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Abstract Optical flow is a classical problem in computer vision, but the concepts
must be adapted for applications to other fields such as fluid mechanics and dynami-
cal systems. Our approaches are based on an inverse problems formalism, consider-
ing imposed scientific priors in the form of a cost function that rewards an assumed
infinitesimal generator commensurate with assumed physics of the observed density
evolution. This leads to a practical and principled approach to analyze an observed
dynamical system. Additionally we present here for the first time a new multi-frame
version of the functional coupling of multiple images. Following the calculus of
variations, this yields a coupled set of Euler-Lagrange PDEs which serve as an as-
similation method that inputs video frames as driving terms. The solution of the
PDE which follows is the vector field, as designed. Data from an oceanographic
system will be highlighted. It is also shown here how these flow fields can be used
to analyze mixing and mass transport in the fluid system being imaged.

1 Introduction

The goal of an optical flow method is to compute vector fields, considering the ap-
parent motion between time-adjacent images of the same scene. Horn and Schunck
in [11] introduced the original optical flow algorithm to detect the motion field of
a moving object making two assumptions. The first assumption, a brightness con-
straint, states that the image brightness of a point on the brightness pattern is con-
stant over time for small motions. This includes a notion of rigid body motion. Then
an energy functional is obtained measuring the errors of the brightness constraint
over the image domain so that the velocity components u and v along the x and y di-
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rections respectively are obtained by minimizing the energy functional. However, in
general, minimizing this energy functional is an ill-posed problem. Hence the above
functional is regularized by making the second assumption that the expected flow is
smooth, called the smoothness constraint. While the Horn and Schunck derivation
was made in terms of local considerations only, the same PDE could be derived as
a conservation law. The functional obtained from the brightness constraint is called
the data term and the smoothness constraint is called the regularization term. The
total energy functional includes a regularization term to the data term with weight-
ing factor α , which is called the regularization parameter.

After regularizing the energy functional, the flow components u and v can be
re-constructed by minimizing the derived energy functional. We achieve this by
choosing a suitable regularization parameter α [10, 13, 14] to balance the desire
to match the data fidelity but also to compromise with some form of regularity. We
minimize the energy functional using a calculus of variations [7] approach. We ap-
ply Euler-Lagrange equations, first order necessary conditions to have an extremum
and a functional as explained in Sect. 2.1, to the optical flow energy functional. For
this problem, we have two coupled Euler-Lagrange equations to be solved for u and
v. Fortunately, the resulting PDE system allows for known and relatively simpler
numerical techniques such the Gauss-Seidel method, the gradient descent method,
or the LU factorization with Gaussian elimination.

The above general optimization framework of optical flow computations allows
re-construction of both flow components u and v for given image data. However,
the only measured data is the image intensity. Since there is only one measurement,
it is more stable to re-construct just one unknown function in such a way that the
flow components u and v can be obtained from this computed function. One way
we suggested in [15] to help with the stability of the optimization problem while
at the same time representing the fluid nature of our problems of interests is to re-
construct the stream/potential function ψ and then compute u and v by taking the
Hamiltonian/usual gradient on the stream/potential function.

Our main goal here is to analyze unsteady fluid flow dynamics inferred using
a sequence of image data of the system, taken by a movie camera or even from a
satellite. Our previous methods required that there were only small changes of scene
between each image, but otherwise the optimization approach just described yields a
spatially regularized vector field in as far as the regularity term in the cost function is
emphasized. However, if the scene in the movie data changes significantly between
frames of the movie due to a relatively fast changing non-autonomous system, then
there can be undesirable irregularity in the inferred vector field. This motivates us
to develop a new approach to emphasize temporal regularity, a new approach of
computing optical flow, using multiple images rather than just two. We will call this
approach a multi-time step optical flow computation, which we introduce and de-
velop here for the first time. For the computation of one stream function at a time,
the multi-time step method and the stream function methods are the same. However,



A Multi-Time Step Method to Compute Optical Flow 3

when we compute more than one stream function for consecutive time points of the
system simultaneously we wish to adjust the functional to emphasize that the stream
functions of two consecutive time adjacent motions have similar behavior. This new
assumption would incorporate an additional term in to the energy functional with
a weighting factor β . We will demonstrate our method with a benchmark data set
representing a gyre, and also the sea surface temperature (SST) data from the coast
of Oregon, U.S.A as shown in Sect. 6.

Finally, we will demonstrate a use of the computed vector field to analyze mix-
ing and mass transport in the fluid system being imaged. Several methods such as
determining Lagrangian Coherent Structures (LCS) [3, 8, 18] and coherent pairs [6]
are available to achieve this goal . In this endeavour we compute finite time Lya-
punov exponents (FTLE) at each and every point in the system to determine LCSs.
In the computation of FTLEs, we consider two nearby points at time t0 and mea-
sure the separation of the trajectories over the time period [t0,T ]. If the separation
is relatively high, the set of corresponding points are barriers for mixing and mass
transport in the fluid system. These separation barriers on the FTLE fields are the
LCSs. The LCS for the SST data set are computed using the vector fields obtained
from the multi-time step method and shown in Fig. 9.

