PHWKRG� WR DSSUR[L�

PDWHO\ GLVFUHWL]H WKH RQH VWHS WUDQVIHU DFWLRQ RI WKH G\QDPLFDO

V\VWHP� )LUVW ZH FKRRVH D XQLIRUP q�JULG� FRYHULQJ WKH DWWUDF�

WRU� ZKLFK LV PDGH�XS RI DQ 1 d 1 d ��� d 1 JULG RI VTXDUHV
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J� &KRRVLQJ q DOORZV XV WR FRQWRO WKH VXS�QRUP GHYLDWLRQ

EHWZHHQ * DQG ) RYHU 0� 1RZ� XVLQJ D ORQJ WHVW RUELW� RI D

?UDQGRPO\� VHOHFWHG LQLWLDO FRQGLWLRQ� ZKRVH RUELW ZH SUHVXPH

WR EH GHQVH LQ WKH DWWUDFWRU� ZH FDQ EXLOG D WUDQVLWLRQ PDWUL[

$ RI REVHUYHG WUDQVLWLRQV RI RUELWV WKURXJK WKH JULG�
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7KLV IRUPXOD� IRU ORQJ WHVW RUELWV� DQG VPDOO VTXDUHV� JLYHV DS�

SUR[LPDWHO\ D nQLWH�GLPHQVLRQDO �PDWUL[� DSSUR[LPDWLRQ RI WKH

WUXH LQnQLWH GLPHQVLRQDO )�3 RSHUDWRU� 6DLG DQRWKHU ZD\� WKH

PDWUL[ FDQ EH FRQVLGHUHG DV D nQLWH GLPHQVLRQDO SURMHFWLRQ RI

WKH )�3 RSHUDWRU� LQWR WKH nQLWH GLPHQVLRQDO OLQHDU VXEVSDFH RI

/
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�0�� JHQHUDWHG E\ FKDUDFWHULVWLF IXQFWLRQV �

$L
�[� VXSSRUWHG

RYHU HDFK VTXDUH 4
L

� 7\SLFDOO\ WKH JULG LV QRW FRPSOHWHO\ RF�

FXSLHG �FRQVLGHU WKH ER[�FRXQWLQJ GLPHQVLRQ��

6WDWHG LQ WHUPV RI WKH WUDQVLWLRQ PDWUL[ $� ZKLFK KDV D

VWHDG\ VWDWH GRPLQDQW HLJHQYHFWRU Y �ZKLFK DSSUR[LPDWHG LQ�

YDULDQW GHQVLW\ |�[� �� RXU ,)33 UHTXLUHV XV WR FRQVWUXFW D QHZ

PDWUL[

a

$ VXFK WKDW WKH QHZ VWHDG\ VWDWH GRPLQDQW HLJHQYHFWRU

aY DSSUR[LPDWHV WKH GHVLUHG GHQVLW\ n�[�� :H IRUPDOO\ GHnQH

WKH IROORZLQJ RSWLPL]DWLRQ SUREOHP WR nQG D GHVLUHG PDWUL[
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&RQWURO 5XOHV�

�� �$� p$� c �Y� pY�  Y� pY� IRUFHV WKH GHVLUDEOH VWHDG\

VWDWH�

�� �$� p$� LV VWRFKDVWLF� 7KHUHIRUH�
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�� 3UHVHUYH JUDPPDU LQ WKH VHQVH WKDW ZH UHTXLUH p$
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 �� ZKLFK FRQWUROV PD[LPDO

YDULDWLRQV N) �[�b*�[�NVXS�0� � q�

�� Np$
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N LV DV VPDOO DV SRVVLEOH�

