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Abstract10

We develop a Bayesian algorithm to determine the unobserved velocity field that governs the11

evolution of a scalar in a fluid, which is observed as a time series of images with pixel intensity12

reflecting tracer concentration. The mathematical model reflects the mass conservation equation13

for the dissolved tracer, which is simplified in our application to the so-called optical flow14

equation. The Bayesian algorithm provides an uncertainty estimate that measures the reliability15

of the estimated flow field, and a correlation structure between image pixels that gives more16

spatial information about the underlying dynamics. We use Gaussian error distributions for17

uncertainty estimation since they allow tractable computation in high dimensions, which tends to18

be the case for most real-world images. In synthetic data experiments, where the “true” velocity19

field is constructed, we investigate the Bayesian algorithm versus a Horn-Schunck optical flow20

method. We also estimate the flow for a real experimental image sequence in a marine surficial21

sediment, where flow is caused by the pumping activity of burrowing macrofauna, and analyse22

how the variance and divergence change over time.23

1 Introduction24

Quantification of flow magnitude and direction from repeat observations, such as image time series,25

have received considerable attention in many scientific fields [1–6]. Many image-based velocity ap-26

proximations are based on the optical flow framework [3, 4, 6, 7], which is widely used to estimate27
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the planar displacement vector: this represents the apparent motion at all pixels and maps one28

image to the next. Brightness constancy is assumed within this framework [5, 6, 8–10], which is29

for planar flow equivalent to a divergence-free assumption. The optimal estimation is achieved30

by solving the variational cost function associated with a regularisation constraint, which should31

be appropriately chosen for the specific application [6]. The Horn-Schunck regularisation term32

imposes a global smoothness constraint [8] and mitigates the “aperture” problem [11, 12]. The33

Euler-Lagrange equations associated with this cost function can be explicitly derived, providing a34

coupled PDE to be iteratively solved for the displacement vector (e.g. by the iterative Gauss-Seidel35

or successive over-relaxation solvers) [3, 5, 13]. There is a large body of research on motion esti-36

mation from images, and video analysis, based on the Horn-Schunck framework; a comprehensive37

survey of this is given in [11, 14, 15].38

For a realistic flow model with “complicated” boundary conditions, the Euler-Lagrange equations39

and their solutions can be di�cult to obtain: a computationally expensive direct optimisation of40

the cost function may have to be carried out instead [16]. Moreover, a smoothness constraint41

may not be suitable in many fluid applications where the divergence and vorticity fields become42

important (see [17] for a detailed discussion). These issues limit use of the optical flow framework43

and, in particular, the Horn-Schunck regularisation constraint in some complex fluid applications.44

In addition, many variational-based optical flow algorithms do not provide a systematic way to45

measure reliability of a recovered velocity field. This motivates a Bayesian approach similar to46

[18, 19], where the velocity field is probabilistically estimated by combining a model “prediction”47

simulated by a given fluid model with an actual observation (i.e. image sequences) [3, 15, 20]. It48

avoids the di�cult task of deriving the Euler-Lagrange equations. More importantly, the Bayesian49

framework also provides an uncertainty quantification of the estimated flow field that can give an50

insight into the inherent uncertainty of the optical flow algorithm [2, 3].51

We develop a Bayesian algorithm in this communication to identify fluid flow in a porous medium,52

assuming Gaussian error distributions to allow for tractable computation in high dimensions.53

Specifically, we quantify movement of porewater in marine sediments. The activity of macrofauna54

who live in the top 0.2 m of marine sediments is critically important for exchange of solutes between55

the water column and sediment [21, 22]. But quantification of biologically induced solute transport,56

referred to as bioirrigation, can be challenging. Bioirrigation rates can be: estimated from flow ve-57

locity microelectrodes, particle image velocimetry [23], conductive exchange experiments [24], other58

sophisticated imaging techniques [24, 25]; or derived from more commonly available vertical solute59

concentration profiles [26].60
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A thin aquarium (0.22 m height⇥ 0.445 m width⇥ 0.022 m depth) was set up to study the e↵ect61

of macrofauna on porewater flow. The aquarium was filled with approximately 0.16 m of sediment62