2 Classical optical flow method

According to the original Horn and Schunck formulation of optical flow [11], the
image brightness I(x,y, t) at a point (x,y) is assumed to be locally conserved over
the time if the motion is small. This implies that

I(x,y, t) = I(x+u,y+ v, t +1), (1)

where u and v are the velocity components along the x and y directions respectively
and here we consider a unit time interval. Note that I(x,y, t) is the assumed data
function. I : Ω ×R+ → R represents the gray scale color intensity of an image at
time t, where (x,y) is in the scene domain Ω . Generally, actual data from a digi-
tal movie camera is pixelated at discrete spatial locations {xi,y j}p,q

i, j=1 at times tk,

{Ii, j,k}p,q,T
i, j,k=1 at times tk as a complete data set, where t1 = 0 and tk is the time af-

ter k− 1 units. In other words, the image one was taken at t = 0 and the image k
was taken after k−1 time units from image 1 has been taken. Here p and q are the
number of rows and the number of columns of the input images. The Taylor series
expansion on Eq. (1) is

It + Ixu+ Iyv = δ , (2)

where δ is the errors accumulated from the higher order terms and It , Ix and Iy are
partial derivatives of I with respect to t,x and y respectively. The data term can be
obtained by integrating the errors of the brightness constraint over the image domain
as given by
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Eb(u,v) =
∫

Ω

(It + Ixu+ Iyv)2 dΩ . (3)

To develop u and v, as suggested by the brightness constraint objective in Eq. (2) we
state the functional in Eq. (3). However minimizing Eb(u,v) in Eq. (3) is an ill-posed
problem. To avoid ill-posedness of this problem, the data term must be regularized.
We approach the regularization by assuming the expected flow is smooth. This im-
plies that the partial derivatives of the velocity components u and v exist and hence
suggests the regularization term becomes

R(u,v) =
∫

Ω

(
u2

x +u2
y + v2

x + v2
y
)

dΩ . (4)

Now the problem can be reformulated in terms of an energy functional obtained
by combining the data term and the regularization term with weighting the second
term by non-negative regularization parameter α . Then the total energy functional
to be minimized is given by,

E(u,v) =
∫

Ω

(It + Ixu+ Iyv)2 dΩ +α

∫
Ω

(
u2

x +u2
y + v2

x + v2
y
)

dΩ . (5)

2.1 Euler-Lagrange Equations

To minimize the functional in Eq. (5), we use a Calculus of variations approach
and in this subsection we will demonstrate methods to minimize our functionals as
in [7]. First consider minimization of a simple functional and necessary conditions
to have a minimum to be solved for u and v.

Suppose we are given a functional J(u) and to be determined is the optimizer
u(x) = û(x) over the interval a≤ x≤ b

J(u) =
∫ b

a
F(x,u,ux)dx. (6)

Here F(x,u,ux) is a function with continuous first and second partial derivatives
with respect to all of its arguments. Also, let u(x) be a continuously differentiable
function on [a,b] which satisfies the boundary conditions

u(a) = A and u(b) = B. (7)

Optimization necessitates that the first variations are stationary. Analogous to the
first derivative of a function, here we obtain the first variation of the given functional.
First we give an increment h(x) to the function u(x) with the boundary conditions

h(a) = h(b) = 0. (8)
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The corresponding increment ∆J in Eq. (6) with respect to the increment of h(x) is

∆J =
∫ b

a
[F(x,u+h,ux +hx)−F(x,u,ux)]dx. (9)

The first variation of the functional Eq. (9) with respect to the argument u is obtained
by taking the first order terms of the Taylor series expansion on the integrand of Eq.
(9) as

δJ =
∫ b

a
[Fu(x,u,ux)u+Fux(x,u,ux)ux]dx. (10)

Theorem 1. [7] A necessary condition for the differentiable functional J(u) to have
an extremum for u = û is that its variation vanish for u = û, i.e., that

δJ(h) = 0 (11)

for u = û and all admissible h.

From the above theorem, the necessary condition, called the Euler-Lagrange equa-
tion, for the functional in Eq. (6) to have an extremum can be obtained as

∂F
∂u
− d

dx

(
∂F
∂ux

)
= 0. (12)

This statement can be expanded to allow for many variables and we are interested
to expand the results to a functional of the form

J(u,v) =
∫

Ω

F(x,y,u,v,ux,uy,vx,vy)dΩ , (13)

allowing for vector fields 〈u(x,y),v(x,y)〉 in the plane (x,y) ∈ R2. Since there are
two argument functions u and v, we may have two coupled Euler-Lagrange equa-
tions. The Euler-Lagrange equations for the functional in Eq. (13) follow as

∂F
∂u
− ∂

∂x

(
∂F
∂ux

)
− ∂

∂y

(
∂F
∂uy

)
= 0

∂F
∂v
− ∂

∂x

(
∂F
∂vx

)
− ∂

∂y

(
∂F
∂vy

)
= 0.