5XOHV ��� VHUYH DV FRQVWUDLQWV RQ 5XOH �� &RQVWUDLQWV ��E� LV

D SRVWHULRU FRQGLWLRQ IRU HYDOXDWLQJ VXFFHVV RI D JLYHQ VROXWLRQ�

1RWLFH WKH RULJLQDO VWHDG\ VWDWH VROXWLRQ ZDV $ c Y  Y� DQG

WKHUHIRUH VXEWUDFWLQJ WKLV IURP ERWK VLGHV RI 5XOH � JLYHV

p$ c �Y� pY�  �, b$� c pY� ���

&RQVLGHULQJ ZKLFK DUH WKH YDULDEOHV DQG ZKLFK DUH WKH NQRZQ

YDOXHV UHYHDOV WKDW (T� ��� LV ZULWWHQ ?EDFNZDUGV�� +HUH� WKH

PDWUL[ $ LV NQRZQ �IRXQG E\ 8ODP
V PHWKRG� DQG KHQFH Y LV

HDVLO\ FDOFXODWHG� /LNHZLVH� Y � pY LV DQ DSSUR[LPDWLRQ RI RXU

GHVLUHG WDUJHW GHQVLW\ n�[� ZKLFK ZH NQRZ� :KDW ZH GRQ
W

NQRZ LV WKH UHTXLUHG YDULDWLRQV p$ RI WKH PDWUL[� $V LV PRUH

XVXDO� WKLV HTXDWLRQ FDQ HDVLO\ EH UHZULWWHQ WR HPSKDVL]H WKH

XQNQRZQ YDOXHV �WKH QRQ]HUR HQWULHV RI WKH PDWUL[ p$� DV D

YHFWRU pD �LQGH[HG DUELWUDULO\��
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ZKHUH� [  Y� pY� DQG\  �, b$� c pY� ���

,Q >�@ ZH JDYH D VSHFLnF H[DPSOH WR KHOS FODULI\ WKH UROH RI WKH

T�YDULDEOHV� GXH WR WKH 7 �QRQ]HUR HQWULHV RI p$� ZKLFK LVPdP�

DQG WKHUHIRUH 7 �P

�
� EXW W\SLFDOO\ PXFK OHVV GXHV WR W\SLFDOO\

VPDOO WRSRORJLFDO HQWURS\� 7KHUHIRUH� ZH FDQ JHQHUDOO\ UHZULWH

(TV� ���� WRJHWKHU ZLWK WKH OLQHDU FRQVWUDLQW WKDW $ � p$ EH

VWRFKDVWLF� 5XOH ��D� KDV WKH IROORZLQJ VROXWLRQ K\SHUSODQH�
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:H FDOO WKLV D VROXWLRQ K\SHUSODQH VLQFH ZH DUH W\SLFDOO\ XQGHU�

FRQVWUDLQHG� �P � 7 � DV ' LV QRW RI IXOO UDQN� OHDYLQJ LQnQLWHO\

PDQ\ VROXWLRQV� :H DUH QRZ LQ D SRVLWLRQ WR FDUHIXOO\ VWDWH WKH

QHZ UHVXOW LQ WKLV SDSHU�

7KLV XQGHUGHWHUPLQDWLRQ RI RXU LQYHUVH SUREOHP LV LQ IDFW GH�

VLUDEOH� DV LW DOORZV IUHHGRP LQ FKRRVLQJ D VROXWLRQ� :H FKRRVH

WR nQG WKH VROXWLRQ RQ WKH K\SHUSODQH ' c pD  ] VXEMHFW WR

OLQHDU FRQVWUDLQWV WKDW $ LV VWRFKDVWLF �5XOH �� ZKLFK LV FORV�

HVW WR $� VR pD LV PLQLPDO� 3UHYLRXVO\� ZH XVHG WKH 3HQURVH�

SVHXGR LQYHUVH PHWKRG WR GHWHUPLQH WKH OHDVW VTXDUHV VROXWLRQ

RI (T� ���� pD  '
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]� ZKHUH WKH 6LQJXODU 9DOXH 'HFRPSRVL�

WLRQ '  8 cl c 9
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� :KLOH WKLV O