overlain by seawater. A lugworm, Arenicola marina, was placed in this aquarium and allowed to63

acclimate. Lugworms are a few centimetres long, and are subsurface deposit-feeders who pump64

water through their burrows into the sediment (for example, see [27]). The biological flow induced65

by the lugworm’s activity was visualised by adding fluorescein, a dissolved tracer, through a thin66

pipette to a location in the sediment close to where the burrowing animal resided. It is assumed67

that the flow induced by the animal is two-dimensional because the aquarium is thin; this flow is68

studied using a time series of images depicting spatio-temporal evolution of the tracer field, with69

intensity reflecting tracer concentration.70

The Bayesian algorithm is developed in Section 2. Its applications are illustrated in Section 3 with71

synthetic data experiments, where the “true” solutions are known. The method is then used to72

approximate the velocity field for the experimental image sequence introduced in the previous73

paragraph.74

2 Probabilistic model of optical flow75

The temporal evolution of tracer concentration C(x, y, t), under the action of di↵usion with co-76

e�cient D 2 R and advection driven by a flow velocity v = [v
x

, v
y

] 2 R2, is governed by the77

Fokker-Planck equation:78

(�C)
t

= r. (�DrC � �vC) . (2.1)

We simplify (2.1) and express it in the optical flow framework, assuming that porosity � 2 R is79

spatio-temporally constant:80

� f
t

= rf · v, (2.2)

where f(x, y, t) is image intensity. The di↵usion term in (2.1) is negligible when D is “su�ciently81

small”, i.e. the Péclet number is greater than one; and the optical flow is divergence-free, so image82

intensity is “rigidly translated” in time. For each pixel, denoted by s, equation (2.2) locally imposes83

a linear constraint on the optical flow. The following discrete equation is written for an image with84

N pixels:85

y = Hv, (2.3)

where y = �f
t

2 RN and v 2 R2N . The observation operator is defined as H = [f
x

, f
y

] 2 RN⇥2N ,86
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where f
x

, f
y

2 RN⇥N are diagonal matrices. Additively perturbing (2.3) by a stochastic term87

gives:88

y = Hv + ✏,

where ✏ 2 RN has a Gaussian distribution N(0, R) and R is a symmetric, positive semi-definite89

matrix. The likelihood function of v is then given by:90

P (y|v) = N(Hv,R). (2.4)

The maximum likelihood estimate (MLE) v̂ is obtained by optimising (2.4); it is the same as the91

optimal least-squares solution:92

v̂ = (H 0R�1H)�1H 0R�1y. (2.5)

Note that the prime symbol indicates transposition of a matrix or vector. The MLE is the normal93

flow solution v̂
n

when R = I
N

, i.e. the optical flow is given by (2.6) at each pixel:94

v̂
n

=

✓
� f

x

f
t

kf
s

k2 ,�
f
y

f
t

kf
s

k2

◆
(2.6)

where kf
s

k2 = f2
x

+ f2
y

. So the MLE can be thought of as a “generalised normal” flow, where the95

residual y�Hv̂ is measured with respect to the norm k · k
R

�1 instead of k · k2. Also note that (2.5)96

is a linear transformation of y ⇠ N(Hv,R):97

v̂ ⇠ N(v, (H 0R�1H)�1),

and v̂ is a consistent estimator of v.98

The observation y and the optical flow v are both considered random variables in the Bayesian99

paradigm. This means that prior knowledge of the uncertainty in v is summarised in a prior100

probability density P (v), which is taken here to follow a Gaussian distribution v ⇠ N(µ0, P0). The101

posterior density P (v|y) follows a Gaussian distribution N(µ, P ):102

µ = (P�1
0 +H 0R�1H)�1[(H 0R�1H)v̂ + P�1

0 µ0]

P = [P�1
0 +H 0R�1H]�1.