(14)

The above Euler-Lagrange equations are specialized below for functionals such as
of the form in Eq. (5) and hence we can determine the velocity components by solv-
ing the resulting Euler-Lagrange PDE equations for u and v.

Another way to compute the Euler-Lagrange equations for a functional J(u) in
Eq. (6) is to compute the Gateaux derivative J(u) with respect to u and set it to zero.
The Gateaux derivative of the functional J(u) is obtained as

DJ(u) =
d

dτ
J(u+ τh)|τ=0 (15)
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for all admissible h.

2.2 Solution to the optical flow problem

In general, when we minimize the optical flow problem, assuming existence and
uniqueness of the solution, we determine the minima by solving the Euler-Lagrange
equations for each argument variable. The issues of existence and uniqueness of so-
lutions of the PDEs in Eq. (14) follow the theory of convex optimization including
discussion of convexity, coercivity, and lower semi-continuity of the specific func-
tional J(u,v). This goes beyond the needs of the discussion here, but we refer to
the excellent text book [19]. The following theorem from [19] explains sufficient
conditions to have a unique minimum for the functional J(u,v).

Theorem 2. [19] Assume that J : H → R is weakly lower semi-continuous and
coercive and that C is a closed, convex subset of H. Then J has a minimizer over C.
If furthermore, J is also strictly convex, then the minimizer is unique.

In the minimization process, first we apply the equations in Eq. (14) to the func-
tional in Eq. (5) to obtain the Euler-Lagrange equations, the gradients of the energy
functional with respect to u and v, as

ut = Ix(It + Ixu+ Iyv)+α∆
2u, and vt = Iy(It + Ixu+ Iyv)+α∆

2v. (16)

When we numerically solve the above system for u and v, one way of reaching the
solution is to use numerical iterative methods such as the gradient descent method or
the Gauss-Seidel method. For instance, the gradient decent algorithm is an iterative
method which updates u and v for given initial conditions u0 and v0 as

u(k+1) = u(k)+δ t[Ix(It + Ixu(k)+ Iyv(k))+α∆
2u(k)]

v(k+1) = v(k)+δ t[Iy(It + Ixu(k)+ Iyv(k))+α∆
2v(k)]

(17)

Here k represents the iteration number and δ t is the time step. Recall u(k) and v(k)

must be discretely represented on the grid {xi,y j}p,q
i, j=1 and derivatives must be nu-

merically approximated by finite differences.

On the other hand, we can linearize the Laplacian terms in the Euler-Lagrange
equations by introducing operators to compute second partial derivatives of u and
v and then use direct methods to solve the resulting linear system. We will explain
how to use the operator matrices to simplify a system in Sect. 3.
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3 Stream function method

The Horn and Schunck optical flow method was developed to capture rigid body
motion. Later research [15] applies this method to capture vector fields in fluid sys-
tems but changes must better respect expected fluid behavior. When we deal with
a fluid system, dealing with the stream function of the motion is an accurate and
precise way to develop velocity components. Note in order to use the stream func-
tion, we assume the fluid is incompressible. Therefore we convert the optical flow
method into a stream function formulation. If the stream function is ψ(x,y), then
the velocity components are obtained as

〈u,v〉= 〈−ψy,ψx〉. (18)

Substituting −ψy and ψx in to Eq. (5), the energy functional in terms of the stream
function ψ becomes

E(ψ) =
∫

Ω

(It − Ixψy + Iyψx)
2 dΩ +α

∫
Ω

(ψ2
xx +ψ

2
yy +ψ

2
xy +ψ

2
yx)dΩ (19)

The one of the other advantage of the stream function method is we can impose
the regularity directly to the stream function rather than flow components. For in-
stance, if the resulting flow is known to be sparse, then the appropriate regularization
term [17] in the usual optical flow computation ”uv- method” is,

R(u,v) =
∫

Ω

(| u |+ | v |) dΩ . (20)

Minimization of this regularization term emphasizes u to be zero in some places or
v to be zero in some places which does not imply the flow to be zero. However, in
the stream/potential function method, we can apply the scientific prior directly to
the flow by regularizing the energy functional by the choice

R(ψ) =
∫

Ω

| 5ψ | dΩ . (21)

This would measure the sparsity of the flow rather than components of the flow.