�

VROXWLRQ LV XVHIXOO\ FRQVWUXFWLYH� DQG VWUDLJKW�IRUZDUG WR FDOFX�

ODWH YLD ZHOO NQRZQ DOJRULWKPV� LW GRHV QRW DOORZ QRQ�H[LVWHQFH

FRQFOXVLRQV LI WKLV O

�
VROXWLRQ RI WKH FRQVWUDLQHG RSWLPL]DWLRQ

SUREOHP� 5XOHV ���� LV QRW D JRRG VROXWLRQ� ,Q >�@� ZH FDOOHG WKLV

WKH ?URXQG�SHJ VTXDUH�KROH� SUREOHP� %DVLFDOO\� FRQVWUDLQWV RI

5XOH ��E� GHnQH D K\SHU�FXEH� EXW OHDVW�VTXDUHV GHnQHV URXQG

EDOOV� VR ZKLOH WKH OHDVW VTXDUHV VROXWLRQ FRXOG EH RXWVLGH RI WKH

?VWRFKDVWLF ER[� GHnQHG E\ 5XOH ��E�� WKHUH FRXOG VWLOO H[LVW D

VROXWLRQ OXUNLQJ LQ D FRUQHU RI WKH K\SHU�FXEH� ZKLFK OHDVW�

VTXDUHV FDQQRW UXOH�RXW� 7KH O

�

VROXWLRQ GRHV QRW VXmHU WKLV

SUREOHP� 7KXV� ZH DUH PRWLYDWHG WR SUHVHQW WKH O

�

DOJRULWKP

IRU WKH nUVW WLPH LQ WKLV SDSHU�

�� &RQWURO E\ ?%R[� 1RUP

,Q WKH ODVW VHFWLRQ� ZH UHYLHZHG WKDW FRQWURO SUREOHP 5XOHV

���� GHnQHV D OLQHDUO\ FRQVWUDLQWHG RSWLPL]DWLRQ SUREOHP� ZKLFK

LV HDVLO\ VROYHG� ZKHQ D VROXWLRQ H[LVWV� E\ OHDVW VTXDUHV� EXW

ZH UHPDUNHG WKDW QRQH[LVWHQFH RI WKLV VROXWLRQ FDQQRW UXOH RXW

WKH H[LVWHQFH RI VRPH VROXWLRQ WR RSWLPL]DWLRQ SUREOHP 5XOHV

���� DQG WKHUHIRUH QHLWKHU WR WKH ,)33� 6LQFH WKH O

�

VROXWLRQ

�WKH ?ER[� QRUP�� GRHV QRW VXmHU WKH VDPH UHVWULFWLRQ� VLQFH

WKH OLQHDU FRQVWUDLQWV GHnQH D K\SHU�FXEH� :H QRZ SUHVHQW IRU

WKH nUVW WLPH� WKLV O

�

VROXWLRQ� IURP ZKLFK ZH FDQ VWDWH WKH

VKDUS H[LVWHQFH WKHRUHP DW WKH HQG RI WKLV VHFWLRQ�

:H KDYH GHVLJQHG D VLPSOH DOJRULWKP� EDVHG RQ UHSHDWHG OLQ�

HDU SURJUDPPLQJ >��@� WR FRQVWUXFWLRQ WKH O

�

PLQLPDO VROXWLRQ

RI WKH FRQWURO SUREOHP ���� 7KH REMHFWLYH IXQFWLRQ LV FKRVHQ WR

EH WKH LQnQLW\�QRUP�
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ZKHUH + LV WKH VHW RI DOO pD VDWLVI\LQJ WKH WZR VHWV RI FRQ�

VWUDLQWV� ' c pD  ] DQG 5XOH ��E�� ZKLFK ZH UHZULWH�

' c pD  ]� ����

bDN � pDN � �b DN� IRU � � N � 7� ����

�
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7KH REMHFWLYH IXQFWLRQ (T� ���� LV QRW OLQHDU� DQG FDQQRW EH

PLQLPL]HG GLUHFWO\ E\ OLQHDU SURJUDPPLQJ� EXW FDQ HDVLO\ EH

DGDSWHG WR DSSO\ OLQHDU SURJUDPPLQJ� &RQVLGHU WKH REMHFWLYH

IXQFWLRQ ZKLFK VHOHFWV WKH L

WK

FRPSRQHQW RI pDL�

QL�pD�  pDL� pD � + ?.L� ����

ZKHQ WKH L

WK

FRPSRQHQW LV PD[LPDO� ZKLFK LV WKH DGGLWLRQDO

FRQVWUDLQW�

.L  IpD � pDL b pDM w �J� ����

,Q WKLV VHWWLQJ� HDFK QL LV D OLQHDU REMHFWLYH IXQFWLRQ� VXEMHFW

WR OLQHDU FRQVWUDLQWV + ?.L� DQG WKHUHIRUH ZH FDQ HDVLO\ nQG

WKH PLQLPL]LQJ pD� E\ OLQHDU SURJUDPPLQJ >��@� /LQHDU SUR�

JUDPPLQJ LV D ZHOO PDWXUHG WRSLF� DQG KLJKO\ UREXVW URXWLQHV

DUH UHDGLO\ DYDLODEOH� ZH KDYH XVHG ERWK WKH URXWLQHV EXLOW

LQWR 0DWKHPDWLFD� DQG WKH 1XPHULFDO 5HFLSHV VXEURXWLQHV >��@�

)LUVW� ZH PXVW VKLIW WKH SUREOHP�

a

pDN  pDN � DN� ����

WR D XQLW K\SHUER[ ZKLFK DOORZV XV WR DYRLG WKH �QRQOLQHDU� DE�

VROXWH YDOXH VLJQ� 7KHUHIRUH� ZH UHSODFH WKH REMHFWLYH IXQFWLRQ

����� DQG FRQVWUDLQWV ����� ���� DQG ���� ZLWK�

aQL�pD�  pDL� VXEMHFW WR pD �
a

+ ?
a

.L� ����

a

+  I
a

pD � ' c
a

pD  a]� DQG � �
a

pDN � �� IRU � � N � 7J����

a

.L  I
a

pD �
a

pDL b
a

pDM w �J� ����

1RWH WKDW VXEVWLWXWLQJ WKH VKLIW ���� LQWR FRQVWUDLQW ���� JLYHV

WKH VKLIWHG GDWD YHFWRU a]  ] �' c D�

*LYHQ WKH 7 PLQLPD RI aQL� WKH RYHUDOO PLQLPXP \LHOGV WKH

PLQLPXP RI WKH LQnQLW\�QRUP (T� ����� RQFH WKLV PLQLPXP

KDV EHHQ XQVKLIWHG E\ (T� �����

PLQ

pD�+

Q�pD�  

�
PLQ

��L�7

t
PD[

pD� a+? a.L

aQL�pD�

uw
b D� ����

DQG WKLV FDQ HDVLO\ EH FDOFXODWHG E\ LWHUDWLQJ WKH OLQHDU SUR�

JUDPPLQJ URXWLQHV 7 WLPHV DQG WKHQ VHOHFWLQJ WKH PLQLPXP�

ODUJHVW aQL�

1RZ JLYHQ WKLV O

�

VROXWLRQ� ZH FDQ UHFDOO RXU >�@ VKDUS QRQH[�

LVWHQFH WKHRUHP� ZKLFK LV QRZ XVHIXO�

7KHRUHP� *LYHQ WKH VWRFKDVWLF PDWUL[ $� ZLWK VWDWLRQ�

DU\ GLVWULEXWLRQ Y� WKHQ LI WKH O

�

PLQLPDO VROXWLRQ RI ' c

pD  ] IRXQG DFFRUGLQJ WR WKH OLQHDU SURJUDPPLQJ DOJRULWKP

(TV� ���������� \LHOGV D $�p$ ZKLFK LV QRW VWRFKDVWLF� WKHQ QR