(2.7)

The formulation in (2.7) confirms that the posterior mean is a linear combination of the prior mean103

and the generalised normal flow. The “Kalman update” form in (2.8), where the Kalman gain is104
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K = P0H 0(HP0H 0 + R)�1, is less computationally expensive because inversion of the 2N ⇥ 2N105

matrix P0 is avoided:106

µ = µ0 +K(y �Hµ0)

P = (I2N �KH)P0.
(2.8)

2.1 Specification of prior and observation error covariance matrices107

Specification of prior and observation error covariance matrices is a key aspect of the Bayesian108

paradigm. They could be chosen to promote smoothness of the solution and ameliorate the problem109

of rank deficiency in matrix inversion.110

The gradient of v could be minimised by choosing P0 = L, where L is a numerical approximation111

of the spatial di↵erentiation operator. Note that L must be symmetric and positive semi-definite112

for it to have a statistical interpretation. The matrix P0 could alternatively be based on a function113

allowing specification of di↵erent correlation length scales in the x- and y-directions, for example114

the fifth-order piecewise rational function by Gaspari and Cohn (1999, Appendix A) [28].115

The choice of R depends on our knowledge of how errors from several sources enter H. Assume116

that they enter (2.2) as follows [18]:117

y = H(v + ✏1) + ✏2.

The random vectors ✏1 2 R2N and ✏2 2 RN are assumed to be independent and follow Gaus-118

sian distributions N(0,�1) and N(0,�2). Although ✏1 represents error in H, it does not do this119

solely: error in y is quantified by ✏2, which can be induced by the terms neglected in (2.1) besides120

instrumentation. These error terms are combined as follows:121

y = Hv + ✏,

where ✏ 2 RN follows a Gaussian distribution N(0, R) with R = H�1H 0 + �2. The structure of �1122

and �2 is usually unknown, so take �1 = �2
1I2N and �2 = �2

2IN for simplicity:123

R = �2
1HH 0 + �2

2IN . (2.9)

Note that R is diagonal in (2.9), with diagonal entries equal to �2
1kfsk2+�2

2: the generalised normal124

flow solution in (2.5) is the same as the standard normal flow solution in (2.6). This holds for any125

choice of non-singular, diagonal R due to the block diagonal structure of H.126
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Example 1: Let µ0 = 0 and P0 = ↵I2N (↵ > 0). The optical flow at a pixel s is:127

v
x

= �↵f
x

f
t

r

v
y

= �↵f
y

f
t

r
,

where r = ((↵+ �2
1)kfsk2 + �2

2), using (2.8). It has the same orientation as the normal flow, whilst128

the �2
2 term operates as a “regularisation” to prevent a blown-up solution in a zero-contrast region.129

Note that using too large a value of �2
2 can make posterior variance reduction (PVR) impotent.130

The posterior variances and covariances at a pixel s are given by:131

V ar(v
x

(s)) = ↵

✓
1� ↵f2

x

r

◆

V ar(v
y

(s)) = ↵

 
1�

↵f2
y

r

!

Cov(v
x

(s), v
y

(s)) = �↵2f
x

f
y

r

Cov(v
x

(s), v
x

(s0)) = Cov(v
y

(s), v
y

(s0)) = Cov(v
x

(s), v
y

(s0)) = 0 s 6= s0.

The posterior variance is always less than the prior variance, except for at pixels with zero contrast132

where the variance is unchanged. For a high contrast pixel where the first term in r dominates the133

second, the minimum variance is approximately ↵

2

↵+�

2
1
.134

The choice of P0 and R can be viewed more generally as a use of k · k
P

�1
0

and k · k
R

�1 for penalising135

the data-fidelity and constraint (or regularisation) terms, respectively. So P�1
0 and R�1 are weight136

matrices for the above weighted norms. However, using the class of symmetric and positive semi-137

definite matrices for both P0 and R is the only way to guarantee the scale-invariant property of the138

solution.139

2.2 Choosing �2
1 and �2

2140

The variances �2
1 and �2

2 are chosen by maximising the marginal likelihood of the observation y:141

P (y) =

Z
P (y|v)P (v)dv = N(Hµ0, Q), (2.10)

where Q = R + HP0H 0. The dependence on �2
1 and �2

2 is implicitly presented in R. Note that142

P (v|y) may be used instead of P (v) in the above calculation, but this would favour values of �2
1143

and �2
2 that overfit the data.144
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Maximising (2.10) is equivalent to minimising the log likelihood:145