Next we review the development of Euler-Lagrange equations for the stream
function method. Taking the Gateaux derivative as in Eq. (15), the gradients of the
data fidelity ∫

Ω

(It − Ixψy + Iyψx)
2 dΩ , and the regularization term

∫
Ω

(
ψ

2
xx +ψ

2
yy +ψ

2
xy +ψ

2
yx
)

dΩ , are obtained as

A∗(It +A)ψ and (B+B∗)ψ,
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respectively. Here A∗ is the adjoint of operator A, and A and B are obtained as

A =−IxDy + IyDx and

B = DxxD∗xx +DyyD∗yy +DxyD∗xy +DyxD∗yx,

following standard considerations of calculus variations [19]. In the operators A and
B, the operator D•• is a matrix operator of size m×m to compute the partial deriva-
tives of a given vector of size m× 1 with respect to indices ••. Here we stack the
given matrix of size p× q into m× 1 vector and m = pq. To develop the operator
matrices D••, we use finite difference approximations with suitable boundary con-
ditions. Finally, choosing a suitable regularization parameter α , the stream function
ψ can be determined by solving the following Euler-Lagrange equation

[A∗A+α(B+B∗)]ψ =−A∗It . (22)

Now the system can be solved for ψ by taking the LU decomposition on A∗A+
α(B+B∗) and then applying Gaussian elimination. The velocity components u and
v can be derived from Eq. (18).

4 Multi-time step method

Now we introduce the new multi-time step method of computing optical flow for
a sequence of several time dependent images to compute n time dependent vector
fields simultaneously. Furthermore, we can use higher order finite difference ap-
proximations to compute It rather than the forward difference approximation neces-
sary when just two images are available. In this endeavor our multi-time step optical
flow algorithm is obtained based on the stream/potential optical flow algorithm and
the energy functional for n = 1 is given in Eq. (19); the solution can be obtained
by solving the system Eq. (22). When we consider n = 2 or more, we include the
additional term in the data fidelity by introducing regularity in the time direction by
assuming two consecutive stream functions have similar behavior. Suppose we are
given T time adjacent images as a movie of a dynamical system. Then evolving the
window is slow enough that considerations of continuously evolving frame views
allows inference of the underlying dynamical systems though the flow is unsteady.
In other words assume I(x,y, t) is continuous with respect to t throughout the scene.
In fact we cope with this assumption by including a new term with a weighting fac-
tor. For instance, if there are only two stream functions ψ1 and ψ2, the additional
minimizing integral would be ∫

Ω

(ψ1−ψ2)
2 dΩ (23)

added to the chosen data fidelity and regularization terms already designed for as-
sumed scientific priors. In this case we use three images at a time to compute the
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flow in two different time instances unless we use higher order finite difference ap-
proximations.

We include into the new functional a parameter β > 0 in the previous energy
functional and the resulting energy functional is given by,

E(ψ1,ψ2) =
∫

Ω

(
I1t − I1xψ1y + I1yψ1x)

2 +(I2t − I2xψ2y + I2yψ2x
)2

dΩ

+β

∫
Ω

(ψ1−ψ2)
2 dΩ

+α

∫
Ω

(ψ2
1xx +ψ

2
1yy +ψ

2
1xy +ψ

2
1yx)dΩ

+α

∫
Ω

(ψ2
2xx +ψ

2
2yy +ψ

2
2xy +ψ

2
2yx)dΩ . (24)

Thus we have data fidelity in two time instances at once, the term to emphasize time
regularity and the spatial regularity.

Now taking the Gateaux derivative as in Eq. (15) of the functional in Eq. (24),
the Euler-Lagrange equations corresponding to ψ1 and ψ2 are the system of PDEs
as,

[A∗1A1 +β (ψ1−ψ2)+α(B+B∗)]ψ1 =−A∗1I1t
[A∗2A2−β (ψ1−ψ2)+α(B+B∗)]ψ2 =−A∗2I2t ,

(25)

where,
A1 = (−I1xDy + I1yDx) ,

A2 = (−I2xDy + I2yDx) and

B = DxxD∗xx +DyyD∗yy +DxyD∗xy +DyxD∗yx.

We can generalize the energy functional for n stream functions at n successive time
instances as shown,

E(ψ1,ψ2, ...,ψn) =
n

∑
k=1

∫
Ω

(
Ikt − Ikxψky + Ikyψkx

)2 dΩ

+β

n−1

∑
k=1

∫
Ω

(ψk−ψk−1)
2 dΩ

+α

n

∑
k=1

∫
Ω

(ψ2
kxx +ψ

2
kyy +ψ

2
kxy +ψ

2
kyx)dΩ . (26)

Similarly to n = 2, the Euler-Lagrange equations can be obtained for any number n,
using the Gateaux derivative as in Eq. (15) of the functional in Eq. (26) with respect
to ψ1,ψ2, ..., and ψn. The system of Euler-Lagrange equations for any integer n is a
system of n partial differential equations and is obtained as

A∗1(I1t +A1ψ1)+β (ψ1−ψ2)+α(B+B∗)ψ1 = 0
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A∗k(Ikt +Akψk)+β (−ψk−1+ψk−ψk+1)+α(B+B∗)ψk = 0, for k = 2,3, ...n−1

A∗n(Int +Anψn)+β (ψn−1−ψn)+α(B+B∗)ψn = 0,

where,
Ak =

(
−IkxDy + IkyDx

)
∀k and

B = DxxD∗xx +DyyD∗yy +DxyD∗xy +DyxD∗yx.