VXFK $ � p$ H[LVWV

*LYHQ WKH DERYH QHZO\ SUHVHQWHG RSWLPL]DWLRQ DOJRULWKP�

DQG UHFDOOLQJ RXU DERYH WKHRUHP� ZH KDYH D WUXH FRQVWUXFWLYH

SURFHGXUH WR HLWKHU nQG D JRRG VROXWLRQ� RU WR FRQFOXGH WKDW

QRQH H[LVWV�

�� %DFN WR '\QDPLFDO 6\VWHPV

$IWHU WKH DERYH IRUDU\ LQWR OLQHDU DOJHEUD� DQG WKHQ RSWL�

PL]DWLRQ� ZH QRZ UHFDOO RXU RULJLQDO SUREOHP� )LQG D WUDQVIRU�

PDWLRQ * � 0 � 0 ZKRVH VWDWLVWLFV DUH GHVLUDEOH� *LYHQ D

VXFFHVVIXO VROXWLRQ �$ � p$� RI 5XOHV ���� ZH PXVW FRQVWUXFW

D SLHFH�ZLVH WUDQVIRUPDWLRQ� RQ WKH JULG VTXDUHV I4
L

J� ZKRVH

) b 3 RSHUDWRU LV H[DFWO\ WKH QHZ PDWUL[ �$ � p$�� :H FDOO

WKLV WKH ?,QYHUVH 8ODP 3UREOHP�� :H D GHWDLOHG GHVFULSWLRQ RI

KRZ WR FRQVWUXFW D SLHFH�ZLVH WUDQVIRUPDWLRQ LQ >�@� WKH GHWDLOV

RI ZKLFK ZH GR QRW KDYH VSDFH WR UHSURGXFH KHUH� EXW WKH PDLQ

LGHD RI WKH FRQVWUXFWLRQ LV DV IROORZV� $ VWRFKDVWLF WUDQVLWLRQ

PDWUL[ LV HTXLYDOHQW WR D 0DUNRY GLUHFWHG JUDSK� 1RWH DOVR

WKDW WKH GHnQLWLRQ RI DQ )�3 RSHUDWRU (T� ��� KDV UHFLSURFDOV

RI GHULYDWLYHV �RU GHWHUPLQDQW RI WKH -DFRELDQ� LQ WKH IRUPXOD�

7KHUHIRUH� WKH LGHD LV WR SURGXFH D SLHFH�ZLVH OLQHDU �DpQH�

IXQFWLRQ ZKRVH ORFDO GHWHUPLQDQW -DFRELDQV DUH UHFLSURFDOV RI

HQWULHV RI �$� p$�� 6DLG VLPSO\� LI �$� p$�
L�M

 ��� IRU H[DP�

SOH� WKHQ LWV LV QHFHVVDU\ WKDW H[DFWO\ ��� RI ER[4
M

EH PDSSHG

LQWR4
L

� )XUWKHUHPRUH� IRU UHDVRQV RI UHTXLULQJ D 0DUNRY WUDQV�

IRUPDWLRQ >�@� LW LV QHFHVVDU\ WR UHTXLUH WKDW KRUL]RQWDO VWULSV

VWUHWFKLQJ DOO WKH ZD\ DFURVV 4
M

EH PDSSHG H[DFWO\ RQWR VRPH

YHUWLFDO VWULS ZKLFK VWUHWFKHV DOO WKH ZD\ DFURVV 4
L

�

*LYHQ D VWRFKDVWLF PDWUL[ $� ZH FRQVWUXFW D SLHFHZLVH DpQH

0DUNRY PDS� %DVLFDOO\� ZH PDS ��� c$
M�L

� RI WKH JULG�FHOO 4
L

RQWR ��� c

$

M�L3
N

$

M�N

� RI WKH FHOO 4
M

� 7KLV LV GRQH E\ WKH DpQH

WUDQVIRUPDWLRQ�

I
L�M

Q

�[� \�  

�
#

c[
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M�L

c[
M�L

�

�

c\
�

M�L
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M�L

�
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t
[b [

M�L
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M�L
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�

t
[
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M�L

\

�

M�L

u

ZKLFK VLPSO\ VFDOHV WKH c[
M�L

dc\
M�L

UHFWDQJOH 5
M�L

� ZKRVH ORZHU

OHIW FRUQHU LV �[
M�L

� \
M�L

�� OLQHDUO\ RQWR WKH c[

�

M�L

dc\
�

M�L

UHFWDQJOH

5

�

M�L

� ZKRVH ORZHU OHIW FRUQHU LV �[

�

M�L

� \

�

M�L

�� 2XU QRWDWLRQ FRQ�

YHQWLRQ LV WKDW 5
M�L

| 4
L

LV WKH UHFWDQJOH LQ4
L

ZKLFK PDSV LQWR

4
M

� EXW RQWR 5

�

M�L

| 4
M

� ZKHUH 5

�

M�L

LV WKH SDUW RI 4
M

WKDW FDPH

IURP4

L

� 7KH VLWXDWLRQ LV HYHQ VLPSOHU IRU ��' WUDQVIRUPDWLRQV�

7KHVH WUDQVIRUPDWLRQV FDQ EH FRQVLGHUHG WR EH KLJKO\ JHQHUDO�

L]HG %DNHU
V WUDQVIRUPDWLRQV� ZKLFK DUH ?RSHQ�ORRS� VROXWLRQV

WR WKH FRQWURO SUREOHP RI VHOHFWLQJ LQYDULDQW PHDVXUH�

�� $SULRUL &RQVLGHUDWLRQV� ([DPSOHV

$ ZHOO NQRZQ WKHRUHP VWDWHV >�� �@ WKDW ZKHQ D VHTXHQFH

RI WUDQVIRUPDWLRQV I)
Q

J KDV D XQLIRUP OLPLW ) � DQG WKH FRUUH�

VSRQGLQJ VHTXHQFH RI LQYDULDQW SGI
V I|
Q

�[�J KDV D ZHDN OLPLW

|�[�� WKHQ WKDW LQYDULDQW SGI PXVW EH ) LQYDULDQW� 7KLV SODFHV

VWURQJ UHVWULFWLRQV RQ WKH W\SH RI VROXWLRQ WR RXU FRQWURO SURE�

OHPV ZH FDQ H[SHFW� EXW LW LV QRQHWKHOHVV QRW D FRQWLQXLW\�W\SH

WKHRUHP� HYHQ WKRXJK LW PD\ VHHP OLNH RQH DW nUVW UHDGLQJ�

7KH WKHRUHP LPSOLHV WKDW LI RXU WDUJHW PHDVXUH LV DOUHDG\ DQ

) �LQYDULDQW PHDVXUH �EXW QRW QHFHVVDULO\ WKH ?W\SLFDO�� L�H��

?QDWXUDO� RU 6%5�LQYDULDQW PHDVXUH�� WKHQ q PD\ EH FKRVHQ

DUELWUDULO\ VPDOO� DQG ZH FDQ VWLOO nQG DQ q�QHDUE\ WR ) WUDQV�

IRUPDWLRQ* �LQ WKH VXS�QRUP� VXFK WKDW * KDV WKH QHZ GHVLUHG

PHDVXUH� 6XFK WDUJHW LQYDULDQW PHDVXUHV PXVW EH VXSSRUWHG

RYHU LQYDULDQW VHWV� VXFK DV &DQWRU VHWV� DQG WKH GHOWD PHDVXUHV

VXSSRUWHG RYHU 832
V� ,Q RWKHU ZRUGV� ZH FDQ PDNH D 832

JOREDOO\ DWWUDFWLQJ IRU DQ DUELWUDULO\ FORVH WUDQVIRUPDWLRQ *�

/LNHZLVH� LQYDULDQW &DQWRU VHWV ZKLFK DYRLG VRPH XQGHVLUDEOH

VHW DOORZ IRU ?DQWL�FRQWURO� >��@� VD\ LQ VRPH SUDFWLFDO DSSOLFD�

WLRQ� ZH GR QRW FDUH ZHUH LQ SKDVH VSDFH D WUDMHFWRU\ JRHV� DV

ORQJ DV LW GRHV QRW JR WR D UHJLRQ UHSUHVHQWLQJ ?EDG� PRPHQWD

RU SRVLWLRQV� 2Q WKH RWKHU KDQG� LI ZH DWWHPSW WR WDUJHW D PHD�

VXUH ZKLFK LV QRW ) �LQYDULDQW� WKHQ WKH FRQYHUVH RI WKH WKHRUHP

VWDWHV WKDW WKHUH H[LVWV VRPH FULWLFDO PLQLPDO q

FU

! � VXFK WKDW

DQ\ DWWHPSW WR VROYH WKH ,)33 IRU N) b *NVXS�0� � q � q
FU

PXVW \LHOG QR VROXWLRQ WR 5XOHV ���� ZKLFK LV LQ IDFW ZKDW ZH

GR nQG LQ SUDFWLFH�

:H QRZ JLYH WZR H[DPSOHV� &RQVLGHU D ��' H[DPSOH LQ ZKLFK

ZH DUH JLYHQ WKH ORJLVWLF PDS� ) �[�  �[��b [�� DQG IRU WKLV

ZHOO NQRZQ H[DPSOH� DQG H[DFWO\ WKLV SDUDPHWHU� ZH KDYH WKH

UDUH VLWXDWLRQ ZKHUH ZH FDQ H[DFWO\ ZULWH GRZQ WKH LQYDULDQW

GHQVLW\� ZKLFK LV� |�[�  � {

S
[��b [� >�@� +RZHYHU� VXSSRVH

ZH GR QRW OLNH WKLV LQYDULDQW GHQVLW\� :H ZLVK WR FKRRVH DQ

LQYDULDQW GHQVLW\ ZLWK ]HUR VXSSRUW RYHU WKH LQWHUYDO >���������@

�DQG WKHUHIRUH VXSSRUWHG RYHU WKH &DQWRU VHW ZKLFK DOVR GRHV

QRW LQFOXGH DOO SUH�LPDJHV RI WKLV LQWHUYDO�� :H VKRZ D SLHFHZLVH

OLQHDU WUDQVIRUPDWLRQ� DQG LWV LQYDULDQW GHQVLW\ LQ )LJ���

$V D VHFRQG H[DPSOH� ZH VKRZ LQ )LJ� � WKH LQYDULDQW GHQ�

VLW\ RI D SLHFH�ZLVH DpQH WUDQVIRUPDWLRQ ZKLFK LV QHDUE\ WKH

3RLQFDUH
 PDS RI WKH 'XpQJ RVFLOODWRU� DQG ZKRVH LQYDULDQW

PHDVXUH LV DWRPLF DQG VXSSRUWHG RYHU D n[HG SRLQW RI WKH 'Xm�

LQJ PDS�

:KLOH WKH FRQWURO VWUDWHJ\ GHVFULEHG KHUH DQG LQ >�@ LV ?RSHQ�

ORRS� DV VWDWHG LQ WKLV SDSHU� DQG LQ >�@� LQ WKH FRQWH[W RI
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PDSV� WKLV W\SH RI FRQWURO DSSOLHV WR oRZV� E\ FRQVLGHULQJ WKH