E := �2 logP (y) = log |Q|+ �z0Q�1�z +N log(2⇡), (2.11)

where �z = y � Hµ0 is the innovation. A direct evaluation of (2.11) is numerically intensive in146

high dimensions, which is always the case for images. In particular, direct computation of the147

determinant term can lead to an indeterminate result. The following approximation is used instead148

[29]:149

log |Q| = log |R|+ log |I +A|,

where A = R�1HP0H 0.150

3 Test results151

3.1 Synthetic data experiments152

Synthetic images depicting spatial tracer distribution are used to reconstruct the known underlying153

flow field, subsequently referred to as the truth. This is simulated on a domain ⌦, which represents154

a slice of marine sediment whose depth is assumed to be su�ciently “small” that flow is constrained155

to the 0.2 m⇥ 0.2 m cross-sectional area.156

Figure 1: Boundary conditions imposed on ⌦.

The pressure boundary conditions indicate that: there is no advective flux across the left and157

bottom boundaries because they represent solid walls; there is no advective flux across the right-158

hand boundary, except for at an inlet ⇤ midway down, because it represents a symmetry axis; and159

fluid can flow across the open top boundary, where pressure is set to a fixed value P
hyd

reflecting160

hydrostatic pressure. The pressure at the inlet P
inj

is set to 205 Pa above P
hyd

. This yields a161

fluid injection rate Q = 1.8 ml min�1 in this numerical implementation, which is representative of162

lugworm pumping behaviour [30].163

The pressure field satisfies r2p = 0, representing incompressibility. The truth is then computed164

using Darcy’s Law in (3.1) with sediment permeability k = 1 ⇥ 10�10 m2 and dynamic viscosity165

µ̂ = 1⇥ 10�3 Pa s:166

v = � k

µ̂�
rp. (3.1)
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Fluid with tracer concentration C
inj

= 1 is injected at the inlet. Zero gradient conditions are applied167

on all boundaries (including the top), because the images cover a time period before a “meaningful”168

amount of tracer reaches the upper boundary. Initially at zero, the concentration field is evolved169

forward in time subject to advection and di↵usion (with D = 7.0 ⇥ 10�11 m2 s�1) using a finite170

volume toolbox for MATLAB [31]. So the images represent snapshots of the concentration field,171

under conditions in which the flow field is known.172

Figure 2: A synthetic image depicting spatial tracer distribution at time t0 = 100 s. The magenta
contours denote the concentration field at time t1 = 150 s, and the turquoise arrows denote the
true flow field.

The prior mean in Example 1 is adopted here, and the fifth-order piecewise rational function is173

used to construct P0 [28]. The correlation length scales are `
x

= 1.4�x m in the x-direction and174

`
y

= 1.4�y m in the y-direction (where �x and �y are pixel width and height); these are chosen to be175

“small” enough that spurious correlations are avoided, whilst being “large” enough to ensure that176

the optical flow is spatially smooth. The main diagonal of P0 contains ones [28]: these variances177

are unrealistically large, because the truth is (on average) O(10�5) m s�1. We pre-multiply P0 by178

a scalar ↵ = 1⇥ 10�8: the non-informative prior mean is accounted for with a standard deviation179

that is one order of magnitude greater than the average speed of the truth.180

The approach in Section 2.2 is used to select observation error variances, with respect to the domain181

(�2
1,�

2
2) 2 [1 ⇥ 10�8, 1 ⇥ 10�4) ⇥ [1 ⇥ 10�6, 1 ⇥ 10�3). The truth’s speed and the observations182

are (on average) O(10�5) m s�1 and O(10�4) s�1; the associated standard deviations �1 and �2183

being at least one order of magnitude greater account for lack of prior knowledge. We choose184

�2
1 = 1⇥ 10�8 m2 s�2 and �2

2 = 1⇥ 10�6 s�2 (see Figure 3). Figure 4 illustrates the importance of185

this choice: normalising posterior variances by ↵ generates a number on the interval (0, 1], where186

those close to one indicate a low level of PVR.187

Figure 3: Log likelihood versus log �2
1 and log �2

2.

Figure 4: Variances (normalised by ↵) of x- (left panel) and y- (right panel) components of the
optical flow arising from the Bayesian approach when �2

1 = 9⇥10�5 m2 s�2 and �2
2 = 9⇥10�4 s�2.