The above set of Euler-Lagrange equations can be reformulated as a linear system
as

[K +αL]z = b (27)

where

K =


A∗1A1 +β −β

−β A∗2A2 +β −β

. . . . . . . . .
−β A∗n−1An−1 +β −β

β A∗nAn−β

 ,

L =


B+B∗

B+B∗

. . .
B+B∗

B+B∗

 , z =


ψ1
ψ2
...

ψn−1
ψn

 and b =


A∗1I1t
A∗2I2t

...
A∗n−1I(n−1)t

A∗nInt

 .
All the entries of the matrices K and L are block matrices of the size m×m, where
m = pq and p×q is the dimensions of the image domain. The entries of the vectors
z and b are vectors of the size m×1.

To solve the above system, first we take the LU decomposition of the matrix
K +αL and then use Gaussian elimination. Solution of the above system yields
ψ1(x,y)≡ψ1(x,y, t1), ψ2(x,y)≡ψ2(x,y, t2), ..., ψn(x,y)≡ψn(x,y, tn) and taking the
Hamiltonian gradient in Eq. (18) on each separately, the vector fields for each time
instance, t1, t2, ..., tn can be obtained. That is, the velocity components u1,u2, ...,un
and v1,v2, ...,vn are computed from ψ1,ψ2, ...,ψn using 〈uk,vk〉 = 〈−ψky,ψkx〉 for
k = 1,2, ...n. To improve the accuracy of the results, instead of first order finite
differences for the time derivative of I, higher order finite difference approximations
can be used when more than two images are available.

5 Scientific priors

Toward our discussion of designing scientific prior information into our func-
tional, we first review some well known inverse problems theory. Recall that in
linear algebra, solving a system Au = z when A and u are given, is called a forward
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problem. When A and z are available and the system is solved for u, it is called an
inverse problem. For an inverse problem, a unique solution can be obtained by

u = A−1z, if A−1 exists.

If A is not invertible, then the system may have infinitely many solutions or no
solutions. In this case, it is standard to re-formulate the problem as a minimization
problem in such a way that from infinitely many solutions we can select or empha-
size a desired solution. Then the new problem can be written as

argmin
u
‖Au− z‖2. (28)

In the modified problem, we find u in such a way that to minimize the distance
between Au and z according to the associated norm. For instance, if the norm is
taken to be Euclidean ‖ ·‖2, then such a minimal solution emphasizes the Euclidean
perspective that the good solution should be on a radial closest the origin. We call
this notion the scientific prior of this simple linear problem. The procedure called
imposing a scientific prior on the data is done by adding a new term, a regularization
term R(ψ), to the modified problem with a non-negative weighting parameter α . On
the other hand, the scientific prior can be applied to the problem at the beginning
of the construction of the model, by choosing different operators for A according to
the prior knowledge of the data, and expected solutions.

Analogously, building scientific prior information into functionals allows our in-
verse problem solutions for vector fields to emphasize expected physics. Now we
will discuss various operators and regularizations to emphasize expected scientific
prior information.

In the nominal optical flow algorithm, Horn and Schunck assumed conservation
of image brightness intensity locally for rigid body motion. For the entire domain
Ω with time step t, the conservation of image brightness I is emphasized by

E(ψ) =
∫

Ω

(It − Ixψy + Iyψx)
2 dΩ , (29)

where ψ is the corresponding stream function for the motion. However, later re-
searchers were interested in fluid motion and assumed that the image brightness I
behaves according to the continuity equation over time in order to allow for diver-
gent flow fields. Therefore Corpetti in [5] proposed the data fidelity term,

E(ψ) =
∫

Ω

(It − Ixψy + Iyψx− Iψyx + Iψxy)
2 dΩ . (30)

Also J. Weickert in [20] improved the data fidelity by imposing the constancy of
spatial brightness gradient, instead of brightness constancy, with the following,
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E(ψ) =
∫

Ω

(Ixt − Ixxψy + Ixyψx)
2 +(Iyt − Iyxψy + Iyyψx)

2 dΩ . (31)

Further, researchers in [4] have combined the data fidelities Eq. (29) and Eq. (31)
together with a non-negative parameter β . The resulting data fidelity is obtained as

E(ψ) =
∫

Ω

(It − Ixψy + Iyψx)
2 dΩ +β

∫
Ω

(Ixt − Ixxψy + Ixyψx)
2 dΩ

+β

∫
Ω

(Iyt − Iyxψy + Iyyψx)
2 dΩ . (32)

In this data fidelity, either image brightness is constant or the gradient of the im-
age brightness is constant, by adjusting β to emphasize either expected outcome
or underlying physics. Through this kind of approach, the notion of modeling, the
physics behind creating the scenes evolution in the movie-data is designed in to the
functional.