DERYH FDOFXODWHG ?QHDUE\� PDSV RQ VXUIDFH RI VHFWLRQ WR EH

D VHW RI JOREDOO\ FDOFXODWHG WDUJHWHG QH[W UHVSRQVHV� 'HVLU�

DEOH VWDWLVWLFV RI PDSV RU oRZV PD\ EH JOREDO VWDELOL]DWLRQ RI

832V� DQWL�FRQWURO RI ?EDG VHWV� RU WDUJHWLQJ VRPH DUELWUDU\

WDUJHW PHDVXUH� :KHQ ) LV D 3RLQFDUH
 PDS RI D oRZ� WKHQ

VPDOO YDULDWLRQV N) b*NVXS�0� VKRXOG EH UHDOL]DEOH E\ OLNHZLVH

VPDOO SDUDPHWHULF YDULDWLRQV� RI HQRXJK DGMXVWDEOH SDUDPHWHUV

�LQ )LJ� � RI WKH 'XpQJ RVFLOODWRU IRU H[DPSOH� ZH nQG WKDW

WZR YDULDWLRQV� �pD� pE� XVXDOO\ VSDQ WKH WDQJHQW VSDFH�� 3UH�

OLPLQDU\ UHVXOWV LQGLFDWH WKDW D FORVHG�ORRS FRQWURO SURJUDP

JOREDOO\ PDSSHG E\ WKH SUH�FDOFXODWHG ?WDUJHWV�IXQFWLRQ� * LV

OLNHO\ WR EH D SUDFWLFDO QHZ DYHQXH WR DFKLHYH D ZLGH UDQJH RI

QHZ FRQWURO REMHFWLYHV� 6HH )LJ� � ZKLFK LV D FKDUDFDWXUH RI WKH

oRZ RI D 'XpQJ RVFLOODWRU� LQ ZKLFK WKH SUHFDOXODWHG YDULDWLRQV

EHWZHHQ �{�VWURSRVFRSLF PDSSLQJV PLJKW EH IRUFHG DFFRUGLQJ

WR FRQWURO PDS *� DQG YDULDWLRQV DUH JXDUDQWHHG WR EH VPDOO

E\ RXU FRQVWUXFWLRQ�

, DP HVSHFLDOO\ WKDQNIXO WR 3� 7XUQHU IRU KHOSIXO

UXQ�GLVFXVVLRQV� DQG WR 7� 6DQGHUV� IRU UHPLQGLQJ PH DERXW

OLQHDU SURJUDPPLQJ� , ZRXOG DOVR OLNH WR WKDQN 3� *uRUD� $� %R�

\DUVN\ IRU GLVFXVVLRQV UHODWHG WR WKLV ZRUN� 7KLV ZRUN ZDV VXS�

SRUWHG E\ WKH 1DWLRQDO 6FLHQFH )RXQGDWLRQ XQGHU JUDQW '06�

��������

5HIHUHQFHV

>�@ (� %ROOW� ?&RQWUROOLQJ &KDRV DQG WKH ,QYHUVH )UREHQLXV�3HUURQ

3UREOHP� *OREDO 6WDELOL]DWLRQ RI $UELWUDU\ ,QYDULDQW 0HDVXUHV��

,-%& WR DSSHDU 9RO� ��� 1R� �� 0DUFK �����

>�@ 0� 'ROQLN� (� %ROOW� &KDRV � �� �������� ������� (� %ROOW� 0�

'ROQLN� 3K\V� 5HY� (� -XQH� ������� (� %ROOW� 0� 'ROQLN� 3URF� �VW

,QWO &RQI &RQWURO &KDRWLF 2VF� 6W� 3HWHU�� 5XVVLD� ���� �������

>�@ (� %ROOW� (� .RVWHOLFK� 3K\V� /HWW� $ ��� ��� ������� �������

>�@ 6� 8ODP� ,QW� 3XEO�� �1HZ <RUN� 1<� ������

>�@ 6� 6PDOH� %XOO $06� 9RO ��� �������� �����

>�@ 5� %RZHQ� $P� -� 0DWK ��� ������� �������

>�@ 3� *uRUD� $� %R\DUVN\� /DZV RI &KDRV� ,QYDULDQW 0HDVXUHV DQG

'\QDPLFDO 6\VWHPV LQ 2QH 'LPHQVLRQ� %LUNK�DXVHU� �%RVW�� ������

>�@ $� /DVRWD� 0� 0DFNH\� &KDRV� )UDFWDOV� DQG 1RLVH� 6HFRQG (GL�

WLRQ 6SULQJHU�9HUODJ �1HZ <RUN� 1< ������

>�@ .DWRN� $� 	 +DVVHOEODWW� %� ,QWURGXFWLRQ WR WKH 0RGHUQ 7KHRU\