For comparative purposes, an optical flow is computed using the deterministic multi-resolution188

Horn-Schunck method [32] besides the Bayesian approach. The level of smoothing by the constraint189

term is controlled by the parameter � 2 R [8]; given the spatial intensity derivatives in Figure 6,190

choosing � = 60 means that neither the data-fidelity nor the constraint term dominate the other.191
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Figure 5: Optical flows arising from the multi-resolution Horn-Schunck method (left panel) [32] and
the Bayesian approach when �2

1 = 1 ⇥ 10�8 m2 s�2 and �2
2 = 1 ⇥ 10�6 s�2 (right panel), overlaid

on top of their angular errors.

Figure 6: Spatial intensity derivatives in the x- (left panel) and y- (middle panel) directions, and
the temporal intensity derivative (right panel), arising from Figure 2.

The innovation is �f
t

because the prior mean is a zero flow. Figure 6 illustrates how the absolute192

values of f
t

are greatest in a “half-ring” surrounding the inlet; this is where the prior mean is193

updated most. So the speed and divergence of both optical flows in Figure 5 increase as we initially194

depart from the inlet. This is unrealistic because fluid is injected at the inlet, so flow should be195

fastest there.196

When the left- and right-hand panels in Figure 7 are overlaid, the region of maximum PVR roughly197

coincides with that where the angular errors in the right-hand panel of Figure 5 are smallest. This198

suggests that, for this application, posterior variances can act as a proxy for residual errors in199

optical flows.200

Figure 7: Variances (normalised by ↵) of x- (left panel) and y- (right panel) components of the
optical flow in Figure 5 arising from the Bayesian approach.

3.2 Real data experiment201

Residual errors cannot be computed when dealing with real images because the truth is unknown.202

The Bayesian algorithm is applied, and posterior variances are used to try quantifying uncertainty.203

The images in Figure 8 capture a slice of marine sediment with a 0.22 m⇥ 0.445 m cross-sectional204

area, as observed in a thin aquarium. Unlike the setup in Section 3.1, there is no inlet here:205

fluid movement instead arises from the bioirrigation activity (pumping) of the lugworm. These206

images are converted to greyscale and downsampled from a resolution of 2848 ⇥ 4256 pixels to a207

more tractable resolution of 89 ⇥ 133. Because (2.1) only applies to saturated porous media, the208

downsampled images are cropped to remove the overlying water as well as aquaria walls (see the209

red boundaries in Figure 9). Flow is determined using 41 images, captured at 10 s intervals, over210

a period where pumping activity is evident.211

Figure 8: Real images capturing spatial tracer distribution at times t0 = 0 s (left panel), t1 = 190 s
(middle panel) and t2 = 390 s (right panel).
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Figure 9: The images in Figure 8 converted to greyscale. The red lines denote cropping boundaries.

The prior distribution at time t0 = 0 s and the observation error variances are the same as those212

in Section 3.1 because the physical setups of the two experiments are so similar. The correlation213

length scales are rescaled to `
x

= 5.0�x m and `
y

= 2.2�y m though, since the size of the aquarium214

is di↵erent to that in Section 3.1.215

Flow speeds range from O(10�5) m s�1 to O(10�4) m s�1 (see Figure 10). The Péclet number216

is greater than one at these speeds for length scales greater than the grain scale. So di↵usion is217

negligible, which justifies one of the assumptions made in deriving (2.2). Figure 10 also shows a218

decrease in flow speed during the initial 100 s. One possible explanation is that the lugworm pumps219

less vigorously over time. This is consistent with the computed divergence fields in Figures 11-13.220

The right-hand panel in Figure 11 depicts “large”, positive divergences close to the likely location of221

injection. Such a pattern suggests “source-like” dynamics, where fluid is forced towards the image222

plane and spreads out when it reaches the aquarium boundary.223

Figure 10: Histograms of flow speeds at each time point.

Figure 11: The optical flow at time t0 = 0 s overlaid on top of the greyscale image at that time
which has been downsampled and cropped (left panel), the average of the x- and y- component
variances (middle panel), and flow divergence (right panel).