In addition to the data fidelities, it is important to regularize the energy func-
tional, as understood by Andrey Tikhonov as shown in [12] to extract important
information from ill-posed problem, both for functional analysis and optimization
theoretic reasons of well-posedness, and to further emphasize expected physics. For
instance, if the resulting flow is expected to be sparse, then the regularization term
that emphasizes sparsity is the total variation of the stream function. The regulariza-
tion term can be written as,

R1(ψ) =
∫

Ω

| 5ψ | dΩ . (33)

If, however the flow field is expected to be smooth, then the appropriate regulariza-
tion is the Horn and Schunck type regularization,

R2(ψ) =
∫

Ω

(ψ2
xx +ψ

2
yy +ψ

2
xy +ψ

2
yx)dΩ . (34)

On the other hand, if we impose the regularity on flow components, we would use,

R3(ψ) =
∫

Ω

(ψ2
x +ψ

2
y )dΩ . (35)

According to the above explanation, we can develop different data terms and
regularization terms using the known physics of the data and the expected flow. We
can construct various multi-time step algorithms according to the prior knowledge
of systems being imaged. Hence applying a suitable algorithm, the motion field of
the observed system can be determined and then used to analyze the dynamics of
the system.
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6 Results from multi-time step method

In this section, we will demonstrate the importance of using the data term in Eq.
(29) and the regularization term in Eq. (34). Also we present the improvement of the
accuracy of our algorithm with larger n. For the above purpose, we introduce a sim-
ple benchmark data set and an oceanic data set. Then we compare and benchmark
some data terms and regularization terms introduced in Sect. 5.

6.1 Synthetic data

Since we are interested in applying our algorithm to capture fluid motions, we
constructed a benchmark data set, called the gyre which is stereotypical of fluid
motion. The stream function

ψ(x,y) = sin(πx)sin(πy) (36)

on the domain [0,1]× [0,1] was considered and the vector field governed by Eq.
(36) is

〈u,v〉= 〈−π sin(πx)cos(πy),π cos(πx)sin(πy)〉. (37)

Evolving an initial condition over the domain [0,1]× [0,1] using the autonomous
vector field in Eq. (37) according to the continuity equation

dI
dt

=−(Ixu+ Iyv+ Iux + Ivy), (38)

a sequence of images is obtained. Two images are selected after transients and are
shown in Fig. 1, images (a) and (b), and the vector field in Eq. (37) is shown in
image (c).

(a) (b) (c)

Fig. 1 Gyre data and true flow – Images (a) and (b) show two later time instances of an initial
density that has been evolved according to (38) with velocity components given by (37). The true
flow field is shown in (c).
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When we compare the reconstructed vector fields with the true vector field, we
need a figure of merit for comparison. Therefore, we computed angular error be-
tween the computed flow and the true flow and then the mean over the domain to
obtain mean angular error (MAE) as explained in [16]. In this computation we in-
clude a third unit component to both computed and true velocity components to
avoid the incorrect measurements near the points where flow magnitude is close to
zero and sufficiently large.

As explained in Sect. 5, there are various ways to develop an energy functional
to reconstruct vector fields. However, we choose the data term in Eq. (29) and regu-
larization term in Eq. (34), introduced in the original Horn and Schunck method, to
develop our multi-time step method. We introduce two other possible regularization
terms in Eq. (33) and Eq. (35) to cope with optical flow functionals. We combine
three regularization terms in Eq. (33), Eq. (34) and Eq. (35) with the data term in Eq.
(29) and the flow reconstructions are shown in Fig. 2. Note that in this presentation,
we use the Lagged Diffusivity fixed point iteration method as in [2] to reconstruct
the vector fields, when the regularization term in Eq. (33) is combined with any data
term. Furthermore, we use multi-time step method with n = 1 to compare the data
terms and the regularization terms.

(a) (b) (c)

Fig. 2 Gyre flow with data term in Eq. (29) – Images (a), (b) and (c) show the computed flow fields
for the images (a) and (b) shown in Fig. 1 from the data term in Eq. (29) with regularization terms
in Eq. (33), Eq. (34) and Eq. (35) respectively.

The computed MAE for the Energy functionals constructed from the data term
in Eq. (29) with the regularization terms in Eq. (33), Eq. (34) and Eq. (35) are
2.4247◦,0.9837◦, and 2.2790◦ respectively. Among the three regularization terms,
the regularization term in Eq. (34) gives least MAE. Further, we can use the data
term in Eq. (30) instead of Eq. (29) with the regularization terms in Eq. (33), Eq.
(34) and Eq. (35) to develop another three different energy functionals and three
different reconstructions are shown in Fig. 3.