RI '\QDPLFDO 6\VWHPV� &DPEULGJH 8� 3UHVV� �&DPEULGJH� 8.�

�������

>��@ 2� 5HFKDUG� 'XNH 0DWK� -� �� ������� �������

>��@ 7��<� /L� -� $SSUR[�7K� ��� ������� �������

>��@ *� )UR\ODQG� 5DQGRP 	 &RPSXWDWLRQDO '\QDPLFV� ���������

���� �������

>��@ *� )UR\ODQG� 1RQOLQHDU 7KHRU\ 0HWKRGV $SSO�� WR DSSHDU�

>��@ $� %R\DUVN\� <�6� /RX� -� $SSUR[�7K�� ��� ������� �������

>��@ 3� &YLWDQRYLF� 3K\VLFD ' �� ������� �������

>��@ 0� 'HOQLW]� $� +RKPDQQ� 1XPHU� 0DWK� ��� SS� ��������

������� 5� *XGHU� 0� 'HOQLW]� (� .UHX]HU� &KDRV� 6ROLWRQV DQG

)UDFWDOV ����� SS� �������� ������� 0� 'HOQLW]� 2� -XQJH� WR DS�

SHDU 6,$0 -�1XP�$QDO�

>��@ )� +XQW� 1RQO� �� ������� �������

>��@ *� *ROXE� DQG &� 9DQ /RDQ� 0DWUL[ &RPSXWDWLRQV� �QG (GL�

WLRQ� -RKQV +RSNLQV 8� 3UHVV� �%DOWLPRUH� 0' ������

>��@ :� 3UHVV� 6� 7HXNROVN\� :� 9HWWHUOLQJ� %� )ODQQHU\� 1XPHUL�

FDO 5HFLSHV LQ )RUWUDQ ��� 7KH $UW RI 6FLHQWLnF &RPSXWLQJ� �QG

(GLWLRQ� �&DPEULGH 8� 3UHVV� 0HOERXUQH� $XVWUDOLD ������

>��@ 6� -� 6FKLm� .� -HUJHU '�+� 'XRQJ� 7� &KDQJ� 0�/� 6SDQR� DQG

:�/� 'LWWR� 1DWXUH� ��� ��������

)LJXUH �� $ SLHFH�ZLVH OLQHDU WUDQVIRUPDWLRQ� DQG LWV LQYDUL�

DQW GHQVLW\� FRQVWUXFWHG WR DYRLG WKH LQWHUYDO >���������@� XVLQJ

D JULG RI ���SRLQWV� 1RWH WKDW WKLV WUDQVIRUPDWLRQ ORRNV VWULN�

LQJO\ OLNH WKH ORJLVWLF PDS �E\ FRQVWUXFWLRQ� EXW FORVH LQVSHFWLRQ

UHYHDOV WKH GLmHUHQFHV�

)LJXUH �� /HIW� ,QYDULDQW GHQVLW\ RI WKH 'XpQJ RVFLOODWRU� [
��
�

D[
�
�[

�
b[  E VLQ�W�� 5LJKW� 1HDUE\ WKH 'XpQJ RVFLOODWRU� �FKRRVH

D ��d�� JULG� RQ 3RLQFDUH
 VXUIDFH RI VHFWLRQ� WKHUH H[LVWV D SLHFH�ZLVH

DpQH PDS ZKRVH LQYDULDQW PHDVXUH LV DWRPLF� DQG VXSSRUWHG RYHU

D n[HG SRLQW� 6XFK WUDQVIRUPDWLRQV FDQ EH IRXQG E\ WKH DOJRULWKP

GHVFULEHG KHUH�LQ�

)LJXUH �� &KDUDFDWXUH RI VPDOO YDULDWLRQV LQ 'XpQJ RVFLOODWRU�

DFFRUGLQJ WR XQLIRUPO\ QHDUE\ FRQWURO PDS * �VHH )LJ� ��� ZKLFK FDQ

EH DFKLHYHG E\ VPDOO SDUDPHWHU YDULDWLRQV� ,Q WKLV FDVH� [
��
� D[

�
�

[
�
b [  E VLQ�W�� ZLWK �MpDM� MpEN� � ������ ��� SURGXFH WKH WUDQVYHUVH

VHW RI DWWDLQDEOH QH[W UHVSRQVHV RQ WKH XSSHU DWWUDFWRU� ZKLFK DOORZV

IRU QH[W UHVSRQVHV QRW LQ WKH XQFRQWUROOHG ER[ 4L �WKH ER[ VKRZQ��
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