Figure 12: The optical flow at time t1 = 190 s overlaid on top of the greyscale image at that time
which has been downsampled and cropped (left panel), the average of the x- and y- component
variances (middle panel), and flow divergence (right panel).

Figure 13: The optical flow at time t2 = 390 s overlaid on top of the greyscale image at that time
which has been downsampled and cropped (left panel), the average of the x- and y- component
variances (middle panel), and flow divergence (right panel).

Injection of fluid into the sediment takes place near where there is most spatial contrast initially. So224

flow should be fastest there. Over time, tracer spreads out (see the left-hand panels in Figures 11-225

13). The magnitude of f
t

temporally decreases near the likely location of injection, suggesting that226

the prior distribution is updated less there.227

The prior distribution can be better updated elsewhere on the domain as the tracer, and the region228

of high spatial contrast, spreads. This means that the region of maximum PVR, i.e. where we can229

be most certain of the optical flow, grows. And if posterior variances can indeed be used as a proxy230
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for residual errors in optical flows, as Section 3.1 suggests, then spatial mean residual errors should231

temporally decrease.232

4 Conclusion233

A Bayesian algorithm to estimate unobserved velocity fields in porous media from images, whose234

intensities reflect the concentration of a fluorescent tracer, has been developed. The presence of a235

variance means we know where we can be most confident that the optical flow mimics reality. We236

have noticed, in this application, how posterior variances and angular errors appear to be smallest237

in the same spatial regions. The computation of variances has enabled uncertainty quantification238

when dealing with the real experimental images, i.e. when the truth is unknown.239

This Bayesian algorithm requires some modifications to ensure that optical flows are incompressible240

away from the likely location of injection. One option is to estimate the stream function rather241

than the velocity field [9, 33], because the divergence of the curl operator is zero. This would lead242

to a nonlinear problem, which would require a further redesign of this Bayesian algorithm. This243

would be advantageous because the observation operator could then be easily modified to account244

for reactive tracers, which are measured routinely using planar optodes [34].245

Appendix A Fifth-order piecewise rational function246

The fifth-order piecewise rational function proposed by Gaspari and Cohn (1999) is given by [28]:247

⇢ =

8
>>>>>><

>>>>>>:

�1
4

�
d

`

�5
+ 1

2

�
d

`

�4
+ 5

8

�
d

`

�3 � 5
3

�
d

`

�2
+ 1; 0  d  `

1
12

�
d

`

�5 � 1
2

�
d

`

�4
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8

�
d

`

�3
+ 5

3

�
d

`

�2 � 5
�
d

`

�
+ 4� 2

3

�
`

d

�
; ` < d  2`

0; d > 2`

where d 2 R is the physical distance between two pixels and ` 2 R is the correlation length scale.248
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[17] Corpetti T, Heitz D, Arroyo G, Mémin E, Santa-Cruz A. Fluid experimental flow estimation283

based on an optical-flow scheme. Experiments in Fluids. 2006;40(1):80–97.284

[18] Simoncelli E, Adelson E. Computing Optical Flow Distributions Using Spatio-temporal Filters.285

Vision and Modeling Group, Media Laboratory, Massachusetts Institute of Technology; 1991.286

[19] Simoncelli E, Adelson E, Heeger D. Probability distributions of optical flow. In: Computer287

Vision and Pattern Recognition. IEEE; 1991. p. 310–315.288

[20] McCane B, Novins K, Crannitch D, Galvin B. On Benchmarking Optical Flow. Computer289

Vision and Image Understanding. 2001;84(1):126–143.290

[21] Santos I, Eyre B, Huettel M. The driving forces of porewater and groundwater flow in perme-291

able coastal sediments: A review. Estuarine, Coastal and Shelf Science. 2012;98:1–15.292

[22] Meile C, Cappellen P. Global estimates of enhanced solute transport in marine sediments.293

Limnology and Oceanography. 2003;48(2):777–786.294

[23] Roskosch A, Morad M, Khalili A, Lewandowski J. Bioirrigation by Chironomus plumosus:295

advective flow investigated by particle image velocimetry. Journal of the North American296

Benthological Society. 2010;29(3):789–802.297
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