The mean angular errors obtained from minimizing enery functionals of the data
term in Eq. (30) with the regularization terms in Eq. (33), Eq. (34) and Eq. (35) are
3.3909◦,0.9895◦ and 2.4787◦ respectively. In this case also, the energy functional
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(a) (b) (c)

Fig. 3 Gyre flow with data term in Eq. (30) – Images (a), (b) and (c) show the computed flow fields
for the images (a) and (b) shown in Fig. 1 from the data term in Eq. (30) with regularization terms
in Eq. (33), Eq. (34) and Eq. (35) respectively.

obtained from data term in Eq. (30) with the regularization terms in Eq. (34) gives
the least mean angular error even though it is slightly bigger than the combination
of the data term in Eq. (29) with regularization terms in Eq. (34). This verifies our
selection for n = 1 and hence for larger n also we use the data term in Eq. (29) with
regularization terms in Eq. (34).

The next step is to compare the results by varying the step size n, the number
of stream functions ψ computed at a time using multiple images. We applied our
multi-time step method on a image sequence of gyre data set of which (a) and (b)
of Fig.1 show the fourth and fifth images of that. For instance, if we apply a first
order finite difference approximation to estimate It with the step size n = 1, then
we compute one stream function ψ1 using two images, image 1 and image 2. The
velocity components (u1,v1) = (−ψ1y,ψ1x) represent the motion field between im-
age 1 and image 2. If however we choose the step size n = 2, then we compute two
stream functions ψ1 and ψ2 using three images. Then (u1,v1) = (−ψ1y,ψ1x) is the
motion field between image 1 and image 2 and (u2,v2) = (−ψ2y,ψ2x) is the motion
field between image 2 and image 3 respectively. Continuing in this manner, we can
increase the step size n. Note that, if there is a sequence of nine images, we can com-
pute eight vector fields for each consecutive image pair. When the step size is n = 1,
eight separate computations are necessary but when n = 2, only four computations
are necessary and so on. Again we emphasize that the advantage of choosing larger
n is that the time regularity is emphasized as seen clearly in the computations. Addi-
tion of terms of the form Eq. (23) penalizes large changes of ψ between successive
frames. As explained, the results from n = 1,2,3 and 4 for the gyre image sequence
are shown in images (a), (b), (c) and (d) in Fig. 4.

The mean angular errors for n = 1,2,3 and 4 are 0.9837◦, 0.9826◦, 0.9807◦ and
0.9883◦ respectively. In this example, the accuracy of the algorithm improves until
n = 3. In all the above reconstructions, the regularization parameter α was selected
so that it minimizes the mean angular error and the parameter β was fixed at β =
0.01.
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(a) (b) (c) (c)

Fig. 4 Gyre flow from Multi-time step Method – Images (a), (b), (c) and (d) show vector fields
computed on the image (b) in Fig.1 from multi-time step method with n= 1, 2, 3 and 4 respectively.
The true flow field is shown in (a). While all estimated vector fields are visually similar, the mean
angular errors are improving up to n = 3.

6.2 An oceanographic data-set

Now we apply the algorithm to a natural scenario which shows the sea surface
temperature off the coast of Oregon, U.S.A. This data set was generated from an 3-
D ocean model, using data obtained from Geostationary Operational Environmental
Satellite (GOES) refers [1]. In Fig. 5, images (a), (b) and (c) show sea surface tem-
perature data of three consecutive hours on August 1st, 2002. The image (d) repre-
sents the true vector field of the mixing temperature corresponding to the image (b).

(a) (b) (c) (d)

Fig. 5 SST data and true flow – Three consecutive images of the SST data set are shown in (a), (b)
and (c) respectively, and the flow on image (b) is shown in the image (d)
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Since we have a time dependent sequence of images of the SST data, we can
apply the multi-time step method to compute the vector fields. When the step size
is n, we compute n consecutive vector fields at a time and required n+ 4 images,
if we apply fourth-order finite difference approximations to compute It . The Fig.
6 represents the computed flow fields on the image (b) shown in Fig. 5 with the
step size n = 1,2,3 and 4 in images (a), (b), (c), and (d) respectively. In each case,
the algorithm captures the gyres accurately and it is clearly visible when n = 3, the
algorithm captures the laminar flow as appears just above the bottom gyre. Except
for the above laminar flow, all the other vectors represent a similar behavior and the
differences are not visible. Now we can compare the two vector fields consisting of
large numbers of vectors by comparing single numbers and in the comparison of the
step sizes; we use the percentage mean angular error.

The Fig. 7 shows the graph of percentage mean angular error of the computed
flow relative to the true flow versus the step size used to compute the flow fields.
According to the graph, the percentage mean angular error fluctuates and the min-
imum is achieved when n = 3 as we can see in the flow fields. Note that, for all
the reconstructions in Fig. 5, the regularization parameter α was selected so that it
minimizes the mean angular error and the parameter β was fixed at β = 0.01.

(a) (b) (c) (d)

Fig. 6 SST Flow – The computed flow fields for the data showed in 5 with n equals to 1, 2 and
3 are shown in (a), (b), (c) and (d) respectively. While all these are roughly similar and so not
immediately different to visual inspection, there are visible differences that are apparent in closer
inspection.
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Fig. 7 Percentage MAE vs Step size – The graph shows the percentage of the mean angular error
for the computed flow by changing the step size n on the image (b) shown in Fig. 5. For the
parameters as we specified, the n = 3, multi-time step method is overall best.

7 Mixing and transport barriers

As an application, we will now discuss a transport analysis inferred directly from
observed spatio-temporal movie data. Toward the identification of mixing and trans-
port barriers, we compute finite time Lyapunov exponents. These are scalar values
for each point in the domain D as explained in [8,9] and obtained LCS. In this case,
for a given point x = 〈x(t),y(t)〉, a flow map φT is obtained by evolving x over a
time period [t, t +T ] using the velocity components v = 〈u(x,y, t),v(x,y, t)〉. Then
the Jacobian matrix of the flow map φT is obtained J = dφT (x)

dx and therefore the fi-
nite time strain tensor of v = 〈u(x,y, t),v(x,y, t)〉 along the trajectory x = 〈x(t),y(t)〉
is obtained as

M =
dφT (x)∗

dx
dφT (x)

dx
, (39)

where A∗ is the adjoint of A. Then the FTLE value at a point x over time T is given
by

σ
T =

1
|T |

ln
√

λmax(M). (40)

When the FTLEs are computed for the entire domain of the system, the set of
points in the domain corresponding to relatively high FTLE values are suggested to
act as pseudo barriers for mixing and transport of the system although it is known
that some can be simplified due to shear behavior. For instance, if we consider
the double gyre with the stream function ψ(x,y, t) =C sin(π f (x, t))sin(πy), where
f (x, t) = ε sin(ωt)x2+(1−2ε sin(ωt))x over the domain D = [0,2]× [0,1], the cor-
responding vector field can be obtained as

〈u,v〉= 〈−πC sin(π f (x, t))cos(πy),πC cos(π f (x, t))sin(πy)
∂ f
∂x
〉, (41)
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where the constants are C = 0.1,ω = 2π

10 and ε = 0.25. The vector field that rep-
resents 〈u,v〉 at t = 0 and the computed FTLE field using 〈u,v〉 with T = 10 are
shown in the Fig. 8. The red color represents relatively high FTLE values and the
blue color represents the relatively small FTLE values. In [18], the authors have
proven that flux across the LCS is close to zero and hence it is difficult for fluids in
the system to cross the LCS. Therefore these LCSs act as barriers to the mixing and
transport.

(a)

(b)

Fig. 8 Double gyre flow and FTLE field – The flow field for the non-autonomous double gyre at
time t = 0 and the computed FTLE field for T = 10 are shown in images (a) and (b) respectively

The next example represents the FTLE field for the SST data set using the com-
puted flow from the multi time step method with n = 3. In Fig. 9, the flow field
obtained for the SST data on August 2nd, 2002 is shown in image (a) and the FTLE
field obtained from those computed vector fields is shown in (b). When we compute
FTLE fields, we need more than three time adjacent vector fields. Since we have
a sequence of images, we apply multi-time step method on the image sequence to
obtain a sequence of non-autonomous vector fields. If we use fourth order finite
difference approximations to estimate It , we need first 7 images of the sequence
to compute three time adjacent vector fields on images 3, 4 and 5 respectively. To
compute the vector fields on images 6, 7 and 8, we apply multi-time step method
again on images 4 to 10, and we can continue the procedure until we reach the end
of the image sequence. In this case, we evolve 10 time steps forward in time to get
the FTLE field. The blue color represents relatively low FTLE values and the red
color represents relatively high FTLE values. The red color ridges, LCSs, act as the
mixing barriers to the heat.
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(a) (b)

Fig. 9 SST flow and FTLE field – The computed flow field for the SST data and the FTLE field
are shown in images (a) and (b) respectively

8 Conclusion

We have developed a new optical flow algorithm to extract vector fields of an
observed system from spatio-temporal (movie) data. When a sequence of images is
available for an observed system, we can emphasize regularity not only spatially, but
also in time. In spatial regularization, we emphasize known physics of both the data
and the expected flow, and in regularization in time we emphasize the similar behav-
ior of the flow fields. From these computed vector fields, we can analyze dynamics
of the system by computing Lagrangian coherent structures. However, according to
the results shown in Sect. 6.2, when the number of frames n simultaneously used in
our new multi-time step method increases, the accuracy of the algorithm improves.
Furthermore, we use the same regularization parameter to compare the results and
it does not need to be the same. Our future goal is to improve the algorithm to select
the best step size n and the suitable regularization parameter.
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